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.•■'  ..OF  THE 

AMERICAN  MATMEATICAL  SOCIETY 


THE  TWENTY-EIGHTH  SUMIiJ^R  MEETING  OF 
THE  AMERICAN  MATHEMATICAL,  SOCIETY 

The  twenty-eighth  summer  meeting  of'  tJl^.'Society  was 
held  at  Wellesley  College,  Wellesley,  MassachifiettSi.'Septem- 
ber  7-9,  1921,  in  conjunction  with  the  meeting  of  the.  Mathe- 
matical Asaodatiou  of  America.  Joint  sessions  devoid  to 
fliscussions  of  the  theory  of  relativity  were  held  by  the  two 
organizations  on  Wednesday  afternoon  and  Thursday  morning 
(September  7-8).  The  joint  dinner  on  Wednesday  evening 
was  attended  by  one  hundred  eleven  members  and  friends. 
At  the  close  of  the  sessions,  a  resolution  was  passed  thank- 
ing the  college  authorities  and  the  Wellesley  members  of  the 
committee  on  arrangements  for  their  generous  hospitality. 

Tower  Court  was  opened  for  the  accommodation  of  the 
visitors.  By  courtesy  of  Mrs.  Walter  Hunnewell,  the  Hunne- 
weU  Gardens  were  open  to  visitors  on  Tuesday  afternoon. 
On  Tuesday  evening  an  organ  recital  was  given  in  Houghton 
Memorial  Chapel  by  Professor  H.  C.  Macdougall  of  Wellesley 
College,  after  which  many  embraced  the  opportunity  of 
visiting  Whitin  Observatory.  On  Wednesday  afternoon,  the 
Denton  Brothers'  remarkable  collection  of  butterflies  was  an 
attraction  to  many.  On  Thursday  evening,  the  treasure  room 
of  the  Library  was  open,  and  many  ancient  books  and  manu- 
scripts, both  mathematical  and  otherwise,  were  on  exhibition. 
An  automobUe  excursion  to  Concord  and  Lexington  was  held 
on  Friday  afternoon. 

Besides  the  joint  sessions,  there  were  regular  meetings  for 
the  presentation  of  papers  on  Thursday  afternoon  and  on 
Friday  morning.  The  attendance  at  all  the  scientific  sessions 
included  the  following  ninety-one  members  of  the  Society : 

Archibald,  Bacon,  Barnett,  Barney,  S.  R.  Benedict,  Bennett; 
Bill,  Birkhoff,  Blair,  Bliss,  Blodgett,  Borden,  E.  W.  Brown, 
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Cairns,  B.  H.  Camp,  Chace,  G.  M..lC(mwell,  Coolidge,  Cope- 
land,  Crum,  Currier,  Diimeii!;-.*Doak,  Donohue,  Durfee, 
Eiesland,  Eiaenhart,  Ettlji^es/Talconer,  Foberg,  Fry,  Gil- 
lespie, Gilman,  Glenn,  G«ioiner,  Haskins,  Hedrick,  Archibald 
Henderson,  Horton,  H^niland,  Hulburt,  Huntington,  Hurwitz, 
Dunham  Jack3ori;Keirdgg,  W.  D. Lambert,  F.  P.  Lewis,  Long- 
ley,  Lunn,  Uj^wi,  H.  A.  MerriU,  A.  L.  Miller,  G.  A.  Miller, 
H.  H.  MityielV  C.  N.  Moore,  H.  C.  M.  Morse,  Musselman, 
Norwqo^;<ftgood,  Palmifi,  Pell,  Pierpont,  V.  C.  Poor,  Rambo, 
CNt-SfcjTiolds,  Hams  lUce,  L.  H.  Rice.R.  G.  D.  Richardson, 
Ritt:-E.D.  Roe,  J.  R.  Roe,  Rutledge,  Safiford,  Simon,  C.  E. 
Smith,  P.  F.  Smith,  Tripp,  Tyler-  Vivian,  J.  L.  Walsh,  Webster, 
H.  S.  White,  Whittemore,  Wiener,  R.  G.  Wood,  F.  S.  Woods, 
Worthington,  Yeaton,  J.  M.  Young,  J.  W.  Young,  Zeldin. 

President  Bliss  occupied  the  chair,  being  relieved  by  Vice- 
President  Jackson  and  by  Professor  G.  A.  Miller. 

The  Council  met  in  Tower  Court  on  Thursday.    The  fol- 
lowing were  elected  to  membership  in  the  Society: 
Dr.  Nina  May  Alderton,  UniTeraity  of  California; 
Prtrfessor  James  Atldiu  Bullord,  United  States  Naval  Academy; 
Profeaaor  Frank  HoUinger  Cluti,  Pemisylvaiiia  Collie; 
Dr.  Paul  H.  Daiu,  University  of  California; 
Mr.  James  Strode  Elston,  Travelers  Insurance  Company; 
Mr.  Laurence  Monroe  Klauber,  San  Diego  Consolidated  Gas  and  Electric 

Company; 
Dr.  Cyrus  Colton  M&cDuffee,  Princeton  University; 
Mr.  Edward  Bontecou  Morris,  Travelers  Insurance  Company; 
Pnrfessor  Henry  Martyn  Robert,  United  States  Naval  Academy; 
President  Levi  Stephen  Shively,  Mount  Morris  College; 
Dr.  Daniel  Victor  Steed,  Univerwty  of  California. 

Thirty  applications  for  membership  were  received. 

The  report  of  the  Budget  Committee  indicated  a  deficit 
for  the  year  1921  and  a  larger  one  in  prospect  for  1922,  unless 
prompt  measures  are  taken  to  remedy  the  situation.  While 
there  has  been  an  increase  in  receipts  over  1916  of  about  four 
thousand  dollars,  the  expenditures  have  mounted  more  than 
five  thousand,  due  in  large  measure  to  the  increase  in  the  cost 
of  printing.  It  was  decided  to  inaugurate  a  campaign  for 
new  members,  and  to  this  end  to  enlist  the  interest  and 
assbtance  of  all  members  of  the  Society.    In  order  to  facilitate 
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this  campaigDj  By-Law  I  was  suspended  for  the  months 
November,  1921,  to  February,  1922,  inclusive. 

It  was  voted  that  the  Mathematical  Society  of  France  be 
approached  in  regard  to  a  reciprocity  agreement  concerning 
dues.  Committees  were  appointed  to  deal  with  the  following 
matters:  life  membership  fees  and  funds;  the  desirability  of 
publishing  the  Chicago  Colloquium  lectures;  sale  and  acquisi- 
tion of  back  numbers  of  the  journals  and  other  publications 
of  the  Society;  arrangements  for  the  annual  meeting. 

The  following  papers  were  read  at  the  joint  sessions  with  the 
Mathematical  Association  of  America : 

Some  mathematical  aspects  qf  the  theory  qf  relaHmiy,  by  Pro- 
fessor James  I^erpont. 

The  place  qf  the  Einstein  theory  in  theorelic<d  physics,  by 
Professor  A.  C.  Lunn. 

Titles  and  abstracts  of  the  papers  read  at  the  regular  sessions 
follow  below.  Professor  Schwatt's  first  two  papers  were  read 
by  Professor  Eisenhart  and  his  third  paper  by  Professor  H.  H. 
Mitchell.  Tlie  papers  of  Professor  Kasner,  Miss  Hausle, 
Professors  Synge,  Fischer,  Kline,  R.  L.  Moore,  and  Dodd, 
Dr.  Gronwall,  Professor  Alexander,  Professor  Rowe,  Dr. 
Wiener,  Dr.  Zeldin,  and  Professor  Porter,  were  read  by  title. 

I.  Professor  L.  P.  Eisenhart:  Einstein  static  fields  which 
admit  a  conUntious  group  Gt  <4  trattrformaiions  into  themselves. 

For  static  phenomena  in  the  Einstein  theory  the  linear 
element  of  the  space-time  continuum  can  be  taken  in  the  form 
d^  =  Pdxo*  -  dso*,  where  dso*  =  "Landxiix,,  for  i,  k=  1,  2,  3 
is  the  linear  element  of  the  physical  space  S;  and  Vq  and  the 
functions  an,  (=  0*,-)  are  independent  of  arc,  the  coordinate  of 
time.  Bianchi  has  found  that  there  are  two  and  only  two 
types  of  three-spaces  8  that  admit  a  continuous  group  Gi  of 
transformations  into  themselves.  The  author  proposed  the 
problem  of  finding  the  physical  spaces,  referred  to  above, 
which  admit  such  transformations,  with  the  idea  that  the  ques- 
tion of  symmetry  of  an  Einstein  space  should  be  looked' 
upon  in  this  manner.  The  problem  has  been  solved  in  this 
paper  with  the  result  that  there  are  two  classes  of  spaces  of 
the  first  type  of  Bianchi,  and  four  of  the  second  type.    In  aU; 
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cases  the  quaDtities  aa  are  expressible  aa  algebraic  functions 
of  one  or  two  of  the  coordinates  z,-  (i  +  0).  The  spaces 
found  are,  in  general,  different  from  any  previously  known,  as 
is  shown  by  their  geometric  properties. 

2.  Professor  John  Eiesland:  On  the  claaa  of  a  certain  type  of 
Einstein  rpreada. 

The  author  investigates  the  class  of  an  Einstein  spread 
having  the  following  line  element: 

(1)     -  d^  =  (1  +  <pt)dB?  +  iF((M*  +  sin*  (Jd(o*)  -  >pydfi, 
in  which  R,  $,  ip  are  spherical  coordinates  and  pt,  <pt  are  arbi- 
trary functions  of  R.    The  following  theorems  are  proved: 

1.  If  the  space  (1)  is  of  the  first  class,  the  condition 

(2) 


'2l     ^     ^     .p,     \ 


must  be  satisfied,  and  conversely. 

2.  A  space  (1)  is  at  most  of  the  second  class. 

A  representation  of  the  space  in  a  flat  5-space  is  obtained 
for  the  case  that  (2)  is  satisfied,  and  another  representation 
in  a  flat  6-space  when  (2)  is  not  satisfied.  With  a  slight 
modiflcation  of  the  condition  (2),  these  theorems  also  hold 
for  the  more  general  stationary  space 

-  da'  =  (1  -H  ft)rfiP  -H  Raids'  +  sin'  Bd^)  -  v^Rdt  -  ^idf*. 
Applications  aie  made  to  various  spaces  in  the  general  theory. 

3.  Professor  Edward  Kasner:  The  solar  gravUalional  field 
and  certain  tAher  fields  completely  determined  by  light  rays. 

In  this  paper,  which  has  been  submitted  for  publication  to 
the  MathbhatisChe  Annai£n,  it  is  shown  that  the  solar 
field,  taken  in  the  Schwarzschild  fonn,  is  exactiy  determined 
by  its  light  rays. 

In  a  paper  (American  Journal,  vol.  43,  Jan.,  1921,  p.  20) 
the  proof  was  given  only  for  approximately  euclidean  forms. 
The  present  proof  is  valid  for  the  complete  equations.  The 
same  general  method  is  then  applied  to  the  Minkowski  form. 

Finally,  the  discussion  is  carried  out  for  a  very  simple  class 
of  Einstein  fields,  namely,  those  in  which  the  coefficients  of 
the  squares  of  the  differentials  are  all  functions  of  one  variable, 
say  xi  (see  this  Bulletin,  vol.  27,  p.  62).  It  is  shown  that 
such  fields  are  exactly  determined  by  their  light  properties, 
and  therefore  the  orbits  (geodesies)  can  be  caJculated  if  we 
know  merely  the  light  rays  (nullgeodesics) . 

These  fields  may  be  represented  as  four-spreads  imbedded 
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in  a  seven-flat,  in  contrast  to  the  solar  field  which  the  author 
has  shown  can  he  imbedded  in  a  six-flat  (Ahericak  Journal, 
vol.  43,  April,  1921,  p.  130). 

A  corresponding  discussion  of  dimensionality  is  carried  out 
for  Einstein's  more  general  cosmological  equations 

(?,t  -  iy**^  =  0. 

4.  Professor  G.  A.  Miller:  Prime-poujer  groups  containing 
only  one  invariant  avbgroup  qf  every  index  whick  exceeds  this 
prime  number. 

Among  the  theorems  proved  are  the  following:  If  a  non- 
cyclic  group  of  order  p",  p  being  a  prime  number,  contains 
only  one  invariant  subgroup  of  every  index  which  exceeds  p, 
it  must  contain  a  cyclic  subgroup  of  index  p  when  p  =  2, 
but  when  p>  2,  eadi  of  its  invariant  subgroups  whose  order 
exceeds  p  must  be  non-cyclic.  In  all  cases  such  a  group  must 
contain  a  subgroup  of  index  p  which  includes  all  its  operators 
whose  orders  exceed  p'.  When  m  >  p  +  1  there  are  three 
and  only  three  non-cyclic  groups  of  order  p"  which  have  the 
property  that  each  of  tfaem  contains  only  one  invariant  sub- 
group of  every  index  which  exceeds  p  and  one  abelian  subgroup 
of  index  p.  If  H^  is  such  an  invariant  subgroup  of  order  p" 
then  the  pth  power  of  every  operator  in  ff„,  m  >  a  >  0,  is 
found  in  H.t~ty+u  where  or  —  p-|-listobe  replaced  by  zero 
whenever  it  is  a  negative  number  or  zero. 

5.  Professor  G.  D.  BirkhofT:  General  mean-valve  relaiiont. 
Id  this  paper  the  following  general  problem  is  treated:   a 

function  f(x)  and  its  derivatives  are  connected  by  one  or  more 
polynomial  equations  in  which  x  has  values  Xi,  xj,  •■•,  x^i  to 
determine  when  a  specified  hnear  differential  expression  in  / 
necessarily  vanishes  within  the  interval  of  the  xv's. 

6.  Professor  G.  D.  Birkhoff:  On  pkUea  qf  variable  thickness. 
This  paper  contains  a  general  method  for  the  development 

of  the  elastic  properties  of  plates  of  variable  thickness.  Only 
the  case  of  constant  thickness  has  been  hitherto  considered. 

7.  Professor  E.  V.  Huntington:  Applic(Uion  of  least  squares 
to  the  problem  of  apportionment. 

The  problem  of  apportionment  may  be  attacked  in  two 
ways:  (1)  hy  the  comparison  plan,  which  seeks  to  minimize 
the  Inequality  between  each  state  and  every  other  state;  and 
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(2)  by  the  summatioD  plao,  which  seeks  to  miDimize  the  total 
error  of  the  apportionment.  The  comparison  plan,  as  shown 
by  the  writer  in  earlier  papers  (presented  December,  1920, 
and  February,  1921),  leads  to  only  five  distinct  methods, 
among  which  the  choice  of  the  method  of  equal  ■proportions 
appears  to  be  clearly  indicated.  (See  American  Statistical 
Qdarterlt,  Sept.  1921.)  The  smimiation  plan,  on  the 
other  hand,  which  was  used  by  Professor  Owens  in  his  papers 
at  the  February  and  April  meetings,  is  here  shown  to  be 
unsatisfactory,  since  it  leads  to  so  many  different  methods 
that  it  would  be  difficult  to  make  a  convincing  choice  between 
them.  It  may  be  noted  that  the  only  methods  which 
appear  under  both  plans  are  the  method  of  equal  proportions 
and  the  Willcox-Owens  method  of  major  fractions.  The 
paper  concludes  with  a  rank-list  of  all  the  seventy-two  known 
methods  arranged  in  the  order  in  which  they  favor  the 
larger  states.  In  this  list,  the  method  of  equal  proportions 
occupies,  in  a  genuine  sense,  the  middle  position. 

8.  Professor  I.  J.  Schwatt:  The  aumvu^on  Cff  series  by 
means  of  generaiing  functions. 

This  paper  gives  a  method  for  finding  the  sums  of  certain 
aeries,  such  as 

which  the  author  was  unable  to  obtain  by  any  other  method. 

9.  Professor  I.  J.  Schwatt:  The  expansion  qf  any  power  <4  a 
multinomial. 

The  author  obtains  a  series  expansion,  ^7^ii(x''/n\)Pn,  for 
any  power  of  a  polynomial,  y  =  (Si^oOm*")'',  where  p  is  any 
real  number.  The  coefficients  P„  are  numbers  easily  obtained 
from  an  expression  for  the  nth  derivative  of  y.  The  special 
case  of  p  a  positive  integer  is  also  considered. 

10.  Professor  I.  J.  Schwatt:    The  operator  [r(dldr)]  on  F(r). 
It  is  shown  that  for  any  analytic  function  F{r) 

Several  applications  are  given. 
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11.  Misa  Eugenie  C.  Hausle  (introduced  by  Professor 
Edward  Kaaner) :  Geometric  charatierhaiion  qf  rpecial  nngly 
infinite  families  of  heat  curves. 

The  author  has  considered  the  geometric  characterization 
of  the  singly  infinite  families  of  curves  derived  from  certain 
limitations  on  the  Fourier  equation  of  heat.  It  is  known 
that  a  system  of  curves  ifi(x,  y,  t)  =  T,  where  t  denotes  the 
time  and  T  the  temperature,  obeys  the  Fourier  equation. 
If  the  heat  is  required  to  be  in  equilibrium,  d^/df  =  0.  Let 
this  he  Case  I,  the  isothermal  case.  Case  II  b  obtained  by 
putting  d<t>ldt  =  1  and  Case  III  by  putting  30/3f  =  </>. 

Consider  Case  I.  The  equation  of  the  given  family  of 
curves  p(x,  y)  =  c  and  LapUce'a  equation  must  be  satisfied 
simultaneou^y.  Then/  =  dyjdx  satisfies  Laplace's  equation. 
If  -y  and  y  denote  the  curvatures  of  the  given  curves  and 
their  orthogonal  trajectories,  the  preceding  result  gives 
(1)  7.  +  77  =  0  as  the  geometric  property,  where  y,  =  dr/dg. 

In  Case  IJ,  two  relations  are  obtained,  each  of  the  fourth 
order.  In  Case  III,  two  relations  are  obtained,  one  of  which 
is  identical  with  one  of  those  in  Case  II.  liese  relations 
completely  characterize  all  <x> '  systems  of  beat  curves. 

12.  Professor  J.  L.  Synge:  On  the  stability  qf  a  bicycle  with 
a  light  frame. 

The  bicycle  under  discussion  consists  of  two  similar  wheels 
— solids  of  revolution  with  equatorial  planes  of  symmetry — 
and  two  weigbtiess  frame  pieces.  The  stability  is  discussed  in 
the  case  in  which  the  system  has  uniform  rectilinear  motion, 
the  wheels  rolling  on  a  rough  horizontal  phuie.  Use  is  made 
of  Routh's  conditions  that  no  zero  of  a  polynomial  should 
have  its  real  part  positive.  The  conditions  for  stability  differ 
with  the  detiul  of  the  specification,  and  five  results  are  given. 
Of  these,  two  are  of  especial  Interest,  viz.  (1)  that  for  certain 
specifications  the  motion  is  stable  for  speeds  up  to,  hut  not 
exceeding,  a  certain  limit;  (2)  that  when  the  common  axis  of 
the  frame  pieces  is  vertical  in  steady  motion,  there  is  in- 
stability at  all  speeds.    Definite  examples  are  given. 

13.  Professor  C.  A.  Fischer:  Note  on  the  definition  qf  a  linear 
functional, 

A  linear  functional  has  usually  been  defined  as  one  which  is 
distributive  and  continuous,  but  a  continuous  functional  has 
been  defined  in  at  least  two  ways  which  are  not  equivalent. 
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F.  Riesz,  Fr£cliet  and  others  have  defined  a  contiDuous  func- 
tional as  one  which  satisfies  the  equation 

IJm  i(ttn(«))  =  i(«(«)), 

when  the  sequence  of  u.'8  approaches  u(x)  uniformly.  More 
recently  L&^  and  W.  L.  Hart  have  required  only  that  it 
converge  to  u{x)  in  the  mean.  F.  Riesz  has  proved  that  if  L 
is  distributive  and  the  above  equation  is  satisfied  for  uniformly 
convergent  sequences,  the  functional  is  equivalent  to  a  Stieltjes 
integral,  such  as  J^*u{x)da{x). 

In  the  present  note  it  is  proved  that  if  the  same  equation 
is  satisfied  when  the  Un's  are  required  only  to  converge  in  the 
mean,  the  functional  is  equivalent  to  a  Lebesgue  integral  such 
as  fju{x)^{x)dx. 

14.  Professor  J.  R.Kline:  Certain  theorems  concerning  tivvple 
closed  and  open  etmes. 

In  order  that  a  closed  connected  set  M  should  be  a  simple 
closed  curve,  the  author  shows  that  it  is  necessary  and  suffi- 
cient that  M  remain  connected  upon  the  removal  of  any  proper 
connected  subset.  Thus  there  Is  no  unbounded  closed  con- 
nected set  M  which  is  such  that  ^  —  ^  is  connected  for  every 
proper  connected  subset  g  of  M.  However,  if  Jf  is  an  un- 
bounded closed  connected  set  that  remains  connected  upon 
the  removal  of  any  unbounded  proper  connected  subset,  tben 
M  must  be  either  an  open  curve,  a  ray  of  an  open  curve,  or  the 
point  set  composed  of  a  simple  closed  curve  J  and  a  ray  of  an 
open  curve  starting  from  P  such  that  the  ray  has  P  and  only 
P  in  common  with  J. 

15.  Professor  J.  R.  Kline:  A  theorem  concerning  connected 
eeta  which  become  totally  dieeonnected  upon  the  removal  cf  a 
tingle  pmni. 

An  example  was  recently  given  in  the  Fdndamenta  Mathb- 
UATIC£  of  a  connected  point  set  M  which  contains  a  point  P 
such  that  M  —  P  is  totally  disconnected,  i.e.  M  ~  P  contains 
no  connected  subset  consbting  of  more  than  a  single  point. 
Professor  Kline  shows  that  no  connected  set  M  can  have  more 
than  one  point  P  such  that  M  —  P  \s  totally  disconnected. 
Indeed,  if  a  connected  set  M  has  one  point  P  such  that  M  —  P 
b  totally  disconnected,  then,  if  Q  is  any  point  of  M  different 
from  P,  M  —  Qis  connected. 
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16.  Professor  R.  L.  Moore:  Coneeming  eoriTUctedmia  im 
kleinen  and  a  related  property. 

Sierpinski  has  recently*  shown  that  in  order  that  a  closed 
connected  point  set  M  should  be  a  continuous  curve  it  is 
necessary  and  sufficient  that,  for  every  positive  number  c, 
M  should  be  the  sum  of  a  finite  number  of  closed,  connected 
point  sets  each  of  diameter  less  than  c. 

A  point  set  will  be  said  to  have  property  S  if,  for  every 
positive  number  c,  it  is  the  sum  of  a  finite  number  of  connected 
point  sets,  each  of  diameter  less  than  e.  Professor  Moore 
shows  that,  as  applied  to  bounded  connected  point  sets, 
condition  S  is  stronger  than  that  of  connectedness  im  kleinenf 
but  weaker  than  that  of  uniform  connectedness  im  kleinen. 
He  shows  also  that  in  order  that  a  simply  connected  bounded 
domain  should  have  a  continuous  curve  for  its  boundary,  it 
b  necessary  and  sufficient  that  it  should  have  property  S. 

Finally,  it  is  also  shown  that  if  a  bounded  point  set  if  is 
uniformly  connected  im  kleinen,  then  the  point  set  composed 
of  M  plus  its  boundary  is  connected  im  kleinen. 

17.  Professor  E.  L.  Dodd;  The  pr(^>alnlity  function  for  the 
turn  (^  eerfoin  functions,  with  applications  to  the  theory  c^  errors. 

This  paper  extends  a  theorem  of  von  Mises,}  who,  by  the 
use  of  the  Stieltjes  integral,  treats  together  continuous  and 
discontinuous  probability.  The  theorem  for  the  sum  of 
variables  is  extended  to  the  sum  of  functions,  each  limited  in 
a  finite  interval,  and  having  a  limited  number  of  oscillations 
therein,  and  witii  moments  absolutely  convergent. 

The  general  mean  of  n  measurements  mt  is  defined  as 
jrISei/*(mn)  -5-  2c*l  where  the  c*  are  positive  constants,  the  /* 
are  continuous  increasing  functions,  and  g  b  the  inverse  of 
2c»/*($)  -5-  Se*.  If  each  /»  =  /,  and  0  <  c  S  c*  S  d,  and  the 
errors  are  small  in  comparison  with  the  measurements,  the 
precision  of  this  mean  increases  as  the  square  root  of  n;  but 
a  constant  error  will  appear  that  is  sometimes  negligible. 

18.  Dr.  T.  H,  Gronwall:  On  potcer  series  wUh  positive  real 
part  in  the  unit  drcU. 

Carathfodory  has  pven  the  necessary  and  sufficient  condi- 
tions on  the  n  constants  ai,  Oj,  -  •  ■ ,  a„  in  order  that  there  shall 

*  FuNDAUBNTA  Mathbuatica,  vol.  1  (1920),  pp.  44-60. 
tCf-H-Hfthn. 

j  FvndamentalttUie  der  Wahrachxiniidikeiterechrmng,  Matheuatibche 
ZETTBCHRirr,  ToL  4,  pp.  24,  54,  61,  80,  81. 
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exist  a  tpiz),  bolomorphic  and  of  positive  real  part  for  |z|  <  1, 
the  expansion  of  whicli  begins  with 

^5(3)  =  i  +  Ol2  +  OaS*  +  ■  -  ■  +  o„2"  +  ■  -  ■ . 

Using  the  methods  of  Minkowski's  geometry  of  convex  solids, 
he  expresses  the  a'a  in  parametric  fonn,  and  through  the 
algebra  of  Hermitian  forms,  Toeplitz  and  Fischer  have  trans- 
formed these  conditions  into  algebraic  inequalities  involving 
ai,  Oi,  ■■■,  On  and  their  conjugates.  In  the  present  paper  the 
results  of  these  authors  are  proved  by  the  most  elementary 
function  theoretic  means,  consisting  mainly  in  the  combi- 
nation of  complete  induction  with  Sdiwarz's  lemma. 

19.  Professor  J.  W.  Alexander:  Some  theorems  on  traiigforma' 
lions  with  intariarU  points. 

This  paper  gives  a  new  proof  of  an  extended  form  of 
Brouwer's  theorem  on  the  transformation  of  an  rtr-sphcre  into 
itself,  and  a  number  of  applications  of  the  generalized  theorem. 

20.  Professor  J.  W.  Alexander:  Thsorem  on  the  interior  <ffa 
simply  connected  closed  surface  in  three-space. 

In  this  paper  it  is  proved  that  if  jS  be  a  simply  connected 
closed  surface  in  three-space  the  interior  and  bomidary  of  S 
may  be  mapped  uniformly  on  the  interior  and  boundary  of  a 
sphere.    The  proof  can  be  generalized  to  n  dimensions. 

21.  Dr.  H.  M.  Morse:  A  fundamerUal  class  c^  geodesies  on 
closed  stiff  aces  of  genus  greater  than  unity. 

Dr.  Morse  in  this  paper  considers  geodesies,  termed  geo- 
desies of  class  A,  every  segment  of  which,  however  extended, 
is  at  least  as  short  as  any  other  curve  Joining  the  end  points 
of  the  given  segment.  The  fundamental  theorem  of  this 
paper  is  that  corresponding  to  any  semicircle  lying  in  the  upper 
half  plane  and  with  end  points  on  the  axis  of  reals,  there  exists 
on  the  given  surface  a  geodesic  of  class  A  possessing  an  image 
on  the  half  plane  which  if  extended  indefinitely  in  either 
sense  approaches  respectively  the  two  end  points  of  the  semi- 
circle, and  such  that  the  semicuvle  and  image  of  the  geodesic 
can  be  traced  out  simultaneously  by  two  moving  points, 
capable  of  being  joined  by  a  continuously  moving  curve  whose 
image  on  the  given  surface  remains  leas  in  length  than  some 
fixed  constant.  Conversely,  corresponding  to  every  geodesic 
of  class  A  there  is  associated  in  the  above  manner  some  semi- 
circle with  end  points  on  the  axis  of  teals. 
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22.  Professor  A.  G.  Webster:  On  the  problem  of  steering  an 
automcbile  around  a  comer. 

In  order  to  avoid  skidding,  there  must  be  an  upper  limit  to 
the  centrifugal  force.  If  we  seek  to  make  the  mean  square  of 
this  a  minimum,  we  find  that  the  curve  should  be  the  elastica. 
The  kinematics  of  steering  is  examined,  as  are  the  results  of  the 
hypothesis  that  in  driving  at  constant  speed  the  wheel  is  put 
over  at  constant  velocity.  The  intrinsic  equation  of  the  curve 
is  found,  and  in  practical  cases  it,  like  the  elastica,  differs 
little  from  the  Comu  spiral  used  in  optics.  In  practice  all 
these  curves  (that  is  for  the  first  half,  which  is  symmetrically 
repeated)  may  be  well  represented  by  a  cubical  parabola. 
Drawings  are  ^ven,  and  safe  speeds  are  stated. 

23.  Professor  A.  G.  Webster:  On  the  prindplea  cf  mechanical 
integrators  for  differential  eqttaiione,  eapedaUy  thote  of  exterior 
ballittica. 

The  usual  forms  of  integrator  involve  the  revolving  plate 
and  wheel  at  various  dbtances  from  the  center,  or  the  steered 
wheel  which  rolls  in  the  direction  of  the  integrated  curve. 
To  this  the  writer  proposes  to  add  a  third  device,  like  an 
automobile  with  the  front  wheels  at  right  angles  to  the  wheel- 
base,  the  length  of  which  varies.  Such  a  device  enables  one 
to  draw  involutes.  In  the  proposed  machine,  two  integrators 
are  combined,  one  of  which  rides  on  top  of  the  other.  One 
describes  the  hodograph,  the  other  the  evolute  of  the  trajec- 
tory and  the  trajectory  itself.  Templets  or  cams  insert  once 
for  all  the  law  of  resistance  of  the  air  and  the  law  of  density- 
change  with  altitude.  The  trajectory  is  drawn  at  one  opera- 
tion, although  the  equations  are  of  the  second  order. 

24.  Professor  C.  N.  Moore:  On  the  Fourier's  series  of  novr' 
integrabU  functions. 

An  integral  over  a  finite  range  which  fails  to  converge  on 
account  of  the  nature  of  the  infinite  discontinuities  of  the 
integrand  may  be  summable  by  methods  analogous  to  those 
used  for  divergent  series  and  divergent  integrals  over  an  infinite 
range.  In  this  way  Fourier's  series  may  be  obtained  which 
correspond  to  functions  that  are  non-integrable  in  the  ordinary 
sense.  The  principal  result  of  this  paper  is  the  theorem  that 
if  the  integral  of  a  function  is  summable  (Cr)  for  any  r  >  0, 
the  corresponding  Fourier's  series  will  be  summable  (CI)  to 
the  value  lim*— o  [il/(^+ A)  + /(«  —  *))]  at  every  point 
for  which  this  limit  exists. 
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25.  Rt>fesaor  C.  F.  Gummer:  A  getteralization  (^  Loffuerre's 
rvle  of  signs. 

It  was  shown  by  Laguerre  that,  if  ci,  ci,  •■■,€„  are  any 
real  numbers  and  if  pi,  p»,  •  ■  • ,  p,  are  a  descending  sequence 
of  rational  numbers,  the  sum  of  the  multiplicities  of  those  roots 
"of  the  equation  SiCi"'  =  0  that  exceed  unity  is  not  greater 
than  the  number  of  variations  of  sign  in  the  following  sequence; 
Ci,  Ci  +  Cj,  Ci  +  Cj  +  Ci ,-  ■  ■,  Ci  +  •  ■  •  +  c„.  In  this  paper  a 
proof  is  given  that  allows  the  p's  to  be  irrational.  The 
theorem  b  applied  to  some  special  types  of  equation. 

26.  Professor  R.  E.  Gilman:  The  functions  analogous  to 
Lebesgue  conttanta  for  a  series  qf  Bermiie  pdynomiais. 

To  each  member  of  the  class  of  functions  absolutely  in- 
tegrable  in  the  interval  —  «  to  +  «  and  such  that 
\f{x)  I  ^  1  there  corresponds  a  forma!  expansion  in  Hermite 
polynomials,  which  may  or  may  not  be  convergent.  If  the 
sum  of  the  first  n  terms  of  this  expansion  be  denoted  by 
s{x,  n),  there  is  a  function  of  the  given  class  which,  for  a  fixed 
n  and  for  a  fixed  i  =  xo  on  the  given  interval,  makes  s(zo,  n) 
a  maximum.  The  author  determines  the  order  of  magnitude 
with  respect  to  n  of  p„,  where  pn  is  the  maximum  of  s{xo,  n). 

27.  Professor  O.  E.  Glenn:    Theory  of  itwariani  elemenit. 
Many  theories  tend  toward  the  unity  exemplified  in  general 

analysis.  The  theory  of  invariant  elements,  which  is  the 
foundation  of  the  methods  of  the  present  paper,  has  furnished 
the  fundamental  viewpoint  in  papers  by  the  writer  on  algebraic, 
modular,  differential,  and  special  algebraic  invariant  theories, 
particulariy  for  binary  quantics.  The  theory  here  developed 
is  a  synthesis  based  upon  these  with  extension  to  n  variables 
under  a  form  as  thoroughly  definitive  as  seems  feasible. 

28.  Dr.  J.L.Walsh:  On  the  location  cf  the  roots  of  the  jacobian 
of  two  bijiary  fornix. 

This  paper  presents  the  following  result:  Let  g(z)  denote  a 
whose  roots  of  respective  multiplicities  m\,  mj, 
at  the  collinear  points  at,  aj,  ■■-,  oc»,  and  let 
■,  a„'  denote  the  roots,  whose  multiplicities  are 
■ ,  m„',  of  the  derivative  g'(z).  Suppose  the  loci 
>f  a  polynomial /(z)  to  be  the  interior  and  boundary 
'( whose  center  is  a,-  and  radius  r  (i  =  1,2,  ■  ■  ■ ,  n), 
!)  has  no  other  roots.    Then  the  loci  of  the  roots 
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of /'(a)  are  the  interiors  and  boundaries  of  circles  C/  of  centers 
^i',  aj',  •  •  •,  a,'  and  common  radius  r.  A  circle  C/  exterior 
to  all  other  circles  0/  contains  ni<'  roots  otf'(z). 
'  This  result  can  be  extended  to  a  number  of  circles  C,-  that 
have  a  conmion  external  center  of  similitude,  to  the  derivatives 
of  /(a)  of  all  orders,  and  to  the  jacobian  of  two  binary  forms. 

29.  Professor  J.  E.  Rowe;  The  power  of  a  modem  gun  arid 
cftkvnder. 

The  first  part  of  the  paper  is  devoted  to  the  comparison  of 
the  power  at  which  a  large  gun  works  during  the  time  of  actual 
performance,  and  the  power  of  a  man.  The  second  part  is 
devoted  to  tiie  explanation  of  a  method  by  which  the  magni- 
tude of  the  air  disturbance  in  thunder  may  be  calculated. 

30.  Professor  J.  R.  Musselman:  Spurious  correlaiion  applied 
to  um  schemata. 

In  games  of  pure  chance  such  as  balls  drawn  from  an  urn, 
or  coin-tossing,  or  dice-throwing  some  scheme  must  always 
be  introduced  to  obtain  correlation  between  the  two  sets  of 
drawings,  and  hence  the  correlation  arising  is  "spurious" 
correlation.  The  author  applies  the  idea  of  spurious  correla- 
tion to  various  um  schemata  and  obtains  some  interesting 
theorems.  This  method  gives  a  simple  proof  for  that  um 
schema  of  Rietz  which  has  t/s  for  its  correlation  coefficient. 

31.  Professor  W.  L.  Crum:  The  aignifieanee  of  the  partial 
correlation  coefficient  in  the  comparison  c^  ordered  statistical 
series  possessing  rectilinear  trends. 

It  is  well  known  that,  if  two  ordered  statistical  series,  for 
instance  two  histoncal  economic  series,  are  subject  to  recti- 
linear trends,  their  correlation  coefficient  is  infiuenced  by 
that  fact.  In  order  to  determine  the  degree  of  correlation 
which  is  independent  of  the  normal  trends,  it  is  customary  to 
correct  the  original  items  by  subtracting  the  corresponding 
ordinates  of  thetr  respective  lines  of  trend.  This  paper  shows 
that,  when  there  is  no  lag  in  the  correlation,  the  coefficient 
of  correlation  between  the  residuals  obtained  by  the  above 
process  of  correction  is  precisely  the  partial  correlation  coeffi- 
cient between  the  two  given  series.  In  case  there  is  lag,  it  is 
shown  that  the  partial  correlation  coefficient  must  be  altered 
by  the  introduction  of  a  multiplier  which  is  the  correlation 
between  the  two  time  series,  one  of  which  is  dbplaced  relative 
to  the  other  by  an  amount  equal  to  the  lag. 
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32.  Professor  W.  L.  Crum:  A  tentative  tubettiute  for  the 
atandard  demotion  in  the  examination  c^  the  diepertion  of  a» 
ordered  statiatieal  aeries. 

A  statistical  series  may  be  assigned  to  one  of  two  broad 
classes  according  as  it  consists  merely  of  a  list  of  numbers  of 
independent  arrangement,  or  has  its  items  ordered  relative  to 
a  particular  variable.  Typical  of  the  first  class  are  the  series 
composed  of  experimental  measurements,  and  the  chief  illus- 
trations of  the  second  class  are  to  be  found  in  the  historical 
series  in  the  field  of  economic  statistics.  The  paper  points 
out  that  the  standard  deviation  fails  to  give  full  information 
about  the  dispersion  of  series  of  the  second  class,  and,  in 
particular,  takes  no  account  of  a  phase  of  the  dispersion  which 
may  be  called  the  rate  of  fiuctuation.  With  a  view  to  bringing 
out  certain  facts  about  this  rate,  a  study  is  made  of  the  coeffi- 
cient of  correlation  between  the  items  of  the  given  series  and 
the  values  of  the  variable  relative  to  which  these  items  are 
ordered,  and  it  is  shown  that  this  coefficient  is  not  an  adequate 
measure  of  the  rate.  Finally  the  square  root  of  the  mean 
squared  second  order  difference  is  set  up  tentatively  as  a 
general  measure  of  the  fluctuation-rate  for  ordered  statistical 
series. 

33.  I^ofessor  B.  H.  Camp:  Tks  value  cff  a  sample.  Second 
paper. 

The  fundamental  theorem  of  the  paper  is  this:  Let/(x}  be 
any  frequency  dbtribution  whatever,  and  let  y  be  equal  to  the 
mean  of  k  x's  drawn,  with  replacements,  from /(a;).  The  rth 
moment  of  the  distribution  of  the  y'a  approaches  as  a  limit  the 
value  of  the  rth  moment  of  the  Gaussian  curve  as  k  becomes 
infinite. 

The  more  important  applications  of  this  theorem  center 

round  a  method  of  approximating  the  difference  between 

the  rth  moment  and  its  limit  in  special  cases.     This  enables 

"""    *"    use    advantageously    a    generalization    of    Tcheby- 

:riterion,  discovered  first  by  Pearson,  for  finding  the 

lity  that  a  random  mean  will  differ  from  its  ideal  value 

inch  as  a  prescribed  amount. 

a  in  conjunction  with  another  theorem  announced  in 
hor's  earlier  paper,  it  furnishes  a  method  of  obtaining 
>ments  of  a  point  binomial.  These  are  valuable  in 
Dry  of  simple  sampling,  but  the  labor  of  computing 
LS  been  prohibitive. 
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34.  Dr.  Norbert  Wiener:  A  form  of  seriet  for  potential 
problems. 

This  paper  develops  a  generalization  of  the  notion  of  sets  of 
normal  and  orthogonal  functions  by  substituting  the  rule  of 
combination 

/fc  y. »)  1  j(«,  y,  z)  -  SffiiS^r  +  fffnd,, 

where  F  is  a  re^on  of  three-space  and  S  its  boundary,  for 
the  rule  of  combination  Jl'  u(x)v(2)f2x  used  in  the  definition 
of  ordinary  orthogonality.  Application  of  these  generalized 
normalized  sets  is  made  to  the  solution  of  Dirichlet's  problem 
and  similar  problems  concerning  Foisson's  equation. 

35.  Dr.  S.  D.  Zeldin:  Some  kydrodynamic  aspects  of  group 
theory. 

It  is  known  that  the  steady  motion  of  a  fluid  can  be  repre- 
sented by  a  one-parameter  continuous  group  in  three  vari- 
ables. By  finding  the  functions/  which  admit  the  infinitesimal 
tranafcomation 

Kf=  ii(x,  y,  s)|^+  t{x.  y,  z)|/+  tr(ar,  y.  z)^. 

(he  lines  of  flow  can  be  determined.  This  paper  deals  with  the 
invariant  configurations  which  arise  by  finding  the  points  sat- 
isfying equations  u  =  0,  s  =  0,  w  =  0.  The  groups  particularly 
considered  are  of  projective  and  linearoid  types. 

36.  Professor  M.  B.  Porter:  Two-way  series  for  Lebesgw! 
integrals. 

The  author  proposes  to  define,  ab  initio,  the  integral  of  any 
positive  summable  function  in  n  variables  by  a  two-way  series. 
Most  of  the  essential  theorems  of  Lebesgue's  theory  then 
follow  from  the  density  theorem,  which  is  an  immediate 
corollary  of  Vitali's  covering  theorem.  In  case  the  integrand 
is  not  of  one  sign,  the  form  of  the  series  is  altered.  This 
leads  to  the  definition  of  integrals  for  ?u)n-summable  functions, 
among  others  Hamack  integrals  and  Cauchy  principal-value 
integrals. 

l^is  paper  will  appear  in  a  later  number  of  this  Bulletin. 
R.  G.  D.  Richardson, 

Secrdary. 
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A  LETTER  FROM  THE  PRESIDENT 
To  the  Members  qf  the  American  Matkemalical  Society: 

In  the  autumn  of  1920  a  committee  under  the  leadership  of 
Frofesaor  £.  R.  Hedrick  inaugurated  a  campaign  to  incieaae 
the  membership  of  the  Society  and  to  secure  new  subscriptions 
to  our  journab.  The  effort  was  successful,  but  we  have  been 
surprised  to  find  that  over  sixty  per  cent  of  the  mathematicians 
in  our  colleges  and  universities  are  still  not  members. 

The  campaign  was  undertaken  on  account  of  the  greatly 
increased  costs  of  administration,  and  espedally  of  printing, 
which  have  followed  the  great  war.  By  securing  special 
funds  which  will  not  be  available  in  future  years  the  sizes 
of  the  Bulletin  and  Transactions  have  been  kept  nearly  normal 
during  1921,  but  the  Society  is  facing  the  possibility  of  serious 
reductions  in  1922  if  our  resources  can  not  be  increased. 

For  this  reason  the  CouncO  of  the  Society  has  authorized 
the  continuation  of  the  campaign  for  memberships  and  sub- 
scriptions during  the  years  1921  and  1922.  Many  of  the 
members  of  the  Society  have  taken  effective  interest  in  the 
campaign,  and  their  assbtance  has  been  greatly  appreciated 
by  the  membership  committee  and  the  officers  of  the  Society. 
It  is  possible  that  others  also  could  help  materially  if  they 
understood  the  importance  of  such  assistance  during  this 
critical  period  in  the  development  of  our  American  mathe- 
matical school. 

I  am  taking  this  occasion,  therefore,  to  remind  our  members 
of  the  needs  of  the  Society  at  the  present  time,  and  to  urge 
them  to  seek  opportunities  to  increase  the  sizes  of  our  member- 
ship and  subscription  lists.  This  can  be  done,  for  example, 
by  making  sure  that  colleagues  who  are  not  members  have 
reasonably  considered  the  desirability  of  membership  in  the 
Society,  by  subscribing  to  the  Transactions,  or  by  securing 
subscriptions  to  the  Bulletin  and  Transactions  horn  your 
college  and  city  libraries.*  Gilbert  A.  Bliss, 

President  of  the  American  MaiheTitaiical  Society, 

'See  the  aDoouncement  of  epecial  rates  for  back  numbers  of  our  jour- 
nak  OD  p.  iii  near  the  bade  cover  of  this  number. 
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REPORT  ON 
TOPICS  IN  THE  THEORY  OF  DIVERGENT  SERIES* 

BT  W.  A.  Btjsvm 

.  1.  Introdvetion.  It  is  with  some  reluctance  that  I  have 
acceded  to  the  request  of  the  programme  committee  to 
address  the  Society  on  the  present  status  of  problems  concern- 
ing divergent  series,  since  three  admirable  expository  treat- 
ments of  this  field  have  abeady  been  given  to  the  Society  and 
published  in  the  Bulletin,  by  W.  B.  Ford.t  R.  D.  Car- 
michael.t  and  C.  N.  Moore.§  In  particular  Professor 
Carmichael  has  so  closely  followed  the  trend  which  my  own 
thoughts  have  taken  (except  that  I  should  not  have  presented 
them  so  elegantly)  as  to  make  it  difficult  for  me  to  give  an 
adequate  account  without  a  good  deal  of  repetition.  At  any 
rate  I  shall  take  advantage  of  his  paper  in  order  to  plunge 
in  mediaa  ret  today,  and  also  to  omit  references  to  original 
sources  unless  these  seem  especially  desirable. 
If  we  have  the  symbol 


(1) 

2U«  =  Ui  +  Ml  +  u,  + 

we  define 

(2) 

Xn=   "!+«»+    ■■■   + 

50th«t 

(3) 

Mi 

=  an;        ««=««-  Ib-i 

In  case 

lim    Xn 

exists,  we  say  that  the  series  Zun  or  the  sequence  (Xk)  is 
convergent,  the  limit  of  the  sequence  being  the  value  or  sum 
of  the  series.  The  importane  of  this  concception  lies  in  the 
fact  that  nuiny  formal  transformations  carried  out  on  infinite 
series  as  if  they  are  finite  sums  can  be  proved  correct.  In- 
stances arose  early  in  the  study  of  series,  however,  in  which 

*  Pieaented  before  the  SoeietT  At  the  Sympoeium  held  in  New  York 
aty,  kpni  23, 1921. 

t  This  BouvTDT,  vol.  25  (ISIS-IS),  p.  I. 
t  thid.,  vol.  2fi  (1918-19),  p.  97. 
i  /buf.,  vol.  26  (1918-19),  p.  258. 
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such  transfonnations,  though  assuredly  not  correct  on  the 
basis  of  existing  theory,  nevertheless  led  in  special  cases  to 
correct  results.*  The  attempt  to  justify  such  results  led 
naturally  to  generalizations  of  the  notion  of  the  value  of  a 
series. 

I  shall  denote  methods  of  definition  of  value  by  capital 
letters  A,  B,  •■•;  I  shall  express  the  fact  that  a  series  or  se- 
quence can  be  evaluated  by  a  method  A  by  saying  that  it 
is  fummabU  A;  and  the  resulting  value  I  shall  denote  by 
AUxn). 

2.  Lineariiy  and  Regviarity.  One  of  the  important  prop- 
erties of  definitions  is  that  of  lineariiy.  A  definition  A  is 
said  to  be  linear  if 

AMxn  +  x^')  =  AUx^)  +  AUx/) 
whenever  Alt{Xn)  and  AL(Xn')  exist,  and 

AL{CXn)  -=  cAUXn) 

whenever  AL(Xn)  exists. 

I  have  stated  this  property  first  of  all,  because  it  is  the  only 
one  which  is  satisfied,  so  far  as  I  know,  by  every  definition 
which  has  ever  been  proposed  as  practically  useful.  Of  even 
wider  importance  of  course,  although  not  satisfied  by  every 
useful  definition,  is  the  following.  A  definition  A  is  said  to 
be  regular  in  case  it  evaluates  every  convergent  sequence, 
giving  it  the  value  to  which  it  converges;  that  is,  in  case 
lim    Xh  =  / 

implies  AL{xn)  =  I- 

Nearly  every  definition  that  has  been  proposed  can  be 
thrown  into  the  following  form : 

Let  a  point  set  7*  be  given  in  space  of  any  number  of  dimen- 
sions, real  or  complex,  having  a  limit  point  U  (actual  or  sym- 
bolict)  not  belonging  to  T,  and  let  the  fimctions  at^t)  [k  =  1, 
2,  •  ■  -1  be  defined  in  T;  then  if  the  sequence  (Xn)  is  such  that 


(0)  yit)  =  g    a,it)x, 

og  hiator; 
lite. 


*  It  is  only  Deceaaary  to  &Uude  to  the  intereBting  hiatory  of  the  series 

1-1  +  1-H---. 
t  I-e.,  having  one  or  more  of  its  coordinates  infinite. 
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converges  for  each  tin  T  and  if 


the  sequence  (z.)  is  said  to  be  summable  G,  and  GL(Xn)  =  I- 
This  definition  could  of  course  be  expressed  in  terms  of  Un 
instead  of  x„. 

An  important  special  case  is  that  in  which  T  consists  of  the 
positive  real  integers  and  in  which  ai,(f),  which  may  then  be 
written  a,t,  ia  zero  for  k>  n.  In  this  case  the  requirement 
of  convergence  of  G  is  met  automatically,  and  we  may  say: 

The  sequence  (a:,)  is  summable  G',  and  G'L(a;,)  =  /  provided 
lim    yn  =  I, 
where 

An  especial  convenience  in  dealing  with  this  case  is  that  the 
transformation  G'  may  be  treated  by  the  usual  algebraic 
machinery  of  linear  transformations,  since  the  first  n  y's 
depend  only  on  the  first  n  x's.  We  may  speak  of  sums, 
numerical  multiples,  products,  and  powers  of  G'.  The  defini- 
tion of  ordinary  convergence  is  one  such  case;  it  is  given  by 
the  transformation 
(/)  Vn  =  «». 

Any  transformation  of  the  form  G'  will  have  an  inverse 
provided  ann  +  0  lor  every  n, 

For  both  G  and  G'  it  is  obvious  that  the  condition  of  linearity 
is  satisfied.  Sufficient  conditions  for  the  regularity  of  G  were 
given  by  Silverman;*  they  were  proved  to  be  also  necessary 
(even  in  a  slightly  more  general  case)  by  Toeplitz:t 

For  the  definition  G'  to  be  regular  it  ia  necessary  and  sufficient 
that 
(G'l)  for  each  k,  lim  a,*  =  0; 

(G'2)  foratln,  Jl  |ont|  ia  bounded; 

*in).D.  theoia,  MisBouri,  1910;  UNivxBaiiT  of  Mibsodbi  Studibs, 
Mathxhatics  Sxiues,  vol.  1,  no.  1  (1913). 

t  FBACI  HATBMATTCINO-nZYCZNE,  vol.  22  (1911),  p.  113. 
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((3%  lim     i;  onk  =  1. 

The  corresponding  theorem  for  the  more  general  definition 
G  is  due  to  Cannichael*'  and  Hildebrandt;t  it  has  recently 
been  restated  by  J.  Schur:t 

For  the  definition  G  tobe  regvlar  it  is  necettary  and  aufficieni 
that 

ikit)  =  0; 

(G2)for  each  tinT,  2    ['•-'(O I  convergee, 

and  for  tUl  t  in  T,  2    I«*(0|  is  bounded; 

(G3)  lim       f;     a^(t)  =  1. 

It  should  be  noted  that  if  we  restrict  all  quantities  appear- 
ing in  these  theorems  to  be  real,  the  theorems  remain  true, 
not  only  as  regards  sufficiency,  but  also  as  regards  necessity. 

3.  Definitione  of  SummabUiiy.  I  shall  now  give  examples 
of  definitions,  illustrating  each  by  application  to  the  series 

(4)  l  +  x+3^+x'+  ■■■. 
For  this  series  u„  =  a:^';  hence 

(5)  *»  =  f^'        *  +  1- 

As  the  definitions  are  all  to  satisfy  the  requirement  of  linearity, 
we  can  prove  that  AL{Xn)  —  1/(1  —  x)  by  showing  that 
ALiaf^)  =  0.    We  shall  therefore  consider  instead  of  (5) 

(6)  Xn  =  I". 

The  usual  definition  of  limit  gives  the  desired  result  when  and 
only  when  \x\  <  I.    Hdlder  employed  the  transformation 

,,_  xi  +  Xj  + ha:. 

(M)  Vn  = 

•  Loc.  cit.,  p.  118. 
t  Abstract,  thia  Bx. 

the  statement  madebj , „ 

}  Journal  rOa  Matheuatik,  vol.  ISI  (1920),  p.  82. 
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Here,  in  the  notation  of  G',  a^k  "  1/n.    This  definition  is 
obviously  regular.    It  constitutes  the  first  Holder  mean.    The 
further  Holder  means  are  conveniently  described  as  algebraic 
powers  of  3f:  iP.iP,--. 
In  order  to  apply  M  to  (6),  we  have  z.  <■  x",  and  for  x  ^  1, 

ar+a*-! ha*      x{l  -  a") 

*-  "  n  "  n(l  -  z) 


n(l-x)      1-xn 
The  first  term  approaches  zero  as  n  becomes  infinite,  and 

i^     Inhloo,  |*|>1; 

hence  (4)  is  summable  M  to  the  value  1/(1  —  z)  for  |z|  ^1, 
«  4=  1>  aud  is  not  summable  M  for  |2|  >  1.  I  shall  defer 
until  later  the  consideration  of  the  behavior  for  x  =  1.* 

Hence  M  evaluates  (4)  to  the  value  which  would  be  ex- 
pected, not  only  at  points  inside  the  circle  of  convergence, 
but  also  at  all  points  on  the  circle  other  than  x  »  1 ;  and  at 
no  points  outside  the  circle.  It  can  readily  be  shown  that 
for  any  value  of  r,  jf'  accomplishes  no  more  for  the  series  (4). 

CesiLro  gave  the  formulas: 
C, -=  M; 

nXl  +  (W  —   1)X»  + \~  Xn 

n(n+l)/2 


(CO    y,  =  - 


_  n---(n+r-2)xi+  ■  ■  ■  +  1  •■  ■  (r- l)x, 
^^''    ^"  n{n+l)-.-(tt+r-l)/f 

For  every  positive  integer  r,  C,  is  regular. 

Extensions  of  Cesfiro's  method  were  given  by  Kn<^p  and 
Chapman.    Chapman's  formula  is 

which  reduces  to  CesJlro's  form  when  r  is  a  positive  integer. 
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but  has  a  meaning  when  r  is  fractional,  irrational  or  even 
complex,  provided  r  is  not  a  negative  integer  or  zero.  In  a 
limiting  sense,  it  may  be  said  to  have  a  meaning  even  for 
r  =  0:  Co  =  /.  Applying  Ct,  for  illustration,  to  (6),  we  have 
Xn  =  i",  for  ar  +  1, 

^"  n{n+l)/2 


2n^  /^\ 


n(»+l)/2 
2x 
"  n+l' 

Hence  as  before  C,L(a-)  =  0  for  |i|  S  1,  a:  +  1;  C»L{a?") 
does  not  exist  if  |x  I  >  1.  The  same  result  can  be  obtained  for 
Ct,  in  the  same  fashion  if  r  is  a  positive  integer,  and  by  other 
considerations  in  any  case  when  R(r)  >  0. 

It  is  seen  that  no  definition  of  Holder  or  Ces&ro  serves  to 
evaluate  (4)  outside  its  region  of  convergence.  A  convenient 
form  of  definition  is  given  by  the  exponential  mean:* 

<^)  ?-  -  g  in- k)\ik- 1)1       r-'       ^*- 

The  successive  coefficients  are  the  terms  of  the  binomial 
expansion  of  [{1  —  1/r)  +  l/r]"~'.  The  definition  is  regular 
if  and  only  if  r  is  real  and  Si.  It  is  readily  seen  that  Ej  =  /. 
The  name  "exponential  mean"  is  suggested  because  of  the 
interesting  algebraic  property  ErE,  =  Eu-    ■  - 

Applying  Er  to  (6),  we  have 

„    =  f  in -1)1         (f"l)-*    > 

*"      S(n- *)!(*- 1)1      >""'  "     " 

Thus  ffn  will  approach  zero  if  and  only  if 


'  This  formula  waa  ffvea,  in  slightly  different  notation,  by  Haiudorf^ 
Matbehatischu  ZziTscKHm,  vol.  9  (1921),  p.  86;  bis  work  was  nnknown 
to  me  durii^  the  preparation  of  this  paper  for  presentation. 
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thftt  is, 

|i-(l-r)|<r. 

The  region  of  evaluation  is  therefore  the  interior  of  a  circle 
through  x=  1,  having  its  center  at  i  =  1  —  r.  For  any 
r  >  1,  this  re^on  includes  points  outside  the  circle  of  con- 
vergence. For  large  enough  r  any  point  x  will  be  obtained 
which  satisfies  the  condition  R(z)  <  1. 

A  variety  of  definitions  were  given  by  M.  Riesz.  Let  (X») 
be  any  sequence  of  positive  numbers  increasing  and  becoming 
infinite.  For  one  form  of  the  Riesz  mean  of  type  (X)  and 
order  r,  we  write  (in  terms  of  w,  rather  than  «») 

For  the  case  X„  =  n,  r  =  1,  this  has  the  form 

and  is  essentially  the  same  as  M.    For  any  (X,),  Rx,  o  =  7. 
For  all  cases  in  which  r  ^  0,  A),,  r  is  regular. 

As  regards  the  application  of  Ax,  r  to  (6),  it  is  clear  that  for 
X.  =  R,  Ak,  1  gives  a  value  at  points  inside  and  on  the  boun- 
dary of  the  circle  of  convergence,  but  nowhere  outside.  It 
can  be  proved  that  with  any  choice  of  (X,)  and  r,  evaluation 
of  (4)  outside  the  circle  of  convergence  is  impossible. 

The  definitions  thus  far  considered  have  all  been  of  type  G'. 
We  consider  next  some  which  are  of  the  more  general  type  G. 
A  definition  given  by  Euler  can  readily  be  put  in  this  form. 
Euler  argued  that  as  the  series  1  —  1-|-1  —  l+-"is  the 
special  case,  for  1=1,  of  the  series  1  —  (-|-(*  —  (*-!-••■, 
which  for  f  <  1  has  the  value  1/(1  -|-  f),  therefore  the  former 
series  should  have  the  value  ^.  This  amounts  to  writing, 
in  the  case  of  a  given  series  Ui  +  "a  +  u»  +  ■  ■  ■  > 

yit)  =  ui  +  iHt+u^+  ■■■, 
and  defining  the  value  as  lim,^i  y{i).    This  definition  may  be 
called  Euler's  power  series  method.     Thrown  into  a  form 
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iDvolving  z.  instead  of  u.,  it  will  read 

so  that  in  the  notatioa  of  0,  at(t)  =»  (1  —  t)t^\    We  must  of 
course  require  that  the  series 

coavergefor  |t|  <  1. 

We  may  choose  to  let  t  approach  1  along  real  values  or 
along  some  other  point  set  7*  in  the  circle  \t\  <  I,  having  1 
as  a  limit  point.  In  the  first  case,  the  fact  that  P  is  regular 
is  stated  by  a  well  known  theorem  due  to  Abel:  If  Za^^^ 
converges,  —  1  <  z  ^  1,  then  it  it  conHnuoua  even  ait=\. 

Abel's  theorem  was  extended  by  Stolz  and  Pringsheim  to  the 
case  of  other  point  sets  T.  The  conditions  shown  by  them 
to  be  suffident  are  easily  shown  by  the  theorem  of  Carmichael 
and  Hildebrandt  to  be  also  necessary:  P  is  regular  if  T  lies 
within  the  angle  formed  by  some  pair  of  chords  through  t  =  \. 

P  evaluates  (4)  only  at  points  other  than  ar  =  1,  within  and 
on  the  boundary  of  the  drcle  of  convergence.  It  is  further- 
more obvious  that  P  can  never  evaluate  any  power  series  at 
a  point  outside  its  circle  of  convergence,  and  that  it  is  therefore 
of  little  value  for  the  problem  of  analytic  extension. 

Several  elegant  methods  of  evaluation  were  given  by  Borel. 
I  shaU  state  some  of  them  in  a  more  general  form  due  to 
Sannia.*    In  terms  of  a  given  sequence  (Xk),  write 

'®  "  %''  (tWi 

and  suppose  that  this  power  series  converges  for  all  points 
of  the  plane.    Call 

«°'(0  -  %  t"'(0,         {'-"«)  -  /t""MJr, 

{"(o  -  jjt»'(<).     t'-"(o  -  jfr"w*, 

*  Rendiconti  Di  Palermo,  vol.  42  (1917),  p.  303. 
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Define 

then  liin,_,y{0  is  to  be  the  generalized  limit  of  (x„).  The 
cases  commonly  discussed  are  Bi,  known  as  the  Borel  mean 
definition,  and  Bo,  known  as  the  Borel  integral  definitioQ. 

In  the  usual  form  of  treatment  T  is  taken  as  the  positive 
real  axis,  and  it  is  shown  that  B,  is  always  regular.  It  seems 
not  to  have  been  noted  that  we  may  allow  7*  to  be  a  more 
general  point  set  of  the  complex  plane  possessing  poiots  of 
arbitrarily  great  positive  abscissas,  and  take  the  limit  as 
R(0  becomes  infinite.  It  can  readily  be  proved  that  for  the 
Borel-Sannia  definition  Br  to  be  regular  it  is  necessary  and 
sufScient  that  all  points  of  T  of  suffidently  great  positive 
abscissas  lie  within  some  parabola  having  its  axis  along  the 
real  axis  and  opening  to  the  right;  that  is,  if  i  =  t  +  iff,  o'/t 
shall  be  bounded. 

Let  us  apply  these  results  to  (6).    We  have 


£™(1)  =■  M",         J">(<)  =  !?«"',         (">(!)  -  afc; 

('-"It)  -  e"  -  I,              f'-»(0  =  i  «"  -  J  -  '. 

Hence 

B,:  j(0  =  ral-"';     A;  yil)  -  e"-"'  -  «"'; 

B,:  yd)  -  A<-»':    B_,:  y(t)  -i  «<-■>'  -  i  e- 

-le- 

Taking  for  T  the  positive  real  axis,  we  see  that  B,  evaluates 
(6)  to  zero  for  R(z)  <  1,  and  for  no  other  values.  By  appro- 
priate choice  of  other  sets  for  T,  we  can  secure  the  evaluation 
for  any  point  of  the  line  R(a;)  =  1  except  a:  =  1. 

Borel  abo  gave  a  definition  which  he  termed  "absolute 
sununability."  It  b  not  regular;  it  does,  however,  correctiy 
evaluate  all  absolutely  convergent  series.  Absolute  summa- 
bility  has  been  considered  imp<Htant  since  it  permitted  various 
operations  on  series  which  were  not  justified  by  mere  summa- 
bility  Bi  or  £o;  but  with  Sannia's  form  of  the  Borel  definitions, 
absolute  summability  becomes  relatively  unimportant. 
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An  extnmdy  povCTftil  definitioii  ts  dne  to  Le  Rot.    Write 

t«ldnf  for  T  the  real  wds  new  f  =  1 ;  and  ^  =  1.  Iliis 
definitiOD  can  be  sbown  to  be  r^ular.  It  evaloates  (4)  for  all 
points  of  the  comidex  plane  except  x  real,  ^  1. 

The  Riesz  meaDS  ba^-e  been  extended  by  Hardy  and  Riesx 
so  as  to  bring  tbem  under  tbe  f<«fn  G.  Taking  tbe  sequence 
(Xs)  restricted  as  beftwe,  write 

(Rx.  r)  »{f)  =  f"  2     ('  -  X,)'«.. 

and  let  7  be  tbe  set  of  positive  real  numbera,  tt=  ">.  Rt^  r 
in  this  form  is  still  regular  for  all  r  ^  0.  It  does  not  evaluate 
(4)  in  any  more  extended  region  than  did  the  form  for  iZj^,  , 
previously  given, 

4.  Relative  Inclimveiuti  qf  Definiiione;  EqmmUnee.  A 
definition,  A,  is  said  to  include  another,  B,  in  case  every 
sequence  summable  B  is  summable  A  to  the  same  value.  Two 
definitions  are  said  to  be  equitalent  if  each  includes  the  other; 
in  this  case  each  evaluates  exactiy  the  same  sequences. 

//  the  definitiona  A,  B,  whether  regtdar  or  not,  are  of  type  G', 
A  inclvdes  B  •provided  there  exists  a  Tegidar  C  sitch  that  A  =  CB. 
In  case  B  -possesses  an  inverse,  this  condition  may  be  written  in 
the  form:    AB~^  is  regvlar;    il  is  in  this  case  necessary  and 

lether  regular  or  not,  are  of  type  G',  they  are  equiva- 
tkere  exist  C,  D,  both  regular,  such  that  A  =  CB, 
n  case  A,  B  possess  inverses,  this  condition  may 
'he  form;  AB~^  and  BA~^  are  regtdar;  it  is  in  this 
I  and  sufficient.^ 

U'S  fall  under  the  criteria  just  given  without  any 
tigation.  For  instance,  since  the  Holder  means 
:)ndition  M'M*  =  M"^',  and  since  M'  is  always 
;lear  that  the  Holder  mean  definition  of  any  order 

.  form  of  the  condition  is  ntated  by  C&rmichae],  loc.  ctt.,  p. 
iiklly  bm'n  npnUed  in  this  form.    There  are  cases,  however, 
n  forni  in  useful. 
1)  stKlcd  by  Cormichael,  loc.  cit.,  p.  113. 
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includes  that  of  any  lower  order.  Id  a  similar  way  the  expo- 
nential mean  Er  becomes  more  inclusive  as  r  increases,  since 
ErE,  =  Et,  and  Er  is  regular  when  r  >  1. 

Other  instances  require  more  investigation,  but  every  case 
I  have  examined  in  which  definitions  of  type  G'  are  concerned 
depends  on  the  criterion  I  have  stated.  The  Ces&ro-Chapman 
mean  Cr  includes  C,  if  R(r)  >  R(«)  >  —  1.  In  particular, 
for  —  I  <  R(f)  <  0,  C  is  included  in  /;  thus  every  series 
summable  Cr,  —  1  <  R(r)  <  0,  is  convergent;  and  not  all 
convergent  series  aresummable  C,  for  a  fixed  r,  —  l<R(f)<0. 

A  question  which  has  formed  the  starting  point  for  a  number 
of  investigations  on  divergent  series  is  the  relationship  of  if' 
and  Ct  for  positive  integral  values  of  r.  Knopp  proved  that 
for  any  such  r,  Cr  includes  Jf';  Schnee  and  Ford  showed  that 
M'  and  C,  are  actually  equivalent;  a  number  of  other  proofs 
have  been  given.  To  cite  an  example  of  the  opposite  kind, 
M'  and  £,  are  distinctly  overlapping  definitions;  neither  in- 
cludes the  other,  except  in  the  trivial  case  M"  -^  Ei^  I. 

It  is  important  to  point  out  that  the  method  of  proof  of 
relative  inclusiveness  given  above  can  be  applied  at  times  even 
to  the  comparison  of  definitions  of  different  types.  For  in. 
stance,  £,  b  of  type  G',  a  sequence^to-sequence  transformation, 
while  Bi  is  of  type  G,  a  sequence^to-function  transforma< 
tion.  But  it  is  easily  proved  that  Si£r'  =  BiEu,  =  EBu 
where  E  b  a  function-to-function  transformation: 

(E)  y{t)  =  x(rO. 

Thus  Bi  will  include  Ef  provided  EBi  is  regular;  and  this  will 
surely  be  true  provided  fi  is  regular,  where  the  latter  statement 
must  be  understood  to  mean  that  the  existence  of  \im,^„x{t) 
is  to  imply  the  existence  and  equality  of  limi_»^(0-  But  the 
regularity  of  B  in  the  sense  explained  is  obvious;  thus  Bi 
includes  E,  for  every  r  >  0. 

Into  similar  form  may  be  thrown  Sannia'a  proof  that  Br 
includes  B,  whenever  r  <  a,  and  the  familiar  proof  that 
Cr(r  >  0)  is  included  in  P.  On  the  other  hand,  of  M'  and  Bi 
neither  includes  the  other;  the  same  statement  holds  for  Bi 
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and  P.  Note  that  no  definition  which  evaluates  a  power 
series  at  a  point  outside  its  circle  of  convergence  can  include  P. 
The  results  for  the  Riesz  means  are  iut««sting.  As  in  the 
case  of  the  Ces&ro  means,  Ax,  r  includes  Ax, «  if  r  >  s.  We 
may  even  compare  means  derived  hom  different  sequences 
(X.) ;  thus,  if  ;in  =  log  Xa,  then  A^,  r  indudes  Ax,  r>  If 
\n  =  n,  fix,  f  is  equivalent  to  C,  for  every  r.  In  case  X.  =  c", 
Ax.  r  is  always  equivalent  to  I. 

5.  Mutual  Contittency.  It  has  been  seen  that  two  defini- 
tions may  be  r^^ular  and  yet  such  that  neither  includes  the 
other.  In  such  cases  it  is  manifestly  of  the  highest  impor- 
tance to  know  that  the  two  definitions  will  not  give  different 
values  to  any  sequence  which  each  one  evaluates.  The 
circumstance  in  question  is  illustrated  by  an  example  due  to 
Silverman.*    The  definitions  (of  type  G') : 

are  both  regular;  but  the  sequence  x»  =  (—  1)"  log  n  is  evalu- 
ated by  the  first  to  0  and  by  the  second  to  1. 

We  call  two  definitions  latduaUy  eoiaiatent\  if,  whenever 
each  of  them  evaluates  a  sequence,  the  two  values  are  the 
same.  A  condition  for  mutual  consistency  can  be  stated  as 
folloira: 

Any  two  definitions  are  mutually  consistent  if  there  exists  a 
dtifinition  which  includes  each  of  them. 

Obvious  as  this  criterion  seems,  it  is  nevertheless  of  real 
value.  An  important  special  case  is:  Two  definiiions  A,  B  of 
type  G'  are  mutvally  consistent  if  there  exist  C,  D,  both  regular^ 
such  that  CA  =  DB.  In  fact,  the  definition  expressed  by 
either  of  the  two  equal  forms  CA,  DB  includes  both  A  and  B. 

Still  further  specialization  occurs  in  case  it  happens  that 
we  can  choose  C  =  B,  D  =  A.  Any  two  regvlar  definiiions  <4 
type  G'  are  mutually  consistent  if  they  are  permutable. 

•  Loc.  cit.,  p.  38. 

t  Id  B  paper  by  SilTcnnan  and  myaeU  (TaANSAcnoNS  or  thib  Societt, 
vol.  18  (1917),  p.  1),  the  word  "conaistent"  was  used  for  this  idea.  The 
term  in  the  text,  suggcetedbyCumichael,  loc.  cit.,  p.  Ill,  seems  preferable. 
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It  can  be  shown*  that  all  transformations  of  type  G'  per- 
mutable  with  M  are  pennutable  with  each  other;  hence  all 
d^nitions  of  type  G'  permvtable  wiik  M  are  mutually  continent. 

An  interesting  case  of  this  kind  is  furnished  by  E,.  We 
have  seen  that  Er  and  M  are  overlapping  definitions;  but  it  is 
easily  verified  that  Er  is  permutable  with  M,  hence  £,  and 
M'  are  mutually  consistent. 

The  method  outlined  above,  like  that  in  the  preceding  sec- 
tion, can  sometimes  be  applied  even  if  the  two  definitions  are 
of  different  types.  Thus,  it  can  be  shown  that  BiM  =  MBi, 
where  M  is  the  function-to-function  transformation 

(M)  y{t)  =  ^fxiu)du, 

and  where  all  the  formal  processes  involved  have  a  meaning 
and  are  correct  if  applied  to  a  sequence  summable  both  Si 
and  M.  Thus  Bi  and  M  will  be  consistent  if  M  is  regular; 
that  is,  if  the  existence  of  lim^„  x{t)  implies  the  existence 
and  equality  of  limt-.„  y(t).  The  transformation  M  is  exactly 
what  is  known  as  the  first  Holder  (or  Cesilro)  mean  for  con- 
tinuous limits  ;t  it  is  known  to  be  regular.  Equally  simple  is 
the  proof  that  M'  and  Bi  are  mutually  consistent. 

This  method  of  proof  seems  susceptible  of  wide  application 
in  studying  the  question  of  mutual  consistency,  which  is 
important,  and  which  has  as  yet  received  httie  attention. 

6.  Total  Regularity.  Let  us  now  suppose  we  are  dealing  only 
with  real  sequences,  and  applying  to  them  only  real  transforma- 
tions. A  regular  definition  must  evaluate  any  convergent 
sequence,  giving  it  its  true  value.  It  may  naturally  be  asked 
whether  this  conservation  of  finite  limits  applies  also  to  infin- 
ity of  definite  sign;  in  other  words,  whether  a  sequence  becom- 
ing (say)  positively  infinite  need  be  evaluated  by  a  regular 
definition  to  positive  infinity.     The  definition  2M  ~  I: 

„Xi  +  Xi+    ■■■+Xn 
yn  =   2 Xn 

b  obviously  regular;    but  if  we  take  Xn  —  n,  then  we  find 
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gn=  1)  SO  that 

lim  «»=  +  «.        lim  y„  =  1. 

In  this  case  therefore  regularity  does  not  extend  to  the  con- 
servation of  the  improper  limit  +  <=o  • 

A  regular  definition  may  be  called  totally  regrdar  if  it 
evaluates  every  sequence  which  becomes  positively  (nega- 
tively) infinite  to  -|-  oo  (—  oo). 

A  Buffxient  condition  that  a  regular  definition  G  be  totally 
regular  it  that  for  all  sufficiently  great  valves  of  k,  at{t)  S  0. 
In  this  case,  condHion  (C2)  of  the  conditions  for  regularity  is 
tuperfluous.  If  the  definition  is  of  type  G',  the  condition, 
a„ic  =  Ofor  all  sufficiently  great  values  of  k,  is  also  necessary. 

A  closely  related  consideration  is  that  of  the  effect  of  a 
regular  transformation  on  the  limits  of  indeterminacy  of  a 
sequence  which  it  does  not  evaluate.  It  is  desirable  that  a 
definition,  if  it  does  not  evaluate  a  spedfic  sequence,  shall  at 
least  not  render  its  osdilation  more  violent;  this  may  readily 
happen,  however.  If  we  apply  the  definition  2M  ~  I  to  the 
sequence  0,  2,  0,  4,  0,  8,  -  ■  ■,  for  which 
lim  inf  Xn  =  0, 

we  find  that 

lim  inf  y„  =  —  00 . 

Without  endeavoring  to  answer  completely  the  question 
raised,  I  shall  merely  say  that  the  condition  for  total  regularity 
is  sufficient  also  to  insure  that  the  new  limits  of  indeterminacy 
shall  not  fall  outside  the  interval  of  the  old  limits. 

The  criterion  for  total  regularity  is  easily  tested  for  all  the 
usual  definitions.  It  is  found  that  ^f,  Cr,  R^, ,  are  totally 
regular  for  the  values  of  r  ^  0  for  which  they  are  defined; 
Er  is  totally  regular  for  r  ^  1.  When  the  point  set  T  is  real, 
P,  Bt  and  the  definition  of  Le  Roy  are  totally  regular,* 

We  may  also  widen  the  scope  of  the  notions  of  relative 

•  The  consideration  ot  total  regularity  settles  the  question  of  the  ^ect 
of  these  deflnitiooa  on  the  series  1  +  z  +  x*  +  "  ■  at  the  point  x  —  1, 
which  was  left  open  in  1 3. 
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inclusiveuess  and  equivalence  to  take  account  of  sequences 
evaluated  to  +  »,  Obviously,  on  account  of  the  relations 
J/'Jf'  =  M"^',  EfE,  =  Et„  the  statements  previously  made 
regarding  relative  indusiveness  of  M'  for  varying  r  and  of  E, 
for  varying  r  remain  true  even  in  the  present  extended  sense. 
But  it  can  be  shown  that  M'  and  Cr,  which  are  equivalent  for 
finite  limits  when  r  is  a  positive  integer,  do  not  retain  this 
equivalence  for  the  limit  +  <*>  when  r  ^  2;  in  fact  there  will 
always  be  sequences  which  are  evaluated  hy  M'  to  +  «>, 
and  are  not  so  evaluated  by  C,. 

Silverman  showed  that  the  criterioa  for  total  regularity  has 
the  following  consequences :  No  definitioD  of  type  G'  possessing 
an  inverse  can  be  equivalent  to  /  both  as  regards  finite  and 
definitely  infinite  limits  unless  it  is  of  the  form  K:  y^  =  CnXn. 
where  limn-Ms  c„  =  1.  No  two  definitions  A,  B  of  type  G' 
possessing  inverses  can  be  equivalent  both  as  regards  finite 
and  definitely  infinite  limits  unless  A  =  KB. 

These  statements  would  not  hold  if  the  restriction  as  to  th^ 
possession  of  inverses  were  removed,  as  may  be  seen  from  the 
trivial  example  yi  =  0;  y»=  z»-i,  n  >  1;  which  is  equiva- 
lent to  /,  even  in  the  present  extended  sense. 

7.  Adjunction  or  Omunon  <^  EUmetUa.  If  a  sequence 
converges,  then  the  new  sequence  obtained  by  prefixing  or 
omitting  an  element  at  the  beginning  will  converge  to  the 
same  value.  We  may  inquire  whether  a  simUar  property 
holds  for  definitions  of  summability;  if  a  sequence  is  sum- 
mable  ^  to  a  value  /,  will  the  sequence  obtwned  by  prefix- 
ing or  omitting  an  element  be  summable  A  (or  summable 
B,  where  B  is  expressible  by  means  of  A)  to  the  value  l\ 

This  question  has  been  answered  for  a  number  of  definitions. 
Iq  so  far  as  it  relates  to  prefixing  an  element,  the  answer 
must  be  independent  of  the  value  of  the  element  prefixed; 
only  the  alteration  in  rank  is  significant.  The  question  is 
equivalent  to  that  of  prefixing  or  omitting  a  term  at  the 
beginning  of  a  series,  with  appropriate  alteration  in  value  of 
the  series;  it  is  in  this  form  that  it  has  usually  been  studied. 
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I  shall  summarize  the  most  important  results.  Jf',  C„  Er, 
whenever  they  are  regular,  and  P,  permit  adjunction  or  omis- 
sion of  an  element.  Borel's  "absolute  summability,"  which 
is  not  regular,  has  the  same  property;  a  more  satisfactory 
settlement  of  the  question  for  the  Borel  means  is  given  by  the 
theorem  of  Sannia:  If  a  sequence  is  summable  Br,  then  the 
sequence  obtained  by  omitting  an  element  is  summable  to  the 
same  value  at  any  rate  by  the  stronger  definition  B,-i,  and 
the  sequence  obtained  by  omitting  an  element  is  summable  to 
the  same  value  even  by  the  weaker  definition  £,^.1. 

Hardy  and  Riesz  state  that  it  is  possible  to  have  a  series 
summable  Rx_  r  and  remain  so  summable  when  a  term  is  omit- 
ted, the  two  values  not  differing  by  an  amount  equal  to  the 
omitted  term. 

S.  Neceaiary  Conditions  for  Sumnud/Uity,  If  a  series  Zun 
converges,  then  Un  must  approach  zero;  this  is  of  course  not 
sufficient  for  convergence,  but  it  is  a  very  useful  property  of 
convergent  series.  Somewhat  similar  necessary  conditions 
exist  for  summability  with  respect  to  the  commoner  definitions ; 
these  conditions  are  sometimes  expressed  so  as  to  involve  terms 
of  the  series,  sometimes  elements  of  the  sequence.  For  summ- 
ability M'  or  Cr,  a  necessary  condition  is  that  lim  Un/n'  =  0, 
and  in  fact  even  that  lim  x„/n'  =  0;  for  summability  Er  it  is 
necessary  that  lim  uJ{2t  —  1)"  =  0  and  lim  xJi2T  —  l)**  ^  0. 

For  summability  P  it  is  necessary  that  the  series  ZxbP"* 
and  SM„r~>  have  radii  of  convergence  ^  1,  therefore  that 
lim  sup  \xn\^"  ^  1  and  lim  sup  [««|''"  ^  1.  For  summa- 
bility B,  it  is  necessary  that  the  series  2ar„f^V(»  —  1) '  have 
infinite  radius  of  convergence,  hence  that  Um  |i„|'/"/n=  0 
and  lira  { Un  \  ^'"/n  =0.  A  necessary  condition  that  a  sequence 
(zn)  be  summable  ft^,  >■  to  /  is  that 


lim     ('^■+1- 


=)' 


(;t.  -  0  -  0. 


9.  MvUi^icatum  of  SerUs.  The  totality  of  expressions 
obtained  by  multiplying  terms  of  one  series  Xu„  by  terms 
of  another  series  Zvn  may  be  represented  formally  by  a 
double  series  SuaVn.     If  we  collect  the  terms  of  this  double 
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series  in  any  way  into  a  simple  series  Sw„,  the  latter  may  be 
called  a  product  series  of  the  two  given  series.  The  behavior 
of  the  new  series  if  the  original  series  converges  will  differ  ac- 
cording to  the  way  in  which  the  terms  are  grouped.    Thus,  if 

Ml  =  «illi, 

Wt  =  Ultll  +  «5l't  +  thVl, 

Wt  =  UiVi  +  UiVt  +  UiVt  +  U»»i  +  UiVi, 


Xwn  will  converge  whenever  Xu^,  Xvn  converge. 

Other  methods  of  grouping,  however,  are  generally  more 
useful.  The  so-called  Cauchy  product,  suggested  by  the 
grouping  most  natural  for  power  series,  takes 

Ml  =  UiVi, 

Wt  =  «lPl  +  UiVi, 

Mj  =  «ir»  +  uivt  +  wjPi. 


In  this  case  convergence  of  £un>  ^v„  does  not  insure  conver- 
gence of  ZMn)  it  is,  however,  true  that  if  Sum  Xt^  are  con- 
vergent, then  Xwn  will  be  summable  M  to  the  product  of  the 
values  of  2u,,  Ztn-  More  generally,  the  Cauchy  product  of 
two  series  summable  respectively  Cr  and  C,  (R(r)  >  —  1, 
R(«)  >  —  1)  is  summable  Cr+ti-i,  and  the  value  of  the  product 
series  is  the  product  of  the  values  of  the  given  series. 

This  gives  an  interesting  instance  of  the  use  of  non-regular 
definitions.  If  two  series  are  not  merely  convergent,  but 
summable  C_j,  then  their  Cauchy  product  will  be  convergent. 

There  is  a  similar  theorem  for  the  Borel-Sannia  definition. 
If  two  series  are  summable  Br  and  B„  their  Cauchy  product 
is  summable  Bi  to  the  correct  value,  where 

._  I  T  +  9-  I  unless  r  >  0,  or  *  >  0; 
'  ~  j  the  lesser  of  r,  *  if  r  >  0,  or  s  >  0. 

The  multiplication  of  Dirichlet's  series  suggests  a  different 
grouping  of  terms: 

where  d  takes  as  its  values  the  divisors  of  n.    For  this  group- 
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ing,  which  we  may  call  the  Sieaz  product,  we  have  the  result; 
The  Biesz  product  of  two  series  summable  R^,  and  Rxj, 
where  X.  —  log  n,  r  >  0,  >  >  0,  is  summable  i{x.,4.»f  j. 

10.  Exteruiojit  to  Other  Types  of  Limii.  The  endeavor  to 
assign  a  meaning  to  lim.^„  x.  when  it  does  not  exist  in  the 
ordinary  sense  leads  naturally  to  the  same  attempt  for 
limuMx(t),  where  x{t)  is  a  function  of  the  continuous  real 
variable  (.  The  analogues  of  the  Ces^  and  Holder  means 
were  studied  by  Lacdsu.*  Investigationa  of  the  general  type 
corresponding  to  G'  were  made  by  SilvermaDt  and  Kojima-t 
I  shall  not  repeat  the  most  general  results  of  these  authors, 
but  shall  quote  only  the  following  special  case  :§ 

If  K(x,  y)  it  integrable  in  y  for  each  value  cf  x,  0  <  y  ^  x, 
and  if  for  any  function  u(x)  which  is  bounded  and  iniegrable  in 
any  finite  interval,  xSO,v!e  define 

t{x)  =  au{x)  +  f^ix,  >)u(a)d9, 

then  a  sufficient  condiHon  that  linic..^  «(«)  =  I  whenever 
lim,..^  u(x)  =  lis  that  for  cottstani  a, 

j    \K{x,  y)\dy  converges,       lim      i    \K(,x,  y)\dy  =  0, 

that  for  x>  0, 


\K{x.y)\dy 


K(x,  y)dy  =  1  - 


r 

hat 

lim      I   . 

double  series  have  also  been  made.  The 
?  Ces&ro  and  Holder  means  were  given  by 
Robison^  has  made  a  general  study  of  regu- 
ent  of  novelty  in  comparison  to  the  case  of 

RicHTE,  vol.  63  (1913),  p.  131. 

OP  THIS  SociETT,  vol.  17  (1Q16),  p.  2S4;   this  Bcl- 
-16),  p.  459. 
TAL,  vol.  14  (1918),  p.  64;  vol.  18  (1920),  p.  37. 

Bdllbtin,  loc.  cit. 

OF  THIS  SociETT,  vol.  14  (1913),  p.  73. 

kirnell,  1919. 
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simple  series  is  th&t  even  a  convergent  double  series  need  not 
have  its  terms  bounded.    Robison's  result  corresponding  to 
the  theorem  of  Silverman  and  Toeplitz  for  simple  series 
foUows. 
A  neceaaary  and  tuffieient  coTtdiHon  that  the  tran^ormation 

carry  every  bounded  convergent  double  eequetwe  (Xnn)  into  a 
bounded  double  tequence  dfmn)  convergent  to  the  same  value  u  thtU 

(1)  for  each  k,  I,     lim    tu,H  =  0; 

(2)  for  all  m,n,    2^  I'**"*'!  i' boundsd; 

(3)  '     for  each  I, ^J^      T,  \<h.,u\  =  0, 
and  for  each  k,      Mm      Jl  \amnn\  =  0; 

(4)  lim       ^       «--« =  1- 

Robison  has  given  also  the  theorem  for  double  series  corre- 
sponding to  the  result  of  Carmichael  and  Hildebrandt,  and 
the  condition  for  total  regularity. 

II.  Other  Queetiona.  Time  does  not  permit  a  detailed  ac- 
count of  other  interesting  lines  of  study  in  connection  with 
divergent  series;  a  brief  mention  of  a  few  results  must  suffice. 

Closely  related  to  the  regularity  of  a  transfonnation  of  type 
G  is  the  requirement  that  it  carry  every  convergent  sequence 
into  a  convergent  sequence  (irrespective  of  any  relationship 
between  the  two  limits) ;  or  that  it  carry  a  bounded  sequence 
into  a  convergent  sequence,  or  a  bounded  sequence  into  a 
bounded  sequence  These  conditions  have  been  studied  by 
Kojima,*  Fraleigh,t  and  J.  Schur,t  and  for  double  sequences 
by  Robison.{|  Interesting  investigations  have  been  made  of 
properties  possessed  not  by  all  series  summable  according  to 
a  certain  definition,  but  only  by  such  of  them  as  satisfy  further 

•  T«HOXU  JOITHNAL,  vol.  12  (1917),  p.  291. 

t  A.M.  thesis,  Coraell,  1918. 

i  Journal  pOb  Mathematik,  vol.  151  (1920),  p.  79. 

n  Loc.  cit. 
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conditions.    T>'pical  theorems  of  this  kind  are  the  following: 
If  Xun  i»  tummable  M  and  nUn  <  K,tken  2un  ia  eonvergeni* 
If  £u»    t*    aumnuAle    Bi   and    Vn  |un|  <  K,  then  Su.  is 
convergent.^ 

For  applications  of  the  theory  of  divergent  series  to  im- 
portant special  types  of  series,  to  differential  equations,  and 
to  mathematical  physics,  reference  may  be  made  to  the  three 
expository  papers  mentioned  in  §  I. 

12.  Conclusion.  I  shall  permit  myself,  in  closing,  to  make 
two  observations  which  represent  only  personal  opinion. 

Any  definition  of  the  generalized  limit  of  a  sequence  is 
ultimately  only  an  actual  limit  of  something  else;  it  seems  to 
me  worth  while  to  recall  frequently,  in  dealing  with  divergent 
series,  that  we  are  in  fact  studying  only  ordinary  processes  of 
convergence.  It  is  at  times  more  illuminating  for  the  com- 
prehension of  a  theorem  on  summabte  series  to  supply  all  the 
transformations  implied  in  the  definition  of  summability  and 
state  the  result  entirely  in  terms  of  ordinary  limits  than  to  use 
the  more  concise  form  which  is  in  essence  symbolic.  Indeed, 
important  applications  of  the  conditions  for  regularity  are 
proofs  of  theorems  on  limits,  in  which  divergent  sequences 
present  themselves,  if  at  alt,  only  as  an  afterthought.  Such 
applications  have  been  given  by  Silverman  and  by  Schur. 

As  regards  the  various  current  problems  tn  connection  with 
divergent  series,  the  most  important  seems  to  me  personally 
to  be  that  of  mutual  consistency.  It  would  be  desirable  to 
be  able  to  assert  of  any  two  definitions  which  have  been  used 
practically  that  they  are  or  are  not  mutually  consistent,  and 
to  have  such  workable  criteria  as  would  make  it  possible  to 
test  new  definitions  which  may  be  proposed.  Without  such 
information,  the  use  of  two  different  methods  of  summability 
in  a  single  investigation,  unless  one  is  merely  included  in  the 
other,  would  seem  to  produce  at  least  grave  inconvenience. 
Cornell  UNiVEnsmr. 

•  Hardy,  PKOCBBDwae  op  the  London  Society  (2),  vol.  8  (1010),  p. 
302;  lADilau,  Pracb  MATEMAXTCZNO-rizrczNE,  vol.  21  (1910),  p.  97;  Fuji- 
WBra,  TAhoku  Journal,  vol.  15  (l'.il9).  p.  323. 

t  H&rdy  aod  Littlewood,  Rendiconti  di  Falehmo,  vol.  41  (1916),  p.  36. 
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NOTE  ON  AN  IRREGULAR  EXPANSION  PROBLEM* 

BY  DCNBAM   JACKSON 

One  of  the  simplest  expansion  problems  depending  on  a 
set  of  boundary  conditions  of  tbe  type  which  Birkhofif  has 
called  irTegtUar,  is  that  associated  with  the  system 


(1)  ^+P^=0. 

«(0)  =  0,        u'(0)  =  0,        k(t)  =  0. 

Let  Ui(x),  titix),  •  •  ■  be  the  characteristic  functions  of  this  dif- 
ferential system.  The  writer  showed,  a  number  of  years  ago,t 
that  the  formal  expansion  of  an  arbitrary  continuous  function 
fix)  in  a  series  of  the  fonn 

(2)  aiUi(ar)  +  (hUt{x)  +  ■■■ 

will  ordinarUy  be  divergent,  even  if  f(x)  satisfies  conditions 
which  would  insOre  the  convergence  of  its  development  in 
terms  of  the  characteristic  functions  of  a  regular  system;  and 
it  may  diverge  even  \{f(x)  is  analytic  throughout  the  interval 
(0,  t).  a  subsequent  paper  by  Hopkinst  specified  a  restricted 
class  of  analytic  functions  to  which  fix)  must  belong,  if  the 
expansion  is  to  converge  uniformly  to  the  desired  value. 
He  showed  that  the  necessary  condition  thus  obtained,  if 
supplemented  by  certain  secondary  hypotheses,  is  also  suffi- 
cient. He  did  not  discuss  the  question  whether  the  formal 
expansion,  if  uniformly  convergent  at  all,  must  necessarily 
have/(x)  for  its  sum.  His  analysis,  however,  makes  it  possible 
to  recognize  without  difficulty  that  this  is  the  case.    It  is 

*  Presented  to  the  Society,  April  23,  1021. 

t  D.  Jackaon,  Expantion  probUmt  leilh  irreffuiar  boundary  conditiont, 
pRocEEDiKos  or  THE  AjKERtCAN  Ac&DEUT,  vcj,  51  (1915-16),  pp.  383- 
417;  see  pp.  384-303. 

}  J.  W.  Hopkins,  Some  eonoergenl  dendopmtnla  aaioeiated  mlh  irrepulor 
/  eondiliona,  Tranbactions  or  this  Socimr,  vol.  20  (1919),  pp. 
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the  purpose  of  the  foUowing  paragraphs  to  supply  the  details 
of  the  demonstration.* 
The  system  adjoint  to  (1)  is 

(3)  ^  -  P*"  =  0, 

ti(0)  -  0,        »(«■)  =  0,        »'(t)  -  0. 

Its  characteristic  functions  may  be  denoted  by  iii(a:),  ti(x),  •  •  - , 
and  then  the  coefficients  in  the  series  (2)  will  be  ^ven  by 

«-  =•  ;r  r^(*)»-(*)«*».        9.  =    r«-(x)t.(x)<ir. 
?•  Jo  Jo 

If  the  series  converges  uniformly,  its  sum  g(,x)  will  be  a 
continuous  function  vanishing  f or  x  =  0  and  for  z  =  t  (and 
satisfying  also  the  condition  g'{0)  =  0,  though  it  is  not 
necessary  to  insist  on  that  point  here).  By  the  orthogonal 
properties  of  the  system  of  functions  UnCx),  ta(z),  we  see  that 

t)tnix)dx  =  a,, 
'o 

so  that  the  difference 

rix)  =  m  -  gix) 

has  the  property  that 


QnJo 


•). 


(4)  rr(x)e„(x)dx  =0        (n  =  1, 2, 

We  shall  assume  at  first  that  fix)  vanishes  at  both  ends  of 
the  interval  (0,  t),  and  then  r{x)  will  have  this  property  also. 
It  is  to  be  shown  that  r(x)  must  vanish  identically. 

It  follows  from  Hopkins's  workf  that  the  formal  develop- 

•  Thia  proof  is  more  or  leas  in  line  with  a  conversation  between  Pro- 
fesBor  BirkhoS  and  the  writer,  which  took  place  early  in  1917,  before  Mr, 
Hopkins's  work  was  completed.  Neither  party  to  the  conversation  can 
xemember  definitely  now  what  was  said,  except  that  it  probably  covered 
a  put,  but  certainly  not  the  whole,  of  what  is  done  here.  The  fundamental 
idea  of  the  proof  has  been  used  frequently  in  other  connections. 

t  Loc.cit.,  Theorem  III,  and  p.  236,  footnote.  The  proof  can  also  be 
based  directly  on  {  3  of  the  paper,  without  reference  to  the  more  general 
method  of  j  4. 


ovGoogIc 


1922.3  AN  IBBBOULAJt  EXPANSION  FSOBLEU  39 

ment  of 

in  a  series  of  the  form  (2)  convei^es  uniformly  for  0  ^  2  ^  r, 
if  fc  is  any  positive  integer.  Since  the  system  (1)  and  the 
system  (3)  are  carried  over  into  each  other  by  the  substitution 
of  T  —  X  for  X,  and,  in  particular* 

Unix)  =  «,(t  —  x), 
it  follows  that 

(5)  p»(»)-(»-x)»"-ir»(i-x)' 

can  be  expanded  in  a  uniformly  convergent  series  of  the  func- 
tions Vn(,X). 

It  will  be  shown  that  r(x)  can  be  approximately  represented, 
uniformly  for  0  ^  x  ^  t,  with  any  desired  degree  of  accuracy, 
by  means  of  a  linear  combination  of  a  finite  number  of  the 
expressions  pkix).  Hence  r(x)  can  be  similarly  represented 
in  terms  of  the  functions  (.(a:),  each  pk{x)  being  replaced  by  a 
sufficient  number  of  terms  of  its  expansion  in  series  of  the  v's. 

The  hypothesis  has  already  provided  that  r(0)  =  r(T)  =  0. 
If  ri(z)  is  defined  as  equal  to  r(z)  for  0  ^  z  ^  r  —  2J,  equal  to 
(x  —  «)'  for  T  —  5  ^  a;  £  x,  and  linear  and  continuous  for 
X—  28S*^T—  J,  then  ri(x)  will  differ  arbitrarily  little 
from  r(x)  throughout  (0,  r),  U  S  is  taken  sufficiently  small, 
and  will  have  the  form 

(6)  r,(*)  =  (x  -  xMx), 

where  q(x)  is  continuous  for  0  ^  x  ^  x,  and  vanishes  for 
X  =  0.  The  quantities  involved  being  real,  x  —  x  is  a  single- 
valued  continuous  function  of  (x  —  x)',  and  the  same  is  true 
of  X.  Hence  qix)  is  a  single-valued  continuous  function  of 
(x  —  x)*  for  0  ^  X  ^  X.  Therefore  by  Weierstrass's  theorem, 
it  can  be  approximately  represented  with  any  desired  accuracy 
by  a  polynomial  in  (x  —  x)*.  That  is,  if  c  is  any  positive 
quantity,  there  will  exist  an  exponent  m  and  a  set  of  coefficients 
*  Cf.,  e.g.,  D.  JackBoa,  loc.  cit.,  pp.  387,  389. 
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Ao,  Ai,  ■•■,  A„,  so  that 

\Ao  +  Ai{T  -  X?  +  Ai{T  -*)«+■-. 

-\- A„{t  ~  xf- -  q{x)\  <€ 

throughout  (0,  t).    In  particular,  for  x  =  0,  since  ^(0)  =  0, 

\At  +  AiTi'  +  AiT'  +  ■■■  +  A„ir^\  <  t. 

Hence,  by  subtraction  within  the  bars, 

[^.[(T-;r)'-^]+.-- 

+  ^„[(t  -  xr-  ~  )H"]  -  q{x)  I  <  2.; 
from  (5)  and  (6), 

U.Pi(x)  +  -  ■  ■  +  A„p„{x)  -  f,(x)  I  <  2jr^<; 

and  the  existence  of  the  desired  approximation  for  r(x)  can  be 
inferred  at  once. 

It  is  to  be  regarded  as  established,  then,  that  r{x)  can  be 
represented  with  any  required  accuracy  by  a  linear  combina- 
tion of  the  v's,  or,  what  amounts  to  the  same  thing,  that  r{x) 
can  be  expanded  in  a  uniformly  convergent  series  of  the  form 

r{x)  =  C,V,(x)  +  CViix)  +  •■•., 

where  K„(a;)  is  a  linear  combination  of  Vi(.x),  nix),  ■  ■  ■,  ii„(x), 
with  constant  coefficients.     Because  of  (4), 


^ 


I  rix)V^ix)dx=  0        (n=  1,2,  ■■-). 

0 

Consequently 

rCr(x)ydx  =    rr{x)[CiK,(ar)  +  CtV.ix)  +  ■  ■  ■](£s  =  0, 

and  t{x),  being  continuous,  must  vanish  identically. 

It  has  been  assumed  hitherto  that /(a;)  vanishes  at  the  ends 
of  the  interval.  This  must  in  fact  be  the  case,  iS  f(x),  always 
supposed  continuous,  is  to  give  rise  to  a  uniformly  convergent 
expansion.  Let  us  make  the  contrary  hypothesis,  and  show 
that  it  leads  to  a  contradiction.  The  continuous  function 
g(x)  must  still  vanish  at  0  and  t,  and  r(x)  will  have  the  same 
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value  a3/(x)  st  these  points,  being  accordingly  different  from 
zero  at  one  or  both  of  them.  It  will  then  be  no  longer  possible 
to  approach  t{x)  uniformly  by  means  of  linear  combinations  of 
the  o's.  If  e  is  any  positive  quantity,  however,  it  will  be 
possible  to  choose  a  function  rt(z),  continuous  throughout  the 
interval  and  vanishing  at  0  and  t,  in  such  a  way  that 


r 


\r{x)  -  r,ix)\dx  <  ^^ 


Then  rj(x),  by  the  reasoning  applied  to  t{x)  under  the  previous 
hypothesis,  can  be  approached  by  a  linear  combination  of  the 
ti's,  from  Hi  to  Vn,  say,  with  a  maximum  error  not  exceeding 
«/{2t).  If  the  approximating  function  is  denoted  by  W^b(x) 
we  shall  have 


V 


\r(x)  -  W„{x)\dx<  €. 


If  we  do  this  for  a  succession  of  values  of  t  approaching  zero, 
we  obtain  a  succession  of  functions*  W„(x),  such  that 

'im    flrix)-  W.{x)\dx  =  0. 

Let  M  be  the  maximum  of  |  r(x)  \ ;  then 

I    rr(x)[r(ar)  -  W^(x)yx  I  S  M   Hrix)  -  W„(x)\dx, 

so  that 

lim    fr(x)Zr{x)  -  W„ix)'}dx  =  0. 

Since  J'rW^dx  =  0  for  all  values  of  n,  it  is  seen  again  that 
J'r'dx  =  0,  and  r(_x)  vanishes  identically.  This  is  at  the  same 
time  a  verification  of  the  principal  result  to  be  established, 
and  a  proof  that  the  hypothesis  with  regard  to  the  non-vanish- 
ing of  fix)  at  the  ends  of  the  interval  was  inadmissible. 

The  UNiVERsnr  or  MmwEeorA. 

*  It  is  allow^le  to  think  of  the  index  n  as  taking  an  all  positive  integral 
Tahiea,  since  a  linear  combination  of  the  first  n  of  the  v'a  is  at  the  same  time 
a  linear  combination  of  the  first  n'  of  them,  if  n'  is  any  number  greater 
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THE  b6CHER  memorial  PRIZE 

The  establishment  of  the  B6cher  Memorial  Prize  is  a  note- 
worthy departure  in  American  Mathematical  polity.  It  is 
believed  that  this  is  the  first  mathematical  prize  in  our  country 
to  be  given  at  regular  intervals  for  research  in  pure  mathe- 
matics. 

The  inception  of  the  prize  was  due  to  Professor  T.  S.  Fiske 
who,  after  the  death  of  Maxime  Bdcher  in  1918,  raised  a 
voluntary  fund  for  a  permanent  memorial  of  his  work  and 
services.  This  fund  was  turned  over  to  the  American  Mathe- 
matical Society,  and  a  special  committee  consisting  of  T.  S. 
¥hke,  C.  N.  Haskins,  Dunham  Jackson,  O.  D.  Kellogg,  and 
E.  B.  Van  Vleck  was  appointed  to  consider  its  disposition. 
This  committee  reported  to  the  Council  the  following  resolu- 
■  tions  which  were  adopted: 

1.  A  prize  of  $100  (later  a  larger  sum)  shall  be  awarded  once 
in  every  five  years  for  a  notable  research-memoir,  published 
in  the  Transactions  of  the  American  Mathematical  Society 
during  the  preceding  five  years  by  a  resident  of  the  United 
States  or  Canada.  The  prize  shall  be  known  as  the  Bdcher 
Memorial  Prize. 

2.  Such  interest  of  the  Memorial  Fund  as  is  not  used  for 
the  prize  shall  be  added  to  the  principal. 

3.  The  age  of  the  recipient  of  the  prize  shall  not  be  over 
forty  years,  and  the  prize  shall  not  be  awarded  twice  to  the 
same  person. 

4.  The  first  award  of  $100  shall  be  made  by  a  Committee  of 
the  Council  for  a  memoir  published  during  the  period  19X8- 
1922,  and  shall  be  conferred  at  the  annual  or  other  designated 
meeting  of  the  Society  in  1923. 

The  suitability  of  the  memorial  will  be  apparent  to  all  who 
are  conversant  with  the  history  of  American  mathematics. 
Before  many  of  the  older  generation  imagined  any  immediate 
possibility  of  developing  American  mathematics  to  a  penna- 
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nent  poaition  of  international  importance,  a  ^oup  of  the 
younger  men  had  actually  achieved  this.  It  may  be  doubted 
whether  another  such  formative  period  in  American  mathe- 
matics will  ever  recur.  Professor  Bdcher  took  his  doctor's 
degree  at  the  University  of  Goettingen  in  1891,  and  on  his 
return  to  Harvard  University,  became  at  once  one  of  the  out- 
standing figures  in  the  new  movement,  thus  stamping  his 
impress  on  American  mathematics  when  in  its  molten  stage. 
When  be  died  at  the  age  of  fifty-one,  he  left  behind  him  a 
larger  and  more  important  aggregate  of  investigation  in  pure 
mathematics  than  had  any  preceding  mathematician  in  Amer- 
ica. 

As  the  mathematical  renaissance  progressed,  it  became 
evident  that  the  means  for  the  publication  of  research  in  this 
country  were  altogether  inadequate,  and  a  new  journal,  the 
Teansactions  of  the  American  Mathematical  Societt, 
was  founded  through  the  persistence  of  a  small  group  of  men, 
among  whom  Professor  Bdcher  was  conspicuous.  Because 
of  his  unusual  fitness  for  editorial  work  he  was  chosen  as  its 
second  editor-in-chief  and  served  for  two  successive  terms, 
1907-1913.  His  colleagues  on  the  editorial  board  can  testify 
to  Professor  Bdcher's  extraordinary  capacity  for  editorial 
work, — his  quick  and  accurate  judgment  of  memoirs,  his  un- 
selfish and  lavish  expenditure  of  time,  his  clearness  and 
elegance  of  presentation. 

In  determining  what  disposition  should  be  made  of  the 
fund,  many  possibilities  were  discussed,  and  the  final  form  of 
the  recommendation  was  due  to  a  combination  of  considera- 
tions. Because  of  the  eminence  of  the  scientific  work  of  Pro- 
fessor Bdcher  and  his  power  as  teacher  to  stimulate  investiga- 
tion, it  was  felt  that  there  could  be  no  more  fitting  memorial 
than  the  use  of  the  fund  to  encourage  research.  Also,  in 
recognition  of  his  editorial  ideals  and  service,  it  was  desired  to 
connect  the  memorial  with  the  Transactions  and  thus  assist 
in  raising  the  quality  of  mathematical  production  in  America 
and  Canada. 

Unfortunately,  the  fund  is  not  large,  $1200.     In  conse- 
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quence,  it  was  thought  that  a  considerable  portion  of  the 
interest  must  be  set  aside  to  secure  the  permanent  usefulness 
of  the  fund.  Hence  it  was  recommended  that  the  award  of 
the  prize  should  be  made  only  once  in  five  years,  and  that 
initially  its  amount  should  be  limited  to  $100.  For  the  present 
the  unique  honor  of  its  receipt  must  compensate  for  its  in- 
adequacy. Would  that  some  friend  of  Professor  B6cher  and 
American  mathematics  would  increase  the  size  of  the  prize 
and  thereby  its  importance! 

Under  conditions  prevailing  in  our  colleges  and  universities 
an  extraordinary  amount  of  elementary  instruction  is  neces- 
sary. This  routine  work  is  so  important,  so  time-conauming 
and  energy-exhausting  as  to  distract  the  attention  of  our 
brightest  young  instructors  from  research.  The  first  ten  years 
following  the  doctor's  degree  are  indeed  very  critical  ones,  and 
for  this  reson  an  age  limit  has  been  imposed  on  the  prize. 
In  recognizing  particularly  the  younger  men,  the  desire  is  to 
help  keep  American  mathematics  ever  young.  The  age  limit 
of  forty  years  may  be  too  high,  but  continued  production  is  as 
essentia]  as  early  production.  It  is  hoped  that  the  memoirs 
honored  by  the  prize  not  only  will  have  much  intrinsic  value 
but  will  exhibit  also  some  of  Professor  B6cber's  lucidity  and 
directness  of  style. 

While  general  conditions  have  been  framed  for  the  prize, 
the  administration  and  interpretation  of  the  above  resolutions 
are  left  to  the  successive  committees  of  award. 
Madibon,  Wisconsin, 
February  28,  L922. 

Edward  B.  Van  Vleck. 
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ON  KAKEYA'S  MINIMUM  AREA  PROBLEM* 


1.  Introduction.  Ouriog  recent  years  the  Japanese  school 
of  mathematicians,  notably  Professors  Hayashi,  Kakeya  and 
Fujiwara,  have  proposed  and  investigated  to  some  extent  a 
unique  and  apparently  new  class  of  maxima-minima  problems 
of  which  the  one  considered  in  this  paper  may  be  regarded 
as  the  simplest  type.  In  general,  such  problems  concern  the 
determination  of  the  closed  curve  of  least  area  within  which  a 
given  configuration  may  be  completely  rotated.  The  special 
problem  in  which  we  shall  be  interested  appears  to  have  been 
first  stated  by  Kakeya  and  is  as  followsrl* 

A  liTie-aegmevi  AB  lying  in  the  plane  MN  is  to  be  moved 
go  that  it  shall  return  to  its  original  povition  but  with  its  ends 
reversed  (as  in  the  rotation  of  a  segment  about  Ha  middle  point 
through  a  semiciTcumferenee).  How  should  this  be  done  in 
order  thai  the  area  generated  during  the  motion  may  be  a 
minimumt 

2.  Interpretaiions  of  the  Problem.  As  thus  stated,  we  note 
first  that  the  problem  admits  of  the  following  two  interpreta- 
tions: In  computing  area  generated  during  any  portion  of 
the  motion,  the  area  S  bounded  by  any  given  enclosure  in  the 
plane  MN  is  to  be  counted  (a)  as  many  times  as  it  is  passed 
over  by  AB;  (6)  never  more  than  once. 

*  Preeeated  to  the  Society,  September  7,  1920. 

t  The  existmg  literature  upon  this  and  the  more  general  problems  above 
referred  to  appeara  to  be  chiefly  confined  to  the  following  three  papers: 
Ob  th«  curvet  of  cmteUtnt  breadth,  and  tht  convex  closed  curve*  inecribable 
and  TevobuMe  in  a  regular  jmlygon,  by  Tsuruichi  Usyashi,  T6hokcScience 
Repoectb,  vol.  5,  pp.  303-312  (Dec.  1016);  On  »ome  prableme  of  maxima 
and  minima  for  the  eunx  of  eontlant  breadth  and  the  in^et/oliKMe  curve  of 
the  equiiaUral  triangk,  by  M.  Fujiwara  and  S.  Kakeya,  TAhoko  Journal, 
vol.  11,  pp.  92-110  (Feb.  1917);  Some  probleme  on  maxima  and  minima 
regarding  oaUa,  by  Soichi  Kakeya,  TAnoKn  Science  Reports,  vol.  6,  pp. 
71-88  (July,  1917).  Recently  Fil  (Mathematischb  Annalen,  vol.  83 
(1921),  pp.  311-319)  has  given  a  complete  solution,  but  under  greater  re- 
strictions than  those  of  this  paper. 
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These  two  interpretations  are  Illustrated  in  Fig.  1  wherein 
AB  has  been  given  a  simple  rotation  of  angle  8  about  a  fixed 
^ point  0  lying  in  the  perpen- 

dicular bisector  CD  of  AB. 
Here  A  and  B  describe  arcs 
of  one  and  the  same  drcle, 
thus  tjtlHng  the  finul  positions 
A',  B',  while  the  segment  AB 
passes  over  the  singly  shaded 
areas  R,  T  once  each,  but 
passes  over  the  doubly  shaded 
area  S  twice,  first  by  the  por- 
tion CB  and  later  by  CA. 
Hence,  for  such  a  motion  the 
area  generated  according  to 
interpretation  (a)  is  it  +  2S 
+  T.  while  in  interpretation  (i)  it  is  ii  +  S  -|-  T. 

In  order  to  make  the  necessary  distinction  thus  arising, 
we  shall  hereafter  refer  to  area  generated  in  the  sense  (a)  as 
area  swept  over,  and  to  that  generated  in  the  sense  {b)  as 
area  swept ovt*  We  proceed, therefore, to  consider  the  prob- 
lem under  interpretation  (a)  and  it  b  believed  that  the  method 
followed  leads  to  a  complete  solution  in  this  case. 

3.  InfinitetiTnal  Rotation.  Instead  of  undertaking  directiy 
the  problem  of  §  1  wherein  AB  is  to  be  turned  completely 
end  for  end  and  finally  brought  back  upon  itself,  we  shall  find 
it  desirable  to  begin  by  considering  the  following  more  general 
yet  in  some  respects  more  simple  question. 

How  should  a  Une^egment  of  length  21  be  moved  in  such 

a  wav  that  the  angle  between  its  initial  and  final  directions 

■e  a  given  amount,  9,  while  the  area  swept  over  (§  2) 

■e  a  minimum?    Thus,  suppose  that  AB  is  the  initial 

n,  its  direction  being  regarded  as  from  A  to  B,  and  let 

the  studies  of  Kakeya  and  others  already  referred  to,  the  term 
eaerated"  is  taken  in  the  Hense  (6)  only,  this  being  the  case  of 

complexity  and  interest,  but  inaamuch  aa  our  method  for  the 
r  (b)  depends  essentially  upon  that  for  the  more  simple  case  (a), 

find  it  desirable  to  develop  the  latter  firet. 
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Ci>  be  a  line  whose  direction  (horn  C  to  D)  makes  the  given 
angle  8  with  AB.  The  question  then  is,  how  should  AB  be 
given  the  same  direction  as  C27  in  such  a  way  as  to  sweep 
over  a  minimum  area?*  This  question  may  be  answered 
directly  by  use  of  the  following  simple  kinematical  principle 
which,  for  brevity,  we  shall  assume  without  proof. 

If  a  lijie-gegmerU  AB  qf  letigth  21  lying  in  a  Tpiane  MN  is 
given  an  infinitesimal  rotation  qf  angle  d0  about  a  fixed  point  0 
in  MN,  the  area  swept  over  wiU  be  less  wken  0  lies  upon  the 
perpendicvloT  bisector  qf  AB  than  wken  it  lies  at  any  point 
elsewhere.^ 

It  thus  appears,  as  regards  the  question  proposed  above, 
that  for  the  desu«l  minimum  it  is  necessary  and  sufficient 
that  during  the  motion  each  infinitesimal  rotation  shall  be 
about  some  point  in  the  perpendicular  bisector  of  the  segment. 
In  fact,  the  infinitesimal  area  then  swept  over  by  an  increment 
dS  in  direction  will  be  less  than  that  obtained  upon  any  other 
plan  yielding  the  same  change  in  direction,  hence  the  same 
will  be  true  of  the  sum  of  such  infinitesimal  areas  and  likewise 
of  the  limit  of  this  sum,  which  limit  is  the  area  in  question. 
In  the  customary  language  of  kinematics,  this  means  that  the 
instantaneous  center  of  motion  should  lie  at  all  times  upon  the 
perpendicular  bisector. 

Moreover,  since  each  infinitesimal  area  corresponding  to  a 
change  in  direction  thus  comes  to  differ  from  the  value  Pd$ 
by  an  infinitesimal  of  higher  order  than  the  first  as  compared 
to  (M  as  readily  appears,  it  follows  by  Duhamel's  theorem 
that  the  minimum  area  itself  will  have  the  value 
PJ^dB  =  Fe. 

*  We  assume  throughout  that  during  the  motioa  the  angle  which  the 
a^ment  maJceg  with  its  initial  direction  intreases  only  monotonically,  as 
otherwise  negative  areas  would  be  generated.  However,  8  is  not  reatricKd 
to  the  range  0  <  S  ^  2r,  but  may  be  osstgned  any  positive  value  whatever. 

t  The  proof  is  readily  carried  out.  In  case  the  rotation  takes  place 
about  a  point  in  the  perpenditnilar  bisector  the  area  swept  over  differs 
by  an  infinitesimal  of  higher  order  than  de  from  Pds,  while  if  the  rotation 
takes  place  about  a  point  whose  distance  is  A  (A  >  0)  from  the  perpen- 
dicular bisector,  the  area  swept  over  differs  by  an  infiniteaiinal  of  higher 
order  than  de  from  (P  +  k')dg. 
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Evidently  there  are  an  infinite  number  of  ways  of  the  type 
just  described  for  moving  AB  into  parallelism  with  CD.  Of 
these  the  simplest  b  that  in  which  AB  is  given  a  pure  rotation 
of  angle  $  about  its  middle  point  regarded  as  fixed.  The  next 
simplest  case  is  that  in  which  AB  is  given  a  pure  rotation  of 
angle  0  about  some  point  in  its  perpendicular  bisector  other 
than  its  own  middle  point,  thus  sweeping  over  a  circular 
strip  such  as  shown  in  Fig.  1.  However,  it  is  to  be  observed 
that  in  general  a  movement  such  as  we  are  considering  will 
consbt  of  both  a  rotation  and  a  translation.  In  this  connec- 
tion the  following  general  statement  is  noteworthy:  Let  AB 
be  the  initial  position,  C  being  the  middle  point.  Draw  any 
curve  to  which  AB  is  tangent  at  C  and  such  that,  as  one 
passes  along  the  curve  frcwn  C,  the  angle  between  its  tangent 
and  the  initial  direction  never  diminishes.  Then,  in  order 
that  AB  shall  sweep  over  a  minimum  area  in  changing  its 
direction  by  a  given  amount,  9,  it  su£Bces  to  slide  it  along 
this  curve  in  such  a  way  as  to  be  always  tangent  to  it  at  the 
mid-point  C,  the  motion  to  continue  until  a  final  position 
A'B'  has  been  reached  whose  direction  makes  the  an^e  6 
with  the  initial  direction.  In  order  to  see  this,  we  need  only 
note  that  for  any  such  movement  of  a  line-segment  the  in- 
stantaneous center  always  lies  on  the  perpendicular  bisector.* 

4.  The  Original  Problem..  Returning  to  the  original  problem 
of  §  1,  we  see  that  it  concerns  a  rotation  of  the  segment 
through  the  special  angle  180°  with  the  further  restriction 
that  it  shall  finally  return  completely  upon  itself.  In  order 
for  this  to  be  accomplished  by  a  movement  which  shall  at  all 
times  have  its  instantaneous  center  upon  the  perpendicular 
bisector  of  the  segment  and  hence,  in  accordance  with  §  3, 
shall  sweep  tyser  a  minimum  area,  it  evidently  suffices  to  give 
the  segment  a  simple  rotation  of  180°  about  its  own  middle 
point,   regarded  as  fixed.     This,   however,   is  not  the   only 

*  As  Dated  earlier,  we  are  supposing,  aa  the  problem  implies,  that  during 
the  motion  the  direction  of  the  segment  cbangea  only  monotonically.  It 
is  for  this  reason  that  the  aingle  condition  staled  above  concerning  the 
thape  of  the  curve  is  necessary. 
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possible  solution,  though  it  is  the  simplest.  There  are,  in 
fact,  an  infinite  number  of  other  ways  of  producing  the  desired 
result.  For  example,  first  give  the  segment  a  pure  translation 
by  sliding  it  lengthwise  any  given  distance  along  the  indefi- 
nitely long  line  of  which  it  forms  a  part,  then  ^ve  it  a  pure 
rotation  of  180°  about  its  middle  point,  then  slide  it  back 
along  the  same  line  as  before  until  it  takes  the  desired  position 
upon  itself.  For  all  such  methods  the  instantaneous  center 
always  lies  on  the  perpendicular  bbector,  this  point  being  at 
infinity  in  the  case  of  movements  of  pure  translation. 

5.  Problem  qf  §  5.  We  now  proceed  to  consider  the  problem 
of  §  3,  and  eventually  that  of  §  1,  when  area  swept  otU  instead 
of  swept  over  is  to  be  minimized.  The  simplest  case  which 
can  then  arise  is  that  in  which,  during  the  movement,  no  area 
b  passed  over  more  than  twice;  the  next  simplest  case  is 
that  in  which  no  area  is  passed  over  more  than  three  times; 
next  the  case  in  which  none  is  passed  over  more  than  four 
times;  etc.  Let  us  take  for  the  moment  the  most  general 
case;  namely,  that  in  which  a  certain  area  b  passed  over  n 
times,  but  none  more  than  thb  number  of  times.  If,  then, 
we  let  T  represent  the  area  swept  over  as  the  segment  changes 
its  direction  by  the  amount  $,  and  let  Si  be  the  area  passed 
over  twice  (duplicated),  St  the  area  passed  over  three  times 
(triplicated),  ■  ■  •,  Sn-i  the  area  passed  over  n  times,  we  shall 
have  as  an  equation  for  determ'ning  the  area  S  swept  out: 

(1)  S  =  r  -  Si  -  2Sj  -  3S, (n  -  l)S»-i- 

We  now  proceed  to  consider  in  detail  the  simplest  case; 
namely,  that  in  which  only  duplication  b  present.  We  have 
Si  =  iSi  =  •  •  •  =  S_i  "  0,  so  that  (1)  reduces  to 

(2)  S=  T-Si. 

Moreover,  the  greatest  value  which  Si  can  take  is  ^T,  thb 
corresponding  to  the  extreme  assumption  that  the  entire  area 
swept  over  is  duplicated,  as  takes  place  for  example  when  a 
segment  is  rotated  through  360°  about  a  fixed  point  in  its 
perpendicular  bisector.    Thus,  in  addition  to  (2),  we  have 

(3)  s,  ^  §r. 
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It  follows  that  any  such  movemeat  must  belong  to  one  of 
the  following  four  classes:  (a)  T  not  a  minimum  and  Si<^T, 
(fr)  T  not  a  minimum,  but  Si=  ^T,  (e)  T  a  minimum,  but 
Si  <  ir,  (d)    r  a  minimum  and  Si  «=  JT- 

Of  these  it  is  easy  to  show  that  2  can  be  a  tninimnm  only 
in  case  (d),  it  being  assumed  for  the  moment  that  there  b  a 
geometric  possibility  of  a  movement  (or  movements)  in  which 
(d)  is  realized.  In  fact,  recalling  from  §  3  that  when  7  ia  a 
minimum  it  has  the  value  P0,  we  may  write,  corresponding 
to  the  four  cases,  the  following: 

(o)  2  ■=  r  -  Si  >  r  -  jr  -  ir  >  iw, 
(&)  s  =■  r  -  Si  -  r  -  ir  -  ir  >  iTO, 

(c)  s  =  r  -  s,  >  r  -  ir  =  ir  =  iM, 

(d)  2  =  r  -  Si  =  r  -  ir  =  jr  =  jw. 

Thus,  it  ia  possible  for  2  to  attain  its  smallest  value  only  in 
case  (d);  that  is,  T  itself  must  be  a  ininitniim  and  St  ^  ^T. 
Moreover,  this  smallest  value  of  2  (if  geometrically  realizable) 
has  the  value  ^P9,  which  we  shall  hereafter  refer  to  as  the 
(Asolute  mintmutn  for  duplication. 

It  only  remains  to  consider  whether  movements  of  class  (d) 
are  actually  possible,  and  for  this  let  us  refer  again  to  Fig.  1. 
Here,  as  the  segment  ia  rotated  from  AB  to  A'B'  the  area  S 
is  duplicated,  while  R  and  T  are  passed  over  but  once.  How- 
ever, by  taking  the  radius  OC  sufficiently  large,  the  values  of 
R  and  T  may  be  brought  as  near  to  zero  as  we  please,  thus 
leaving  only  the  duplicated  area  5.  Since,  by  §  3,  7  is  a 
roJTiimiitn  for  all  sach  movements,  it  appears  that  the  condi- 
tions represented  in  case  (d),  while  not  actually  realizable  in 
Fig.  1,  may  be  made  as  neariy  so  as  we  please  by  dioosing  a 
sufficiently  large  radius  OC.  By  such  a  movement,  therefore, 
the  value  of  2  may  be  brought  as  near  as  we  please  to  its 
absolute  minimum,  iP0,  though  not  to  this  actual  value. 
Mcffeover,  it  appears  from  geometrical  considerations  that 
no  other  method  of  moving  the  segment  will  produce  similar 
conditions,  for  if  the  sliding  of  the  segment  is  not  done  along 
a  circular  arc  (the  mid-point  C  always  remaining  the  point 
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of-tangency  in  order  to  have  T  a  minimum)  then  not  all  th6 
area  corresponding  to  S  will  be  duplicated.  In  fact,  the  area 
generated  by  CB  will  then  be  either  too  large  or  too  small  to 
be  exactly  covered  later  by  the  area  generated  by  end  CA 
in  its  forward  movement. 

We  therefore  conclude  that  the  problem  of  §  3,  when  con- 
sidered with  reference  to  area  swept  out,  and  with  the  assump- 
tion that  no  area  is  passed  over  by  the  moving  segment  more 
than  twice,  has  no  solution ;  that  is,  there  is  no  one  method  of 
movement  that  sweeps  out  a  TniniTniim  area.  Nevertheless, 
the  area  in  question  may  be  brought  as  near  aS  we  please  to 
the  value  ^2^,  the  absolute,  though  unattainable,  minimum. 

Before  passing  to  the  consideration  of  similar  questions  when 
triplication  is  allowable,  it  is  of  interest  to  apply  the  results 
just  noted  to  the  special  problem  of  §  1.  Here  9  =  180° 
and  we  have  the  further  condition  that  the  segment  is  finally 
to  rest  upon  itself.  The  area  swept  over  in  doing  this  may 
be  brought  as  near  as  we  please  to  the  value  JxP,  thus  con- 
forming to  the  above  general  statement,  as  follows:  Let  AB 
(Fig.  1)  be  the  initial  position  and  choose  A'B'  so  that  0 
shall  be  arbitrarily  near  to  180°  (though  not  equal  to  this 
amount).  Mtneover,  suppose  that  AB  and  A'B'  as  thus 
drawn  are  extended  until  they  meet,  say  at  the  point  P. 
Consider  now  the  movement  obtained  by  first  rotating  the 
segment  in  the  manner  indicated  in  Fig.  1  to  the  position 
A'B',  then  sliding  it  lengthwise  along  B'A'  produced  until 
the  midpoint  lies  at  P,  then  a  rotation  about  P  until  the  seg- 
ment lies  lengthwise  upon  AB  produced,  and  finally  a  sliding 
back  along  AB  thus  produced  until  the  segment  lies  com- 
I^etely  upon  its  original  position.  Evidently,  in  accordance 
with  the  general  restdts  above  obtained,  the  area  thus  swept 
over  can,  by  choosing  0  sufficiently  near  to  ISO"  and  OC  suffi- 
dently  large,  be  brought  arbitrarily  near  to  the  indicated 
amount,  ^P, 

6.  Triplicaiion  qf  Areas.  We  pass  on  to  analogous  studies, 
when  triplication  as  well  as  duplication  is  allowed.  Here, 
instead  of  (2)  and  (3),  we  have  respectively 
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(4)  S  -  r  -  S,  -  2S„ 

(5)  S,  S  jr. 

the  equality  sign  in  (5)  correspoading  to  the  extreme  assump- 
tion that  the  entire  area  swept  over  is  triplicated. 

From  (4)  we  have  S  +  Si  +  Sj  =  T  -  8i.  But  5,  +  5,^2. 
Hence,  2S  ^  T  —  5,,  or 

(6)  S^i{r- so- 
Corresponding  to  the  four  cases  (a),  (i),  (c),  (d)  of  §  5,  we 

may  now  consider  the  following  as  representing  all  possi- 
bilities: (a)  T  not  a  minimum  and  Si  <  \T,  (6)  T  not  a 
minimum,  but  Si  =  \T,  (c)  T  a  minimum,  but  Si  <  JT, 
((0  7*  a  minimum  and  Si  =  JT.  These  assumptions,  when 
employed  in  (6),  lead  to  the  following  results  respecti\'ely: 
(a)  -L^hiT-  St)>\iT-\T)  =  ^T>\m, 
(6)  S  ^  i(r  -  Si)  =  UT  -\T)  =  \T>  \H. 

(c)  2£i(r-Si)>  i{T  -  \T)  =  \T  =  \Pe. 

(d)  s  ^  \{T  -  Si)  =  HT  -  jr)  =  jr  =  JP9. 

Thus,  it  is  only  in  case  (d)  that  2  can  attain  as  low  a  value 
as  ^P6,  which  value,  corresponding  to  the  procedure  of  §  5, 
we  may  now  take  as  the  absolute  minimum  for  triplication. 

The  geometric  interpretation  of  these  results,  however,  pre- 
sents more  serious  difficulties  than  in  the  analogous  results  for 
duplication,  for,  if  7*  be  a  minimum,  as  (d)  requires,  it  is  not 
apparent  that  triplication  can  be  present  in  any  species  of 
movement  to  such  an  extent  as  ti>  cover  the  entire  area  swept 
over,  as  (d)  likewise  requires,  nor  does  it  appear  that  such 
conditions  can  be  realized  through  any  limiting  form  of  move- 
ment analogous  to  that  presented  in  the  expanding  drcular 
ring  already  employed  in  the  case  of  duplication.  It  may 
therefore  well  be  (and  it  is  the  author's  belief,  though  he  cannot 
furnish  a  formal  proof  of  the  fact)  that  the  value  ^P$,  already 
met  with  as  the  lowest  approachable  value  in  the  case  of 
duplication,  is  likewise  the  lowest  approachable  value  even 
when  triplication  is  allowed,  the  only  difference  in  the  two 
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cases  being  that  this  value  may  actually  be  attained  in  the 
latter  case  for  one  or  more  spedal  values  of  B.* 

Penally,  it  may  be  observed  that  the  values  of  the  so-called 
absolute  minima  for  the  cases  where  area  may  be  passed  over 
four,  five,  six,  •  ■  •  times  are  respectively  {?$,  jP6,  J?tf,  ■  ■  -. 
The  consideration  of  these  cases,  however,  on  the  geometrical 
side  again  presents  serious  difficulties,  but  tends  to  the  opinion, 
as  in  the  case  of  triplication,  that  in  general  the  smallest  area 
that  can  be  swept  over  by  any  actual  movement  of  angle  B 
is  \P0  rather  than  any  of  these  smaller  values. 
UNiTZRSiTt  or  MicmoAir. 


CONVERGENCE  OF  SEQUENCES  OF  LINEAR 
OPERATIONS  t 

Br  T.  H.  HILDBBRANDT. 

L£t  CT.  be  a  sequence  of  linear  continuous  operations  on  the 
dass  F  of  functions  /,  continuous  on  the  interval  (a,  b),  i.e., 
suppose  that  every  U  satisfies  the  two  conditions: 

(1)  ^(c/i  +  e^t)  =  c^UUi)  +  ctUUi) 

lot  every  pair  of  constants  (ci,  cti  and  every  pair  of  funcrions 
Cfb/Oofthedass/"; 

(2)  There  exists  a  constant  M  depending  on  U  sudi  that  if 
Nj  is  the  maximum  value  of  |/|  on  (a,  h)  then 

The  greatest  lower  bound  of  all  possible  values  M  might  be 
called  the  modvlus  of  U. 

*  Tbiu,  in  case  0  —  r  and  triplication  ia  allowed,  the  oorreeponding 
value  )Pt  may  be  attained  aa  followa:  Construct  the  hypooycloid  of  three 
cusps  obtained  by  rolling  the  circle  of  radius  \l  within  the  circle  o(  radiua 
jl  and  let  the  given  segment  (of  length  21)  move  so  as  to  be  always  tangent 
to  this  curve  and  yet  be  everywhere  entirely  within  it.  The  resulting 
area  swept  over  as  9  passes  from  0  to  t  is  entirely  triplicated,  oa  is  well 
known,  and  is  equal  to  the  amount  above  stated,  \thr.  See,  for  example, 
F.  Gomes  Teixeira,  TVoiM  des  Courbet  SpiexaUt  Bemarquablet  PlantM  eC 
GauOet,  voL  11,  p.  193.     (Colmbre,  1909.) 

t  Presented  to  the  Society,  September  4, 1919. 
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Helly*  has  shown  that  a  necessary  condition  tliat  Unin  U^ 
exists  for  every  /  of  F  is  that  the  Va  be  unifonnly  bounded, 
i.e.,  that  there  exist  a  constant  M  independent  of  n  such  that 

\Un(f)\SMNf. 

Then 

\Jm,  U,{f)  ^  Uif), 

where  U{f)ia&  linear  continuous  operation  whose  modulus  is 
less  than  or  equal  to  3f .  In  order  to  obtain  sufficient  condi- 
tions, it  is  necessary  to  make  use  of  the  classical  theorem  of 
Riesz,  that  every  linear  continuous  operation  on  the  class  F 
is  expressible  in  the  f(»m  of  the  Stieltjes  integml,  Si^t 
where  a  is  of  bounded  variation.  If  a  is  regular,  i.e.,  such 
diat  at  every  point  x  on  (a,  6)  a(x)  lies  between  a(a:  —  0) 
and  a(z  +  0),  wfaidi  can  always  be  assumed  to  be  the  case 
without  chsnpng  the  value  of  the  intend  (and  we  shall 
restrict  ourselves  to  this  case),  then  the  total  variation 
(y|(^|)  of  or  is  exactly  the  modulus  of  V,  so  that  Helly's 
condition  would  be,  that  there  exists  a  constant  M  independent 
of  n  such  that 

y|da,|  <  Jf, 

for  every  n,  i.e.,  the  a»  are  uniformly  of  hounded  variaium. 

Tiaa  condition  is  not  suffident.  Hellyf  has  shown  that  if 
(I)  the  a,  are  uniformly  of  bounded  variation  and  (2)  there 
exists  a  function  a  of  bounded  variation  such  that 

lim»  Of,  =  a  for  every  x, 
tiien 

limn  J'fdan  =  X/da  for  every  /  of  F. 

Brayt  has  shown  that  a  weaker  second  condition  is  that  there 
exists  a  function  of  bounded  variation  a  and  a  denumerable 
everywhere  dense  set  of  points:  xi,  •■•,  Xw,,  •••  including 
a  and  b,  such  that  for  every  x^ 

lim,  a„(a^«)  =  a(xm). 
This  condition  is  not  necessary.    It  is  the  purpose  of  this 
note  to  derive  necessary  and  suffident  conditions. 

•  Helly,  WiENBR  SiTZDNOBBKEiCHTC,  vol.  121  (Ila.)  (1912),  p.  268, 

t  Loc  cit.,  p.  288. 

t  Annals  or  Mathematics,  (2),  vol.  20  (1919),  p.  180. 
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We  derive  Brat  an  additional  necessary  condition.  Since 
the  an  are  necessarily  uniformly  of  bounded  variation,  it 
follows  from  a  theorem  by  Helly*  that  the  tx^  are  a  compact 
set,  i.e.,  there  exists  a  subsequence  a^^  of  the  sequence  an 
and  a  function  a  (necessarily  of  bounded  variation)  such  that 

Iim_  «,_,  =  a  for  every  *. 
Consequently 

lim*  Sfda^  =  ffda 
tot  every  /  of  F.    Since  limn  SS^*  exists,  it  follows  that 
Iim«  ffian  =  y/da,        or        limn  y/d{a»  —  a)  =  0 
for  every  /  of  ¥.    Let 

j3-(*)  "  a-(ar)  -  a(a;)  -  a»(o)  +  a(o). 
Then  our  condition  becomes: 

lIm,y*/dj3,-0 
for  every  fotF.  If  we  take  /  "  1  then 
(o)  lim»  [0.(6)  -  fin(a)  ]  =  Um,  /3,(6)  =  0. 

Again  take  f  "  x  for  a^z^(  and  /  =  £  for  {  ^  z  ^  b. 
Then  if  we  apply  the  integration  by  parts  formula  valid  for 
Stieltjes  integrals: 

Consequently,  since  limn  0n(&)  =  0,  we  must  have 

(6)  Urn.  Jl'&ndx  =  0  for  every  x  of  (o,  b) 

or  the  equivalent  condition: 

(fc')  limnX^&^dx  =  0  for  every  subinterval  (oi,  6i)  of  (a,  b). 

We  transform  this  last  condition  as  follows : 

Lehua  I.  If  p»  is  a  sequence  of  functions  uniformly  cf 
bounded  variation  such  that 

lim»j;*'0nrfx  =  O 
for  every  evbinierval  (ai,  bi)  of  (a,  6),  and  if  Un  is  the  greatest 
lower  bound  qf  |/3»(ar)  \  for  x  on  (a,  6),  then  lim*  u„'=  0. 

'  Loc.  dt.,  p.  283.  See  tiao  Radon:  Wiekxr  Sitzungbderichi^,  vol. 
122  (Ila),  p.  1377,  &nd  Fischer,  this  Bulletin,  vol  27  (1020),  p.  12. 


ovGoogIc 


56  T.  H.  HILDBBRANDT  [JaD.~Feb., 

If  liiDa  Un  is  Dot  zeTO,  then  there  will  exist  an  e  >  0  and  a 
subsequence  u^^  of  Un  such  that  tia^  >  «  for  every  ftmi  i-e., 
for  evCTy  ttm  and  every  x  we  have 

|0,.Uil  >e. 
Since  the  ffn^  form  a  compact  set,  there  exists  a  subsequence 
fft  approaching  a  limiting  function  ff  also  of  bounded  variation. 
This  function  ff  will  obviously  be  sudi  that  \0{x)\  ^  e  for 
every  x  of  (a,  b).  Consequently  there  exists  a  subinterval 
(fli,  &i)  of  (a,  6)  such  that  either 

^(a;)  S-e        or        fi{x)  ^  e 
for  every  x  of  (oi,  6i),  i.e., 

Uf  J3(x)dx[  >  «{6,  -  a,). 

But  the  /3t'  are  uoiformly  bounded.    Hence* 

lmiij:^0i'{x)dx  =  S,'^0{x)dx, 

which  is  not  zero.    Then  we  have  reached  a  contradiction  to 
the  hypothesis  of  the  lemma. 

A  direct  consequence  of  this  lemma  is: 

Ismujl  U.  If  finis  a  set  qf  fundion»  uniformly  of  bounded 
variation  tuck  that 

lim,7:f'(3„(x)(£r=  0 
for  every  avbinienxd  (ai,  bi)  of  {a,  b),  then  in  every  ndnrUerval 
(tti,  bi)  of  {a,  b)  there  exista  a  tequence  of  poi/tis  x»  such  that 

lim,  finiXn)  =  0. 

For,  any  subinterval  (oi,  6i)  of  (o,  b)  may  replace  (o,  6)  in 
the  bypotbesb  of  Lemma  I.  Moreover,  since  lim,  u,  =  0, 
it  follows  that  there  will  exist  a  point  x^  such  that 

|^«(a;,)|^«,  +  i. 
i.e.,  lim„j3B(a;,)  =  0. 

He  conclusion  of  this  lemma  together  with  the  fact  that 
the  ftn  are  uniformly  of  bounded  variation  is  also  sufficient 
for  the  convergence  under  consideration,  i.e.,  we  have: 

*  Cf.  Lebesgue,  tefone  mr  I'intigralion,  p.  114. 
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Theorem.  Necetaary  and  tuffieienl  eondUions  that  the  limit 
lim.  jC*/da„  exist  for  every  f  of  F  are  that 

(1)  the  o»  be  umforvUy  c^  bouTided  variation, 

(2)  there  exiet  a  function  a  cff  bounded  variation  such  that  if 

ff^ix)  =  an(x)  -  a,(o)  -  a{x)  +  aia), 
then 

(a)  limnfinib)  =  0, 

(&)  tn  every  evbinterval  (oi,  &i)  ({f  (a,  b)  there  exiett  a  set  of 
pmnis  Xi,  ■••  x„,  ■••  evch  that 

lim,  ffnizn)  =  0. 

The  function  a  of  the  theorem  may  be  taken  to  be  the  func- 
tion which  is  the  limit  of  a  subsequence  of  a»{x). 

To  prove  the  sufficiency,  we  show  that,  under  the  hypotheses 
of  the  theorem,  lim.  J'fdfi,  =  0  for  every  function  /  of  F. 
From  a  theorem  of  Bray*  it  follows  that 

l/W.  -  g  /«.)».&.-.)  -  f.(")\  I  S  0,11, 

where  aro  =  o,  xi,  •  •  -,  Xn^i,  Xn  =  6  is  a  subdivision  of  (a,  b), 
(,-  lies  in  the  interval  (xi-j,  Xi),  Ot  is  the  maximum  osdllation 
of  fix)  in  (Xi-u  Xi)  and  J"  \  dPn  |  ^  Af  f or  every  n.  Since  /  is 
uniformly  continuous  in  (a,  b),  for  every  e,  there  will  exist  a 
d,  such  that  if  ]«,  —  li-ij  S  d«  then  0,  S  e/2Af.  Take  a 
subdivision  of  (o,  b)  by  the  points  |i  "  a,  f »,  •  ■  • ,  {■!  =  & 
such  that  for  every  t,  [  f  j  —  {(-i  |  ^  id..  Let  4do  be  leas 
than  the  piiniTnum  of  J;  —  |i_j-  We  apply  the  hypothesis  of 
the  theorem  to  the  intervals  (fi  +  do,  fi+i  —  do),  J-*-.  select 
a  set  of  points  Xi,n  in  e&ch  interval  such  that  limn  ffn(.Xi,»)  =  0. 
We  take  xo.i.  =  o,  ^i.n.  •  ■  -i  ^,«  =  ft,  as  points  of  division. 
Then  since  these  points  are  finite  in  number,  we  can  find  an 
n.  such  that  if  n  ^  n, 

!  i;/(«[/3.(«.-..)  -  ^.(«w, .)]  1 S  «/2. 
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Since  we  also  have 

|yyd|3,  -  g/({i)D3-(a:(.,)  -  P.ixi-i, ,)]  |  ^  e/2. 
we  have  for  n  S  n. 

Ufdff^l  ^t'     or       Um^J-fdff,  =  0. 

The  conditions  of  the  theorem  may  be  simplified,  if  we  note 
that  the  converse  of  Lemma  II  holds  in  the  following  fonn. 

Leuma.  II'.  //  0n  is  anj/  set  qf  fuTieUom  uniformly  of 
bounded  variaHon,  then  a  auffieient  condiHon  tkat  lim.  Jl'pndx=0 
for  every  x  qf  (o,  6)  i»  that  in  every  avbinlerval  (oi,  fti)  of  {a,  b) 
there  exist  a  sequence  cf  poijtis  Xi,   •  ■  • ,  z.,    ■  •  •  suck  that 

lim,  0n{Xn)  =  0. 

The  proof  of  this  can  be  made  along  the  lines  of  the  suffi- 
ciency proof  above. 

As  a  consequence  our  theorem  may  be  stated  as  follows. 

Necessary  and  sufficient  conditions  that  Hm,  J'fda^  exist  for 
every  f  qf  F  are  that: 

(1)  the  an  be  uniformly  <^  bounded  variation; 

(2)  there  exist  a  function  a  qf  bounded  variation  such  that 
if  &m{x)  "=  aii(x)  —  an(a)  —  «(«)  +  a{o),  then 

linu /J«(ft)  ■■  0,        and       lim„  J'.'fi^dx  =  0  for  every  x. 

In  this  form  it  contains  the  following  theorem  of  Lebesgue* 
as  a  spedal  case.  Necessary  and  sufficient  conditions  that 
limn  y/^a  =  0  for  every  /  of  F,  the  ^^  being  summable  on 
(a,  6),  are: 

(1)  y  l?*|<^  he  bounded  as  to  n; 

(2)  (a)  lim,XV»'ij:  =  0: 

(6)  for  every  y,  lim»  ^(y  —  x)<pn(x)dx  —  0. 

This  results  from  the  above  theorem  if  we  put 

?n{x)  =  X'Mx)dx. 
The  UtnvKBsiTt  of  MicmoAN. 
*  SuT  la  inUffraUg   nttj^uliere,   Annales  de   Touloube,  (3),  voL  1 
(IflOfl),  p.  57. 
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DE  LA  VALLEE  POUSSIN  ON  APPROXIMATIONS 

Lepnu  no*  rAppnainuiiion  da  Fonetiona  d'wu  Yariabh  RMlt.    By  C.  de  U 

Vallfe  Pouaeiii.    Pons,  Gauttuei^Vilkri,  1919.    vi  +  ISO  pp. 

In  1908,  M.  de  la  Valine  Pouaaia  was  enm^  in  *•  study  of  oertam 
questionfl  in  the  theory  of  approximate  representation  1^  means  of  poly- 
nomials and  finite  trigonometrio  sunu.  In  disctuaing  the  Tepresentation 
of  a  function  whose  gmph  is  a  broken  line,  he  was  led  by  the  limitati<HiB  of 
the  formulas  which  he  epaployed  to  make  the  following  observation:* 

"n  serait  trie  int^reesant  de  savoir  a'il  est  impossible  de  teprisenter 
I'ordonote  d'une  ligne  polygonale  aveo  une  approximation  d'ordie  sup^rieur 
&  1  :  n  par  un  polynAme  de  degri  n." 

This  sentence,  ocouning  incidentally,  with  no  particular  emphasis, 
in  a  footnote  attached  to  some  supplementary  pages  following  a  memoir  on 
a  diffetent  phase  of  the  subject,  has  been  Uie  direct  or  indu-ect  occasion 
of  about  thirty  publisfaed  articles  and  memoirs  which  I  call  to  mind  at  the 
moment,t  and  piobsbly  of  numerous  others  which  would  be  disclosed  by 
a  thorough  search  of  the  literatuie.  The  Reulting  theory  ia  concerned 
not  only  with  inner  limits  of  approximation,  as  contemplated  in  the  passage 
just  quoted,  but  also  with  outer  limits  for  the  approximation  attainable 
by  various  means,  the  degree  of  convergence  of  Fourier's  and  other  series, 
and  a  variety  of  related  topics.  While  this  theory  also  has  other  origins 
aikd  befinpingi.t  it  is  a  fact  that  the  numerous  papers  referred  to  can 
in  eadi  case  be  traced  back  in  the  personal  experience  and  associations 
of  the  authors  at  least  partly  to  de  la  Vallto  Pousain's  formulation  of  the 


The  book  under  review,  a  monograph  in  the  Borel  aeries,  is  a  summary, 
not  of  the  entire  Uterature  of  the  subject,  for  dtations  are  few  and  informal, 
but  of  its  principal  results,  in  systematic  and  often  novel  pres^tation. 
It  is  particularly  appropriate  that  the  mSA  to  whom  the  theory  chiefly 
owes  its  inception,  a  man  who  has  made  essential  contributions  to  it  at 
various  stages  of  its  development,  should  now  have  performed  the  service 
of  aetting  it  before  the  general  reader  in  its  most  attractive  form. 

Of  the  contents  of  the  book  in  detail  I  shall  speak  more  briefly  than 
would  otherwise  be  desirable,  for  the  reason  that  I  had  oooaaion  to  refer 
to  it  extensively,  as  well  as  to  the  other  literature,  in  an  expository  paper 
recently  published  in  this  Bdlletin.J 

•  de  la  Vallfie  Poussin.  NoU  « 
Jorution  dont  la  dAinU  Ml  d  variation  h 
oE  Beloique,  Clabse  pes  Sciences,  1908,  pp.  403-410;  p.  403,  footnote. 

t  It  will  be  a  convenience  to  the  reviewer  tn  the  pieaent  connection  if 
he  may  be  allowed  the  occasional  use  of  the  pronoun  in  the  first  person. 

X  See  particularly  lA^iw^e,  Swr  lare-pritenUUitm  opprochM det  fimctiont, 
RwroicoKTi  Di  pALBBMO,  vol.  2fl   (1908),  pp.  326-328. 

\  D.  Jackson,  The  general  theory  of  approximation  by  potynomiaU  and 
trigonomttrie  tvmt.  Chicago  Symporium  paver.  March  25,  1921.  This 
BuLLETis,  vol.  27,  Nos.  9-10,  June-July,  1921,  pp.  415-431. 
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An  Introduction  deals  with  Weierstrass's  theorema  on  the  unifenn 
apptoxiniation  of  oontinuoua  funotiona  by  means  of  polynomials  and 
trigonometric  sums,  and  with  simple  properties  of  the  "modulus  of  con- 
tinuity" of  a  function.*  From  certain  refetencee  (later  in  the  book)  to 
paesagea  in  which  I  have  made  use  of  the  latter,  the  reader  might  obtain 
the  impression  that  it  was,  in  the  words  of  the  White  Knight,  "my  own 
invention."  As  I  have  said  on  occasion  elsewhere,  however,  it  came  to  me 
from  the  work  of  Lebeague.t  who  used  it  in  essentially  the  same  way. 
I  do  not  know  what  its  earlier  history  may  have  been,  if  any. 

Chapters  I-III  are  conoemed  with  the  approximal«  representation  of  a 
given  [unction  by  the  partial  sums  of  its  Fourier  series,  the  Fej^r  mesns 
of  the  Fourier  series,  and  special  trigonometric  sums  designed  to  give  more 
rapid  convergence  in  certain  cases.  In  the  main,  the  discussion  is  aimed 
at  the  determination  of  outer  limits  for  the  error  of  the  approximation  j 
an  im{x>rtant  part  of  the  second  chapter,  however,  is  devoted  to  the 
theorems  of  S.  Bernstein  on  the  iimer  limit  of  the  approximation  of  |x  |  by 
a  polynomial  and  on  the  derivative  of  a  trigonontetric  sum.  J  Among  the 
notaUe  features  of  the  treatment  may  be  mentioned,  in  the  case  of  the 
Fourier  series,  the  simultaneous  consideration  of  the  original  series  and  its 
conjugate,  and  in  the  case  of  the  Fej£r  mean,  the  representation  of  the 
mean  by  the  formula 


1  /-     ,/      ,  2i\  sin"!  ., 


A  generalisation  of  the  same  formula  is  used  for  the  purposes  of  the  third 
chapter.  In  consideration  of  the  acknowledgment  made  in  the  preceding 
paragraph,  I  may  perhaps  be  allowed  to  say,  in  connection  with  certain 
comments  on  my  thesis  (e^.,  pp.  43, 52),  that  its  methods  were  considerably 
improved  and  its  results  extended  in  papers  of  mine  published  subsequently 
in  the  TRANSAcnoNS.} 

The  author's  methods  are  particularly  convenient  for  the  determina- 
tion of  the  numerical  constants  contained  in  some  of  the  error  formulas. 
Take,  for  example,  the  theorem  that  if  a  function  satisfies  a  Lipschits 
condition  with  coefficient  X  it  can  be  represented  by  a  trigonometric  sum 
of  order  n  with  a  miiTimiim  error  not  exceeding 

Kk 


'  By  the  modufu*  of  contimaly,  or  nutdulu*  of  otdUatian,  u{i),  of  a 
function /(i),  is  meant  the  maximum  of  \f<.x')  —  fix")  \  for  \x'  —  x"\  ^  i. 

t  Lebesgue,  Sur  la  reprttentotion  trigonomibnque  approchie  dw  fonetion» 
■ofi^fauanl  d  une  amditum  <U  LipaaiHi,  BmJ<EniH  db  l.a  Socifrrfi  DB 
Frakcb,  vol.  38  (1910),  pp.  184-210;  see,  e.g.,  p.  202.  Also,  Lebesgue, 
Sur  lee  inUgrokt  tingulQret,  Annaixs  de  Todlodbe,  (3),  vol.  1  (1909),  pp. 
25-117:   p.  114  and  elsewhere. 

iCi.  tne  Symposium  paper  cited  above. 
On  approximation  by  trigmumutric  sums  and  pclynomxalt,  Tbahs- 
AcnoNS  OF  THIS  SociETr,  vol.  13  (1912),  pp.  491-516;  On  lAe  approxi' 
male  repreaenlaHon  of  an  indefiniu  integral  and  the  degree  of  eonvergenoe 
of  relaUd  Fourier's  series.  Transactions,  vol.  14  (1913),  pp.  343-364. 
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wbeie  £  is  AD  sbaohite  constant.  In  one  of  the  papers  just  referred  to,  it 
was  shown  that  K  can  have  the  value  2.90,  but  certainly  not  a  value  leas 
than  t/2.  Gionwall*  later  jugUfied  the  use  of  the  value  K  -  2.76.  The 
author's  calculation  on  page  45,  applied  to  the  case  of  a  simple  Lipeohiti 
condition,  and  supplemented  by  the  use  of  the  relaUont 

„v..ton„  ^.12M2.2.,5. 

Dr.  GronwaQ  has  suggested  to  me  in  correspondenoe  a  method  by  which  I 
believe  it  would  be  possible  to  reduce  the  value  oonaiderably  further,  but 
I  have  not  carried  through  the  computation.  From  page  46  of  the  text  it 
can  be  deduced  readily  that  if  f(x)  has  a  first  derivative  satisfying  a  Lip- 
Bchiti  condition  with  ooefficient  X,  it  is  possible  to  obtain  an  approximation 
with  an  error  not  exceeding  6X/n'-  The  constant  6  is  an  appreciable  im- 
provement over  the  value  9  (more  closely,  2.90>  =  8.4],  or,  by  inference 
from  Gronwall's  work,  2.76>  —  7.62)  previously  published. 

The  remaining  chapters  are  no  less  sigoificant,  but  will  be  dismissed 
very  briefly.  Chapter  IV  presents  general  theorems  on  the  inner  limit  of 
approximation  by  trigonometiic  sums;  the  fifth  chapter  deals  with  outer 
and  inner  limits  for  polynomial  approximation ;  the  next  two  are  devoted  to 
the  Tchebychef  theory  of  approximation  by  polynomials  and  trigonometric 
sums,  with  some  of  its  recent  ext«nmons.  The  last  three  chapters  contain 
a  study  of  the  approximate  representation  of  analytic  functions  of  a 
complex  variable. 

A  number  of  misprints  have  been  noted,  particulariy  in  the  early  pages. 
For  the  most  part  they  are  not  such  as  to  cause  any  serious  inconvenience. 
In  the  footnote  on  page  3,  however,  the  reference  should  be  to  the  Bull- 

ETIM  DBS  ScIENCEfi  MATHiuATigilSS. 

The  book  needs  no  higher  praise  than  a  statement  that  it  is  worthy  of 
its  author.  It  is  qualified  to  give  pleasant  hours  to  any  student  of  niath&- 
matica  who  turns  its  leaves,  and  will  be  of  inestimable  value  to  anyone 
who  has  occasion  seriously  to  study  tiie  subject  with  which  it  deals.  If 
many  a  mathematical  treatise  seems  to  place  itself  under  the  motto,  quoted 
in  a  different  connection  not  long  ago  by  a  reviewer  in  these  pages,  "All 
hope  abandon  ye  who  enter  here,"  it  would  be  appropriate  to  inscribe 
on  the  fly-leaf  of  a  text  by  M.  de  la  ValUe  Pouswn: 

"The  crooked  shall  be  made  straight,  and  the  rough  places  plain." 
DuNHAii  Jackson. 

*0n  approximotion  hy  Irigoiumaric  twnt,  this  Bulletin,  vol  21 
<lfil4-16),  pp.  9-14. 

1 1  do  not  remember  seeing  a  proof  of  this  relation  in  print;  I  am  per- 
sonally indebted  for  various  demonstrations  of  it  to  Messrs.  Gronwall, 
Landau,  M.  Biess,  and  I.  Schur.    See,  however,  Gronwall,  loc.  cit.,  p.  14. 
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Nola  d'Hitlowe  dea  MaiMmatiqata  (Anti^wtU  el  Moym  Xf).    By  B. 

Lefebrre,   S.   J.  Louvain,   Sodetd   Scientifique   de  Bruxelles,    1920. 

viii  +  162  pp.    Paper. 

Thia  little  work  is  made  up  ^  ft  series  of  articles  publiiihed  under  the 
title  "Autour  d'tme  Hietoire  dea  Math&natiquee"  in  the  Revuk  deb- 
QoBsnoNS  ScuamriQPEa  during  the  years  1907-1011.  These  artielea 
have  been  revised  since  their  original  appearance  and  an  neir  published 
in  the  hope  that  they  may  be,  as  they  will  be,  of  further  servioe  b>  teachers 
and  students. 

The  Butlwr  is  a  member  of  an  order  that  has  produced  many  nutJie- 
maticiaiu  of  note,  many  devoted  teachers,  and  a  body  of  adf-aacrifioing 
men  who,  in  the  seventeenth  century,  carried  Western  mathematics  to  the 
Far  East.  Such  men  as  Ceva,  Cav&lien,  Clavius,  Matteo  Ricci,  Verbiest, 
and  Vinoenio  Riccati,  to  name  only  a  few,  have  worthy  succeSBors,  as 
teachers,  in  such  Belgian  scholars  as  Vanb^e,  Bosmana,  and  Lefebvre — 
men  who,  in  the  years  of  the  holocauat,  suffered  great  privations — Vanh^ 
being  imprisoned  at  bard  labor,  Lefebvre  seeing  the  Ubnry  at  Louvain 
destroyed  and  his  people  Idlled,  and  Boamans  spending  the  yeara  in  relieving 
the  destitute  in  Brussda.  It  is,  therefore,  a  pleasure  to  see,  in  such  a  work 
as  this,  an  evidence  of  the  spirit  to  "carry  on,"  and  to  bring  Belgium  back 
to  a  full  appreciation  of  hei  standing  as  a  home  of  scholars. 

The  woric  is  divided  into  fourteen  chapten,  as  follows:  I.  The  historiana 
of  mathematics;  II.  Oriental  mathematics;  III.  Mathematics  of  Rome, 
of  Bysantium,  and  of  the  Arab  schools;  IV.  Numeration  of  the  Greek, 
Roman,  and  Medieval  scholars;  V.  Hindu  oriipn  of  our  numerals;  VI. 
The  development  of  the  Hindu-Arabic  system;  VII.  Mathematics  in  the 
Middle  Ages  in  general;  VIII.  The  early  Middle  Ages;  IX.  The  time  of 
Charlemagne;  X.  Gerbert  (Sylvester  U);  XI.  The  exact  sciences  in  Bel- 
gium; XII.  First  Renaissance  of  mathemnticB  in  the  twelfth  and  thirteenth 
centuries;  XIU.  The  Arabs  in  Europe;  XIV.  The  School  of  Toledo  in  the 
twelfth  century.  Such  an  array  of  titled  is  ten^iting  to  the  general  reader 
as  well  as  to  the  teacher  and  the  mathematician. 

Fire  Lefebvre  is  modest  in  hia  claims.  He  frankly  states  that  his  work, 
say  the  equivalent  two  hundred  pages  of  the  more  conventional  siie,  is 
merely  a  set  of  notes;  and  yet  a  set  of  notes  of  this  extent  may  be  very 
valuable,  or  it  may  be  useless,  or  even  worse.  It  ia  needless  to  say, 
however,  that  the  work  of  a  man  of  PSre  Lefebvre's  erudition  can  not  be 
other  than  helpful  to  students  of  mathematics,  and  interesting  and  sugges- 
tive, to  say  the  least,  to  scholars  in  general. 

His  first  chapter,  on  the  bistoriana  of  matitematics,  ia  essentially  a 
critical  review  of  Ball's  well  known  woric,  but  it  contains  a  judicial  estimate 
of  the  works  of  other  historians,  such  as  Montuda,  Tannery,  Chaslea, 
Zeuthen,  and  Cantor,  not  to  ^>eak  of  such  leaser  and  often  inferior  writers 
as  Marie  and  Hoefer.    Aa  to  Mr.  Ball,  the  criticisms  extend  throtmhout 


ovGoogIc 


1922.2  SHOHTEB  NOTICES  63 

the  work,  and  an  directed  not  only  ag&inst  the  tmuUtion,  which  was 
eanlcMlr  made,  but  against  the  origiaal  text,  especially  for  its  lack  of 
faesimilee  to  illustrate  such  matters  as  the  ancient  methods  of  writing 
equations,  for  its  neglect  of  oriental  matJiematias,  for  its  failure  to  make 
use  of  such  leeearchee  as  those  of  Tanikery,  and  for  such  doubtful  statft- 
ments  as  those  relating  to  the  discovery  of  the  oooic  seotionB  by  Me- 
uechnnus  and  the  destmction  of  the  Alexandrian  library  by  the  Christians. 

The  criticism  that  little  or  no  attention  is  paid  by  Mr.  Ball  to  Uie 
ooDtributiouB  of  Boetbius,  Capella,  CaasiodoruB,  and  Varro  is  more  eaaly 
answered,  since  the  English  historian  had  to  Ihntt  his  space,  and  on  the 
whole  he  seems  to  have  chosen  (airly  well.  If  he  should  wish  to  return 
Pile  Lefebvre's  criticism  in  kind,  he  might  weU  ask  what  he  should  have 
omitted  in  order  to  find  space  for  such  names  as  those  mentioned.  He 
might  even  go  further  and  inquire  by  what  right  his  critic  should  speak  of 
"Mohammed-ben<Moii^  Al-Bovareimi,  nmommi  AI-Khoriimi,"  since 
"Al-Hovareimi"  and  "Al-Khorinni"  are  merely  different  transliterations 
of  the  same  Arabic  name, — the  latter  being  the  better  of  the  two.  Indeed, 
it  may  well  be  asked  why  the  French  writers  have,  in  general,  been  so 
lading  in  uniformity  in  their  transliterations  of  all  oriental  names,  a 
difficulty  that  foreign  readers  find  very  troublesome.  Mr.  Ball  mi^t  also 
ask  why  Mohammed  ibn  Musa's  name  also  appears  as  Al-Hovarei  (p, 
22),  Al-Khariimi  (p.  121),  and  Al-Khowares  (p.  133),  and  whether  these 
various  forms  are  not  unnecessarily  confusing.  He  ought  also  inquire 
as  to  the  validity  of  the  statement  (p.  23),  "Le  sumom  AlrKhorizmi 
derint  le  litre,  datu  le  langage  eoMtanl  ifes  Araht*  (Italics  mine),  d'un 
ouvn^  du  m&ne  vieil  auteur  sur  rArithmHique  hindoue."  This  state- 
ment is,  BO  far  as  this  reviewer  is  aware,  an  unwarranted  one,  and  it  would 
be  interesting  to  have  it  confirmed.  The  facts  seem  to  be  that  the  medieval 
Latin  translatms  did  their  beet  to  put  the  phrase  "the  book  of  al- 
KbowAristni"  into  their  tongue,  and  the  best  they  oould  do  was  to  write 
Z>tierJl0orMinJ,  or  Ltbtr  Atporibm,  whence  came  our  "algorism,"  "augrim," 
.and  other  variants.  Mr.  Ball  might  also  ask  the  authority  for  such  a 
statement  as  that  the  Greeks  (presumably,  of  course,  those  of  the  classical 
poiod)  knew  the  proof  of  nines,  and  that  it  may  have  been  known  to  the 
Pythagoreans.  If  any  unquestionable  authority  for  these  statements 
exists,  this  reviewer  is  not  aware  of  it. 

On  tiie  other  hand,  P6re  Lefebvre  has  given  his  readers  much  that  will 
be  very  helpful,  as  in  his  brief  but  scholarly  treatment  of  Uie  Roman,  Greek , 
and  Hindu-Arabic  numerals,  in  his  notes  on  t&e  French  abacus,  and  particu- 
larly in  his  statements  as  to  the  debt  we  owe  to  the  Christian  Church  in  the 
Dark  Ages.  We  have  no  better  easay  upon  the  contributions  of  the 
medieval  monks  to  the  preservation  it  not  the  advance  of  mathematics  in 
the  centuries  from  the  ninth  to  the  thirteenth  than  Pfire  Lefebvre  has 
here  set  forth.  This  mi^t  naturally  be  expected,  for  a  churchman  is 
writing  of  other  churchmen,  and  he  does  so  not  merely  with  a  desire  to 
place  their  work  in  the  proper  li^t,  but  with  a  knowledge,  derived  from 
an  acoeCB  to  material,  that  few  others  possess.  It  is  here,  indeed,  that  the 
work  assumes  a  value  all  its  own,  and  one  which  renders  it  a  necessity  in 
the  library  of  the  student  of  the  history  of  mathematics. 
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Pin  LefebTTe's  work  ahows  the  effect  of  writinK  and  pubUahing  his 
eemya  &t  different  times.  There  ia  a  lack  of  that  perfect  ooordination 
which  oomee  from  uninterrupted  labor.  MoreoTer,  the  worii,  as  hai  been 
shown  above  in  a  few  instanoes,  has  Tarious  slips  of  the  pen  or  of  the 
memory,  little  errora,  in  the  main,  that  it  is  quite  unneoeesary  to  mention 
in  a  brief  review.  The  treatment  of  the  Middle  Ages  is  so  scholarly  and 
helpful  as  far  to  outweigh  the  minor  imperfections  that,  oonmdering  tbe 
tumult  of  recent  jreare,  can  easily  be  overktoked.  Rather  than  search  for 
errois  of  no  moment,  we  should  express  our  indebtedness  to  one  who,  with 
all  his  owes  in  these  troublous  times,  has  collected  his  material  and  made 
it  more  available  for  historians  and  students  of  mathematios. 

David  Euoutb  Surm. 

LtMumi  di  dfeccanica  Roncmole,  Seconds  Eldiiione.    By  Pietro  Bui^tti. 
Bologna,  Nicola  Zanichelli,  1919.    xi  +  544  pp. 

The  first  edition  of  this  work  was  published  in  1916.  Althou^  the 
present  edition  contains  about  fifty  pages  more  than  the  first,  the  h^oa 
treated  and  the  method  of  treatment  remain  unchanged;  the  additional 
pages  being  due  to  brief  additions  acatteied  throughout  the  various 
chapters.  There  are  no  exerciseB,  but  it  is  stated  in  the  preface  that  the 
author  intends  to  publish  a  separate  book  of  exercises  with  solutions. 

The  book  begins  with  a  chapter  on  vector  analysis  containing  as  much 
of  the  subject  as  is  needed  for  the  development  of  the  mechanics  of  a  rigid 
body,  which  ia  taken  up  in  the  immediately  following  chapters.  This 
development,  aside  from  the  fact  that  vector  methods  are  used,  is  pret^ 
much  along  traditional  lines,  i.e.,  kinematics  of  a  partide  and  of  a  rigid 
body,  including  some  discusaion  of  the  geometry  of  motion;  statics,  in 
which  problems  are  first  solved  by  writing  the  equations  of  equilUirium 
and  later  by  the  method  of  virtual  work;  dynamics,  which  includes  tlie 
theory  of  the  top,  generalised  coordinates,  and  a  brief  chapter  on  the 
problem  of  three  bodies.  Before  taking  up  the  last  two  chapters  which 
give  a  brief  introduction  to  the  mechanics  of  deformable  bodies,  the  author 
finds  it  necessary  to  insert  another  chapter  on  vector  analysis,  in  which 
are  considered  such  matters  as  divergence  and  curl  of  a  vector,  the  theorems 
of  Green  and  Stokes,  and  Foisson's  equation.  The  closing  chapter  deals 
with  the  historical  development  of  mechanics. 

It  is  recognised  that  the  student  of  mathematical  phj^noa  miiat  be 
familiar  with  vector  analysis,  and  texts  on  electricity  and  magnetism  gener- 
f  begin  with  a  mathematical  introduotion  which  gives  the  machinery 
luired  for  what  is  to  follow.  More  recently  the  same  idea  ia  being 
ended  to  mechanics.  We  now  have  a  number  of  books  which  treat  the 
ohanics  of  a  rigid  body  and  also  the  mechanics  of  continua  by  vector 
thoda,  but  the  number  is  not  so  large  but  that  the  book  under  review 
I  find  a  hearty  welcome.  So  much  of  the  subject  of  mecbanios  is  cssen- 
ily  geometrio  that  it  is  particularly  well  adapted  for  study  by  vector 
thoda,  and  any  careful  teacher,  whether  he  uses  the  formal  vector 
Ation  or  not,  is  sure  to  bring  out  the  geometric  interpretation.  The 
Dg  that  must  be  remembered,  however,  is  that  even  when  a  property 
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is  expreesed  in  vector  notatioa,  it  may  be  necessuy  to  odd  some  expl&natioa 
or  to  put  thinga  in  ft  way  that  is  not  too  abstract  in  order  that  the  student 
meeting  the  expreaeion  for  the  first  time  nuy  see  olearly  the  aignificanoe 
of  the  matt«r  under  discussion,  for  vector  methods  should  add  not  only 
brevity  but  cleameBs.  The  second  chapter  on  vector  anaJyais  would  seem 
less  elegant  but  would  be  more  easily  understood  by  a  student  if  more 
^ort  were  made  to  bring  out  either  geometric  or  physical  interpretations. 

The  author  has  done  well  in  showing  no  particular  aversion  to  the 
cartesian  coordinate  system,  as  a  familiarity  with  tbe  various  quantities 
in  both  the  vector  and  cartesian  notation  is  needed.  In  view  ot  the  stat»- 
ment  in  the  preface  that  it  was  desired  to  show  how  to  treat  problems  that 
arise  either  in  science  or  in  the  field  of  technical  applications,  it  is  surprising 
that  so  little  attention  was  paid  to  graphical  statics.  On  the  other  hand 
it  may  of  course  be  argued  that  the  one  thing  in  mechanics  which  the 
engineer  is  sure  to  be  familiar  with  is  graphical  statics.  The  treatment  in 
many  cases  is  very  el^ant,  as  for  instance  in  the  derivation  of  the  accelera- 
tion, the  theorem  of  Coriolis,  and  Euler's  equations. 

The  book  is  suited  to  our  seniors  and  graduate  students  and  could  be 
covered  in  a  tbre&-hour  course  throu^tout  the  year. 

Pbtbb  Fiblo. 

MatiumaHk  dtt  Odd-  und  ZtMttngsiierkthri.    By  Alfred  Loewy.    Leipdg 

and  Berlin,  Teubner,  1920.    viii  +  273  pp. 

This  work  is  a  very  readable  elementary  treatise  on  the  mathematics  of 
finance  with  tbe  usual  chapters  on  simple  interest,  compound  interest, 
aimuities  certain,  amortisation  and  sinking  funds,  with  the  accompanying 
compound  interest  and  annuity  tables.  Life  annuities  and  insurance 
problems  are  not  discussed.  Tbe  general  treatment  is  not  so  format  as 
that  of  most  of  the  English  and  American  books  on  financial  mathematics. 
Much  historical  and  economic  matter  is  included:— ^or  example  there  is 
a  very  interesting  historical  account  of  the  rate  of  interest  from  the  earUest 
times  and  a  clear  explanation  of  the  question  of  foreign  exchange.  The 
book  had  been  sent  to  the  publisher  in  1918,  but  was  withdrawn  by  the 
author  and  practically  rewritten  in  order  to  bring  it  up  to  dat«  for  German 
readers  by  inserting  discuBsions  of  the  various  new  laws  and  taxes  arising 
out  of  the  financial  condition  of  the  country  at  the  close  of  the  war.  At 
one  point  the  author  rather  gloomily  concludes  a  discussion  of  the  tow 
exchange  value  of  the  mark:  "An  einem  Ubergang  lur  Bareinldeung  des 
jetst  in  Deutschland  valutarischen  Papiergeldea  durch  Gold  ist  fUr  lange 
Zeit  nicht  lu  denkeiL" 

The  notation  of  the  Text-Book  of  the  Institute  of  Actuaries  is  used  in 
tbe  book  with  a  few  trifling  exceptions,  the  most  noticeable  being  ;<*"  as 
an  abbreviation  tor  tn | (1  +  i)"-  —  1 1  instead  ot  the  usual  notation  j(.»). 

On  the  physical  side  there  is  much  to  be  desired  in  this  book.  Tbe 
typography  is  fairly  good,  but  the  matter  is  very  much  crowded  on  the 
narrow-margined  page.  Before  the  reviewer  had  finished  reading,  the 
book  had  changed  into  a  mass  of  loose  leaves  of  very  poor  paper. 

A.  R.  Crathobne. 
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BAliolluea  Cheimeo-Hialhematiea,  Compiled  and  umotated  by  H[eiDrich] 
Zleitlinger]  And  H.  C.  S.  LoihIod,  Henry  Sothenn  and  Co.,  1921. 
2  vols.:  voL  I,  xii  +  428  pp.;  vol.  U,  iv  +  429-964  pp.,  numbered 
couBeeutively  from  vol.  I;  127  plates. 

This  work  waa  projected  some  time  before  the  wsr,  subecriptions  being 
then  invited,  but  it  waa  not  completed  until  the  autumn  of  1920,  the  pub- 
lication taking  place  in  the  spring  of  1921.  It  conaista  of  a  combination 
of  catalogues  of  books  in  the  Urge  stock  of  Henry  Sotheran  and  Co.,  of 
London,  the  well  known  dealers  in  standard  treatises  of  various  kinds, 
and  contains  more  than  17,000  items.  The  catalogues  were  issued  during 
a  period  o(  several  years,  and  the  prices  represent  conditions  which  have, 
in  the  course  of  events,  been  modified  from  time  to  time.  As  a  sales  cata- 
]ogiie  of  works  on  mathematics,  astronomy,  physios,  chemistry,  and  allied 
subjects  it  is  valuable  not  only  because  of  the  accuracy  with  which,  in 
general,  it  has  been  compiled,  but  because  it  represents  the  trade  condi- 
tions during  a  critical  period  of  the  world's  history. 

Of  course  such  a  work  cannot,  in  the  nature  of  thin^,  be  complete. 
This  one  represents  simply  the  books  that  Messrs.  Sotheran  had  in  stock 
iriten  the  catalogues  appeared.  Since  this  stock  was,  however,  unusually 
large,  the  work  becomes  a  reference  book  of  great  value.  This  value  is 
increased,  in  this  instance,  by  the  insertion  of  127  plates  containii^  247 
portraits  and  facsimiles,  many  of  the  latter  being  photographic  reproduc- 
tions of  rare  titlepages,  and  tiius  being  of  great  help  to  the  bibliographer. 
At  the  close  of  the  second  volume  there  is  an  elaborate  index  of  96  pages, 
arranged  by  topics,  a  subject  hke  geometry,  for  example,  being  subdivided 
into  algebraic,  analytic,  cross-ratio,  descriptive,  diSerential,  elementary, 
enumerative,  Euclidean,  four-dimensional,  general,  Greek,  higher,  infini- 
tesimal,  meta-,  modem,  aatural,  non-Euclidean,  pictorial,  plane,  practical, 
projective,  pure,  sohd,  symbohc,  and  synthetic,  with  various  further 
flub-topics  of  the  second  order. 

Such  an  index  would  be  of  little  use  were  it  not  for  the  fact  that  the 

catalogue  is  arr&nged  alphabetically  by  names  of  authors,  so  that  the 

index  will  not  often  be  oonsulted.    Even  as  it  is,  however,  there  is  some 

difficulty  in  finding  the  items  one  wishes,  owing  to  the  fact  that  the  work 

comdsts  of  a  large  catalogue,  a  supplement,  a  set  of  addenda,  and  several 

Bub-cataloguee.     Suppose,  for  example,  one  who  is  unfamiliar  with  the 

work  wishes  to  find  the  Scientific  Papers  of  John  Couch  Adams,  where 

would  he  look?    The  answer  is,  under  "Further  Addenda"  on  page  786; 

but  what  should  lead  him  to  lock  there  is  a  mystery.    Any  reader  who 

to  have  the  woric  at  hand  might  be  interested  to  see  how  long  it 

run  down  Reuleaux's  work  on  kinematics,  published  in  1876 

ane  of  1875).    It  is,  therefore,  a  matter  of  regret  that  the  publishers 

t  have  given  an  index  of  authors.    As  between  that  and  the  one  so 

ily  compiled,  the  one  by  names  would  have  been  far  more  useful. 

ite  of  the  annoyances  that  come  from  the  index,  however,  the  work 

uable  that  it  should  have  a  place  upon  the  shelves  of  all  who  are 

>d  in  the  history  or  the  bibliography  of  mathematics. 

DAvm  Eugene  Suitb. 
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KepUr.  By  Walter  W.  Bryant.  Londoa,  Society  for  Promoting  Christ- 
ian Knowledge  (New  Yoric,  Maomillan),  1920.  62  pp.  +  portrait. 
This  little  work  is  one  of  the  popular  series  of  biographies  now  appearing 
under  the  name  of  "Pioneers  of  Progreaa,"  published  by  the  Society  for 
Promoting  Christiaii  Knowledge.  It  is  written  by  a  member  of  the  staff 
of  the  Royal  Observatory  at  Greenwich,  one  who  knows  aatronomy,  is 
conversant  with  its  nob^  history,  and  appreciate  the  contributions  of 
the  greatest  mathematical  astronomer  of  his  time,  and  perhaps  of  all  time. 
TTie  date  of  the  publication  of  the  eeasy  is  appropriate,  the  current  year 
(more  precisely,  December  21,  1921)  being  tlie  three  hmidred  and  fiftieth 
anniveisaiy  of  Kepler's  birth.  It  is  also  timely  that  the  world  should 
consider  the  oontributions  which  Kepler  nude  to  the  theory  of  celestial 
mechanics,  comparing  them,  and  those  made  by  Newton  and  Laplace, 
with  the  new  theory  which  is  now  attracting  so  much  serious  attention 
on  tbe  part  of  scholars  and  attaining  so  much  notoriety  in  the  pubhc  press. 
The  work  conaiBts  of  six  chapters,  as  follows;  I.  Astronomy  before 
KefJer;  II.  Early  life  of  Kepler;  III.  Tycho  Brafae;  IV.  Kepler  joins 
Tyoho;  V.  Kepler's  laws;  VI.  Closing  years.  To  theee  are  added  a  list 
of  dates,  a  brief  bibliography,  and  a  glossal  of  terms  that  will  be  helpful. 
The  first  chapter  gives  a  brief  sketch  of  the  leading  theories  advanced 
by  Greek  and  medieval  scholars  to  account  for  the  motion  of  tbe  planets, 
and  then  sets  forth  the  nature  of  the  advance  made  by  Copernicus.  The 
auUu>r  calls  attention  to  the  common  error  of  believing  that  the  heliooentrio 
theory  was  clearly  stated  by  Copernicus;  for  the  latter,  "still  hampered 
by  tradition,  did  not  reach"  it.  Most  of  tbe  work  is,  however,  devoted  to 
Kepler  and  his  discoveries.  These  were,  as  is  well  known,  intermin^ed 
with  naive  theories  that  c«n  well  be  excused  in  the  childhood  of  modem 
astronomy.  The  supposed  relation  of  the  five  planets  (as  then  known) 
to  the  five  regular  polyhedrons  is  Pythagoreaniam  two  thousand  years 
delayed,  and  it  seems  inconceivable  to  us  that  the  one  who  discovered 
Kepler's  laws  could  have  advocated  such  an  absurd  theory.  The  fact 
simply  helps  ua  to  appreciate  the  intellectual  atmosphere  in  which  the  con- 
tinental scientists  of  Shakespeare's  time  were  living. 

Kepler's  association  with  Tycho  Brahe  is  briefiy  set  forth.  The  latter 
was  well  advanced  in  the  study  of  astronomy  before  Kepler  was  bom,  and 
when  the  latter  was  less  than  a  year  old  Tycho  was  making  observntions  of 
oonsideiable  importance.  Indeed,  the  celebrated  observatory  at  Uranien- 
borg  waa  built  when  Kepler  was  only  five  years  of  age,  and  here  and  then 
Tycho  waa  prescribing  sulphur  to  cure  infectious  diseases  "brought  on  by 
the  sulphurous  vapors  of  the  Aurora  Borealis"!  It  was  not  at  this  great 
observatory,  however,  that  Kepler  took  up  hia  studies,  but  in  Prag,  whither 
Tycho  had  gone  after  the  death  of  his  Danish  patron.  It  was  here  that 
the  younger  man  began  his  great  work,  the  details  of  which  are  skillfully 
summarized  in  the  essay  under  review.  Tbe  mingling  of  the  mystic  and 
the  scientist,  of  the  astrologer  and  the  astronomer,  of  the  small  mind  and 
the  giant  intellect  are  so  well  set  forth  in  a  few  pages  that  the  Uttle  work 
may  safely  be  recommended  as  one  of  the  best  of  the  series.  It  should  be 
welcome  in  the  schools  and  is  justified  in  the  library  of  the  scholar. 

DAvm  EuGBNB  Smith. 
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Danldttnde  Geometrie.  Vol.  II.  By  Theodor  Schmid.  Boiin  ftnd  Leip- 
aig,  Veminiguiig  wusenachafUicher  Verkger,  1921.  (fUwiminng  Schu- 
bert, XVI.)    315  pp.,  156  figures. 

The  first  v^ume  of  this  work  &ppe*Kd  in  1912,  uid  was  reviewed  in 
tiua  Bnuxrm,  vol.  21  (1914),  pp.  2H-205.  A  aeoMid  edition  appeuvd 
in  1919,  containing  di^t  ctutngea  (mentioDed  in  the  BuixariN,  vol.  27 
(1921),  p.  285).  The  sMond  volume  prmerym  the  sune  general  arrange- 
ment; the  text  is  frequently  interrupted  by  lists  of  unsolved  exercises, 
Mid  B  useful  historical  and  bibliogra{^eal  note  is  added  at  the  end  of 
each  chapter.  The  figures  are  well  drawn  atad  Me  usually  clear,  but  in 
some  of  the  man  complicated  ones,  as  numbers  107,  112,  118,  124,  120, 
the  wealth  of  detail  m^ee  them  difficult  to  follow. 

The  book  b^ins  with  cavalier  perspective,  or  oblique  axonometry,  and 
a  shorter  treatment  of  orthogonal  axonometry.  Besides  a  fairly  full  treat- 
ment of  polyhedral  figures,  a  shorter  one  on  circles,  qiheres,  cylinders  and 
oonee  is  added.  The  proofs  are  largely  geometric,  but  footnotes  use 
methods  of  analytic  geometry  and  the  calculus.  The  second  chapter, 
that  on  central  perspective,  is  porticulariy  well  mitten.  The  reader  is 
introduced  to  the  various  steps  and  purposes  ol  this  method  in  a  very 
attractive  and  easy  manner.  It  might  be  hinted  that  the  author  became 
somewhat  ambitious  in  treating  singularities  of  plane  and  space  curves, 
but  there  was  a  real  temptation  to  complete  the  argument,  and  after  all, 
the  more  comphcated  formulas  appear  only  in  the  footnotes.  In  other 
respects  the  devdopment  is  elementary.  A  wealth  of  important  applica- 
tions, including  theater  perspective,  are  treated  in  the  sixty  pages  of  this 
chapter. 

The  chapter  on  surfaces  of  revolution  and  on  tubular  surfaces  is  neces- 
sarily more  mathematical.  Contour,  tangent  planes,  normal  planes, 
parallel  sections  and  principal  meridians  are  treated.  The  application  to 
quadrics  of  revolution  is  first  te  obtain  the  proper  algebraic  result,  and  then 
to  interpret  it  graphically.  But  when  shades  and  Bhadows  are  ooruidered, 
the  apparent  contours  from  oblique  infinite  sources,  or  from  a  finite  center, 
are  too  complicated  to  be  interpreted  from  the  equations,  and  here  the 
method  of  the  preceding  chapter  is  extensively  employed.  In  the  dis- 
cussion of  cyclides  of  revolution  both  the  algebraic  and  graphic  methods 
of  central  perspective  are  employed.  Later,  more  general  tubular  surfaces, 
together  with  their  interaectionB,  and  their  shadows,  are  considered. 

The  fourth  chapter,  of  eighty-thtce  pages,  is  devoted  to  hehooids  and 

to  non-developable  ruled  surfaces.    It  begins  with  an  algebraic  discussion 

of  the  simple  heUx,  then  of  the  ordinary  helicoid,  followed  by  certain 

graphic  representations,  such  as  tangent,  tndicatrix,  and  the  intersection 

with  a  cone  of  revolution,  each  result  being  first  derived  analytically  and 

nterpreted  graphically.     After  a  short  discussion  of  parallel  iltumina' 

he  more  complicated  problem  of  obUque  generators  is  taken  up,  the 

e  generated  being  a  quasi  helicoid  of  high  pitch.    To  this  surface 

ne  questions  are  applied  as  to  the  ordinary  helicoid,  and  the  results 

jed.     Then  oomes  the  drawii^  of  cylindrical  and  conical  screws, 

xtntours  and  plane  projections.    Fmally,  a  number  of  particular 


ovGoogIc 


1922.^  SHOBTES  NOTICES  60 

ruled  suifaoea  &re  defined  and  described,  the  most  attention  being  given 
to  the  cubic  conoid.  The  intricate  problems  treated  in  this  chapter  are 
much  siinplified  by  the  consistent  use  of  tbe  s&me  method  throughout; 
first  an  algebraic  discussion,  and  then  the  graphical  interpretation  of  the 
reeulte  obtained. 

The  last  chapter  contains  a  brief  introduction  to  topcJogical  mapping, 
to  the  intersectiona  of  roofs,  and  to  the  principles  of  the  Mereator  map. 

The  prew-work  is  good,  and  the  protrf-reading  excellent.  The  book  is 
not  provided  with  an  index. 

VnraiL  SKmcR. 

Die  Quanleniheorie,  ihr  Unpntng  und  Mre  Bnlwiekltmg.    By  Fmn  Reicbe. 

Berlin,  Julius  Springer,  1921.     vi  +  231  pages. 

The  theory  of  relativity  and  quantum  theory  are  probably  the  greatest 
philoeophical  developments  of  modern  physics.  Both  grew  out  of  the  fail- 
ure of  clasical  mechanics  to  gjve  comet  reeulta  when  applied  to  radiant 
energy.  Neither  can  be  regarded  aa  rigoroualy  establiahed  on  physical 
fact.  Both  are  rather  working  hypotheses  that  have  not  been  found  in- 
consistent with  fact.  Of  the  two  the  theory  of  relativity  is  much  more 
completely  formulated.  In  fact  there  is  in  the  minds  of  most  physicists 
Still  consideraUe  uncertainty  as  to  just  what  quantum  theory  is,  and  eon- 
ceraing  its  cause  views  differ  all  the  way  from  thoee  of  the  extreme  atomiste, 
who  consider  radiant  energy  of  a  given  frequeucy  as  capable  of  existing  only 
in  pieces  of  a  certain  site,  to  those  o!  the  older  exponents  of  continuity, 
who  still  believe  these  curious  results  due  to  averaging.  There  ie  also  the 
fascinating  suggestion  that  we  have  here  a  consequence  of  sub^lectronic 
structure  and  so  have  made  a  first  step  into  the  mysterious  region  beyond 
the  electron.  Because  of  all  this  uncertainty  the  subject  has  for  the 
investigator  an  interest  transcending  that  of  more  highly  crj^staUiied 
theories.  For  this  reason  we  particularly  welcome  a  book  like  that  of 
Reicbe  which  presents  in  simple  form  the  theory  and  its  principal  applica- 

Tbe  author  disclaims  any  intention  of  writing  a  systematic  textbook, 
yet  he  has  produced  as  systematic  a  text  aa  exists  on  the  subject,  and  a 
very  readable  one.  The  first  three  chapters  give  Planck's  hypothesis  of 
energy  quanta  assumed  in  order  to  obtain  a  radiation  formula  agreeing 
with  experiment,  Einstein's  hypothesis  of  light  quanta  with  photo-electric 
application,  and  Planck  and  Sommerfeld's  hypothesis  of  quanta  of  action. 
The  remaining  chapters  treat  the  Einstein-Debye  theory  of  specific  heat 
of  solids,  the  specific  heat  of  gases,  the  Bohr  type  of  atom  with  application 
to  optical  series,  X-ray  spectra,  and  some  molecular  models.  The  book 
should  not  be  used  as  a  substitute  for  Planck's  Heat  Raditition  or  Sommer- 
feld's magnificent  Alombau  und  SpektraUinien,  but  as  an  introduction  to  the 
subject  with  which  one  may  physically  orient  himself  before  taking  up 
more  complex  discussions  such  as  occur,  for  example,  in  the  recent  pamphlet 
of  E.  P.  Adams  published  by  the  National  Research  Coimcil. 

H.  B.  Philups. 


ovGoogIc 


70  SHORTER  NOTICES  [^Jan.-Feb., 

Tank  di  Numtri  Pritrd  enirv  Limile  Divtrti,  e  Tavoh  Affini.    By  L. 

Poletti.     Mil&n,  ManutOi  Hoepli,  1920.    xx  +  2M. 

This  little  volume  will  be  welcomed  by  many  workers  in  the  theory  of 
numbeiB  to  whom  the  kt^er  fsctor  tables  and  lists  of  primes  are  not  avail- 
aUe.  Even  for  thoae  who  ore  well  equipped  with  such  tables,  oertain 
features  of  Poletti's  book  will  be  found  of  value  and  intereBt. 

Following  a  dedication  to  Gino  Loria,  which  is  quite  poetic  in  its  enthu' 
siasm,  there  is  a  preface  by  Loria  himself  which  gives  a  short  account  of 
the  history  of  such  tables.  Then  follows  a  series  of  tables  that  cover  some 
100  pages  and  give  lists  of  primes  between  various  linuta.  Table  I  lists 
the  primes  in  the  first  200,000  numbers  with  the  exception  of  unity. 
Table  II  lists  the  primes  in  the  first  100,000  successive  numbers  beyond 
10,000,000.  Table  III  Usts  those  in  the  first  10,000  successive  numbers 
beyoDd  100,000,000.  Table  IV  lista  those  in  the  first  100,000  successive 
numbers  beyond  1,000,000,000.  Besides  these  tables  there  are  six  short 
tables  giving  the  primes  in  the  following  ranges: 

32,258,101  to  32,261,279,  &2,631,591  to  52,634,823, 

34,482,761  to  34,486,201,  58,823,533  to  58,829,411, 

43,478,269,  to  43,482,599,  76,923,101  to  76,930,757. 

It  is  worth  while  to  have  these  results  available  even  thou^  they  are  but 
tiny  islands  in  the  vast  sea  of  the  unknown,  as  anyone  will  admit  cheer- 
fully who  has  ever  been  faced  with  the  task  of  determining  the  character 
of  a  number  of  such  an  order  of  magnitude. 

Table  V  gives  all  the  factors  of  all  numbers  less  than  50,000  exclusive 
of  multiples  of  2,  3  and  6.  It  is  arranged  in  the  usual  fashion  with  respect 
to  the  modulus  30,  so  that  the  number  30x  -f-  y  will  have  all  its  factors  in 
oolumnheaded  yandinlinenumbeTX.  The  author,  for  some  reason  which 
may  produce  some  confusion,  numbers  the  lines  on  the  right  so  that  the 
factors  of  30i  +  y  are  found  in  line  number  x  +  1.  The  scheme  of  listing 
is  by  no  means  as  convenient  for  reference  as  that  employed  by  Burckhardt, 
but  it  enables  the  author  to  use  a  much  smaller  page. 

Table  VI  gives  a  scheme  for  finding  the  product  of  any  two  numbers 
lees  than  50,000  which  are  piime  to  2,  3  and  5,  being  a  set  of  tables  for 
obtaining  tba.t  line  of  table  V  where  that  product  is  to  be  found.  The 
scheme  is  an  ingenious  one,  but  tite  practical  importance  for  the  computer 
is  doubtful. 

Tables  XIII  to  XVII  give  the  number  of  primes  between  certain  limits, 
aome  of  the  tables  distinguishing  between  primes  of  various  linear  forms 

Table  XVIII  gives  the  list  of  primes  of  the  form  n*  —  n  —  1  which  lie 
between  1  and  10,400,000.  The  series  of  numbers  given  by  this  form  is  on 
example  of  what  the  author  calls  an  Eratosthenean  series,  the  sifting  proo- 
Ms  being  applicable  to  it  to  determine  the  primes  in  it.  The  author 
cites  Eratosthenean  series  of  higher  orders,  but  does  not  indicate  what 
restrictions  should  be  placed  on  the  forms  to  insure  Eratosthenean  proper- 
ties, beyond  the  restriction  that  the  form  be  irreducible.  Thus  the  series 
x*  —  3j:  —  I  is  Eratosthenean,  while  the  series  :!:■  —  3z  —  5  is  not.  We 
ftre  not  told  how  to  determine  when  the  sifting  process  is  applicable  and 
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when  it  is  not.  The  author  shows  that  evay  form  of  the  second  order 
givee  an  Eiatoetbenean  series,  and  he  gives  in  effect,  by  a  laboriouaandnot 
very  oonvinoing  method  of  proof,  the  tbeoiem  that  a  quadratic  congruenoe 
has,  for  a  prime  modulus,  two  roots  or  none.  He  does  not  seem  to  see  the 
connection  between  the  numbers  represented  by  the  form  ea^  +  bx  +  e 
and  thoae  represented  by  the  binary  quadratic  form  (a,  b,  e). 

The  author  is  disappointing  in  his  answer  to  the  question  "What  con- 
fidence can  be  placed  in  the  accuracy  of  these  tables?"  Where  accuracy 
is  of  such  vital  importance  the  ue^  of  such  a  table  is  entitled  to  know  of 
some  of  the  checks  and  controk  employed,  and  if  comparison  haa  been 
made  with  existing  tables,  what  safeguards  have  been  employed  in  making 
the  comparison.  Until  some  other  independent  computation  has  been 
made  of  the  lists  of  primes  here  given,  it  will  be  well  to  use  them  with  due 
caution. 

D.  N.  Lehmbb. 

AfeoeomBO  RimonaU.    By  C.  Burali-Fofti  and  I.  Boggio.    Turin  and  Genoa, 

S.  Lattes  and  Co.,  1921.    zxiv  +  425  pp. 

Students  of  mathematics  who  are  familiar  with  the  chapter  on  the 
^>pUcation  of  vector  analysis  to  mechanics  in  Burali-Forti  and  Marco- 
longo's  book  on  vector  analysis  will  be  paiticularly  interested  in  the  book 
under  review,  since  it  is  much  more  easy  to  find  topics  in  mechanics  which 
can  be  coDveniently  treated  by  vector  metbodB  than  it  is  to  treat  the  whole 
subject  by  such  methods.  It  is  stated  in  the  preface  that  the  authors  do 
not  present  a  complete  treatise  on  rational  mechanics,  but  that  they  give 
certain  general  notions  which  form  a  necessary  foundation  for  applied 
mechanica.  The  latter  part  of  this  statement  is  possibly  misleading,  as  the 
authora  do  give  a  systematic  introduction  to  mechanics,  using  vector 
methods,  and  cover  ground  not  much  different  from  what  is  ordinarily 
cfiered  in  courses  on  mechanics  in  our  American  universities.  The  prin- 
cipal differences  are  that  the  book  under  review  devotes  more  attention 
to  geometiy  of  motion,  contains  no  seta  of  eiercises,  and  does  not  take  up 
the  dynamics  of  the  top.  The  pagee  are  small,  about  4}"  by  Si",  but  to 
those  who  are  familiar  with  the  work  of  the  authors,  it  is  needless  to  state 
that  they  possess  the  duhty  to  treat  a  subject  adequately  in  a  minimum 
amount  of  space. 

The  knowledge  of  vector  analyiis  and  of  hom<^^phiee  assumed  on 
the  part  of  the  reader  is  briefly  outlined  in  a  thirty-eight-page  introduction . 
As  most  of  our  students  study  mechanics  before  they  have  taken  a  course 
in  vector  analysis,  an  instauctor  using  this  book  as  a  text  will  find  it  neces- 
sary to  spend  some  time  clarifying  the  introduction.  The  book  will  be 
found  very  suggestive  also  in  connection  with  a  course  on  vector  analysis. 
PxTEK  Field. 
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NOTES 

The  two  huodred  twenty-aecnnd  regular  meetiog  of  the  Americao  Matbe- 
matic&l  Society,  being  its  seTenteentb  r^ular  meeting  in  the  West  and  the 
forty-ninth  meeting  of  the  Chicago  Section,  will  be  held  oa  Friday  and 
Saturday,  April  14  and  15,  1922,  at  the  Umvenity  of  Chicago,  in  honor  of 
the  twenty-fifth  amuTersary  of  the  Chicago  Section.  On  Friday  after- 
noon, Professor  A.  B.  Coble  will  give  a  eympoaium  lecture  on  Cremona 
Inmaformatumt  and  appikalumt  to  algebra,  geomelrj/,  and  modular  ftmelion*. 

The  February  meeting  of  the  Society  was  held  in  New  York  at 
Columbia  Univnnty  on  February  25.  By  request  of  the  programme  com- 
mittm  PntfeeBor  J.  L.  Coolidge  gave  an  addiees  on  The  bani  of  matAe- 
matieal  probabiHtjf. 

The  Council  has  accepted  an  offer  from  an  anonymous  dtwor  to  pay 
the  ooet,  up  to  four  thousand  dollars,  of  an  extra  volume  of  the  Tranb- 
AcnOMB  or  THIS  SociETT,  to  be  brought  out  promptly.  Thia  extra  volume 
will  be  sent  without  charge  to  all  subacribets  and  exchanges  now  on  the  list.  ■ 

The  July  number  (vol.  43,  no.  3)  of  the  Amkrican  Journal  of  Mathe- 
1IATIC8  contains  the  following  papers:  Integral  prodveU  and  probabUitg, 
by  P.  J.  Daniell;  Introduction  lo  a  general  titeory  of  elementary  proponHone, 
by  E.  L.  Post;  Note  on  Sehlafii'i  etliptie  modular  equatione,  by  Arthur 
Beiry;  Aeeoeialed  forme  in  the  general  Ukotj/  of  modvlar  oonarianit,  by  Olive 
C.  Hailett;  On  (2,  3)  compound  ineolviione,  by  T.  R.  Eollcroft. 

The  June  number  (aer.  2,  vol.  22,  no.  4}  of  the  Annals  of  Mathbuatics 
contains:  An  analytietd  tolution  qf  Biot't  problem,  by  Tsuruichi  Hayashi; 
Minimal  evrfacee  containing  etraight  linee,  by  J.  K.  Whittemore;  ^n  exlen' 
eicnof  Green' s  lemma  to  the  eaae  of  a  redifiaMeboundvT/,  by  E.  B.  Van  Vleck; 
Periodic  conjugate  nett,  by  E.  S.  Hammond;  On  the  Iran^ormation  of  convex 
poitd  tete,  by  J.  L.  Walsh. 

Professor  H.  A.  LorenU,  of  the  Univewity  of  Leyden,  will  lecture  at  the 
University  of  Wisoonain  from  March  20  to  March  30,  on  Light  and  Ihe  eonr 
itiivHon  of  matter.  A  colloquium  in  his  honor  on  Fundamental  eoncepti  of 
eleelrodynamici  and  of  IJte  electron  theory  will  be  held  under  the  auspices  of 
the  Department  of  Physios  of  the  Univetsity  of  Wisconsin  on  March  30-31 
and  April  1. 

The  former  students  of  the  Department  of  Mathematics  of  Bryn  Mawr 

Collate,  through  Dean  Isabel  Maddison,  announce  that  a  mathematical 

meeting  will  be  held  at  Bryn  Mawr  on  April  18  in  honor  of  Professor  C.  A. 

Scott,  on  the  completion  of  her  thirty-seventh  year  as  Head  of  ^  Depart- 

Mathematics.    After  an  address  of  welcome  by  President  M.  C. 

and  an  introductory  address  by  Miss  Marian  Reilly,  Professor 

hjtehead,  of  the  South  Kensington  Imperial  CoUege  of  Science  will 

Relativity  and  gramliUion,  group  teneort,  and  their  application  to  the 

ion  of  phyncal  lawe.    An  honorary  committee  for  this  occasion 

of  Professors  R.  C.  Archibald,  0.  D.  Birkhoft,  E.  W.  Brown,  F.  N. 
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Cole,  J.  A.  EieeUnd,  Junes  Horknese,  E.  R.  Hedrick,  F.  P.  Lewia,  Isabel 
MaddiaoD,  E.  N.  Mutin,  H.  A.  Merrill,  B.  H.  Moore,  Frank  Moiiey, 
L.  W.  Reid,  R.  O.  D.  Richtwdson,  £.  J.  Townsend,  Oswald  Veblen,  H.  S. 
White,  and  R.  G.  Wood. 

Tbv  Masaachueetta  Institute  of  Technology  has  begun  publication  of  a 
new  periodical  to  be  known  aa  the  Jotirnai,  op  Matbematicb  and  Phtbics 
OP  TBE  Masbacbuseti«  Inbtitdte  op  TECHNOLoar,  of  which  the  first 
number  appeared  in  November,  1921.  The  editors  are  ProfesMra  F.  S. 
Woods,  H.  M.  Goodwin,  F.  G.  Keyea,  and  C.  L.  B.  Moore. 

In  September,  1921,  the  Helmholti-Gesellschaft  was  formally  organised 
at  the  meeting  of  physiciata  held  at  Jena.  This  Society  has  accumulated 
a  considerable  capital,  tJie  interest  of  which  is  to  be  used  to  support  scien- 
tific work  in  physiea  and  technology.  In  celebration  of  the  one  hundredth 
anniversary  of  the  birth  of  Helmholti,  which  occurred  August  31,  a  Fat- 
u^rift  will  be  published,  which  will  include  a  paper  by  Paul  Herts  on  the 
foundations  of  gi 


On  January  23,  Professor  David  Hilbert,  of  the  University  of  Goettingen, 
celebrated  his  sixtieth  birthday.  On  this  occasion,  his  friends,  colleagues, 
and  former  students  presented  to  him  an  address,  an  album  of  photographs, 
and  a  memorial  volume  of  mathematical  papera.  Among  those  who 
joined  in  these  remembrances  were  over  sixty-five  American  friends  and 
fonner  students.  The  celebration  was  directed  by  a  committee  consisting 
of  FiofessorB  O.  Blumenthal  (chairman),  R.  Courant,  G.  Hamel,  £.  Hecke, 
A.  Sch6nflie8,  and  (for  America)  E.  R.  Hedrick.  The  mathematical  papera 
of  the  memorial  volume  will  appear  separately  either  in  the  Mathb* 
iiATiscHi  Amnalkm  or  in  the  Mathxhutibche  Zkitscbbiit. 


It  is  announced  that  tlie  preparation  of  the  complete  edition  of  the  works 
of  Sophus  Lie,  undertaken  in  1912  by  Teubner  but  suspended  because  of 
the  gRfttly  increased  oost  of  printing,  will  be  resumed  with  the  financial 
support  of  the  Norwegian  Mathematical  Society.  The  title  of  the  edition 
will  read:  'Sophvt  Lie,  Oeiammelte  Abhandlungtn,  im  Anftragt  de»  Nor- 
aeffiaehen  iialhenmHKhm  Verems  und  mit  UnlerttUtzung  der  Akademien 
tu  KruHania  wtd  Lajnig  herauagentben  von  Friedrich  Engel  und  Paid 
Heegaard.  It  is  planned  to  publish  seven  volumes,  of  which  volume  three, 
the  first  to  appear,  is  now  in  press. 

The  mathematical  library  of  the  late  Professor  Paul  St&ckel,  of  Heidel- 
berg, is  offered  for  sale  by  Walter  Richters  Bitchhandlung  und  Antiquariat, 
at  Leipiig,  for  45,000  marks.    It  consists  of  more  than  900  volumes. 

The  members  of  the  Division  of  Mathematics  of  Harvard  University 
have  constituted  themselves  an  informal  oonunittee  to  solicit  contributions 
to  relieve  the  present  financial  need  of  the  Jahbbuch  Vsbr  die  Fort- 
BCHRirm  DER  Mathbmatik.  The  deficit  of  the  Jahrbuch  for  the  coming 
fiscal  year  will  amount  to  about  one  thousand  dollars.  The  editor,  Pro- 
feaeor  L.  Lichtenstnin,  has  appealed  for  aid.  The  Emergency  Society  for 
German  and  Austrian  Science  and  Art,  which  last  year  appropriated  20,500 
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Durks  for  the  Jahrbdcb,  contempl&Ua  the  oontmuAnoe  of  its  suppwt, 
subject  to  the  ooOperation  of  American  iii»thematici&iis.  In  view  of  the 
importoDce  of  the  Jabbbuch,  and  of  the  fact  that  it  is  virtually  indiqxns- 
able  in  the  pursuit  of  reeearch,  it  is  hoped  that  members  of  the  Society  will 
subscribe  geoeroualy  toward  its  eut^rart.  Contributions  should  be  sent  to 
Professor  W.  C.  Gntustein,  44  Langdon  St.,  Cambridge  38,  Mass. 

A  notable  gift  for  the  promotion  of  mathematical  interests  in  America 
was  announced  by  the  Mathematical  Association  of  America  at  its  summer 
meeting  in  September,  1921.  Mrs.  Mary  Hegeler  Carus,  aa  trustee  for  the 
Edward  C.  Hegeler  Trust  Fund,  donated  to  the  Association  the  sum  of 
S1300  annually  for  five  years  for  the  purpose  of  publishing  a  series  of 
monographs  whose  purpose  should  be  to  popularize  mathematics  by  malring 
accessible  at  nominal  cost  the  best  thoughu  and  keenest  researches  in  this 
field  set  forth  in  expository  form  comprehensible  to  teachers  and  students 
of  mathematics  and  to  oUier  readns  of  mathematical  inteUigenoe.  The 
deed  of  gift  includes  the  promise  to  capitalise  this  annual  income  by  a 
permanent  endowment  fund  if  at  the  end  of  five  yearn  the  project  ebaHl 
have  proved  auceessful.  The  trustees  of  the  Association  are  taking  steps 
to  select  a  board  of  editors  who  shall  have  charge  of  all  details  connected 
with  the  pubhcation  of  the  proposed  monographs. 

Among  the  effects  of  the  late  Profenor  Mazime  BAcher  are  a  consider- 
able number  of  reprints  of  hia  published  articles,  which  his  son  desires  to 
place  in  the  hands  of  those  who  would  appreciate  them.  Members  of  the 
Society  who  deaJre  such  reprints  should  consult  the  list  of  BOcher's  writing 
in  this  BuLunro,  vol.  25,  p.  209  (1919),  and  send  to  Professor  O.  D- 
Kellogg,  Harvard  University,  Cambridge,  Mass.,  a  list  by  number  of  the 
reprints  denied. 

He  Bdgian  Academy  aimounces  the  following  subjects  for  prises  in 
mathematics  and  physics  to  be  awarded  in  1022:  A  study  of  the  absorption 
of  light  in  interst«llar  spaoe;  A  contribution  to  the  infinitesimal  geometry 
of  cuirved  surfaces;  A  contribution  to  the  theory  of  the  antenna  used  in 
wireless  tel^raphy.    The  prise  in  each  case  is  1500  francs.       i 

The  Richard  Lieben  prise  of  the  Vienna  Academy  of  Sciences  has  been 
awarded  to  Professor  H.  Hahn,  of  the  Univernty  of  Vienna,  and  Professor 
J.  Radon,  of  the  University  of  Hamburg. 

Professor  H.  Hahn,  of  the  Univenity  of  Vienna,  has  been  elected  a 
corresponding  member  of  the  Vienna  Academy  of  Sciences. 

Professors  J.  Horn,  of  the  Darmstadt  Technical  School,  A.  Kneeer,  of 
raity  of  Breslau,  E.  Landau,  of  the  University  of  GOttingen,  and 
9ki,  of  the  HannoverTechnical  School,  have  been  elected  members 
)poldinisch-Carolinische  Deutsche  Akademie  der  Natuifdrscher. 

iry  degrees  of  doctor  of  en^eering  have  been  conferred  on 
£.  Doleial,  of  the  Vienna  Technical  School,  by  the  Technical 
iix,  and  on  Professor  K.  Heun,  of  the  Karlsruhe  Technical  School, 
din  Technical  School. 
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The  French  Government  haa  oonf erred  the  croeB  of  th»lepoii  of  honor 
on  PnrfGMor  H.  Fehr,  de&ii  of  the  f&culty  of  Bciences  of  the  Univermty  of 
Geneva,  in  lecognition  of  hie  aaaistance  in  enabling  French  soldiers  interned 
in  Switiedand  to  continue  tbeir  rtudiee  there  during  the  war. 

The  honorary  <legree  <d  doctor  of  science  was  conferred  on  Profeaaor 
Albert  Einstein  by  the  University  of  Manchester. 

The  University  of  St.  Andrews  has  confened  the  honoruy  degree  of 
doctor  of  laws  on  Professor  A.  N.  Whitehead. 

The  Royal  Society  of  Edinburgh  has  elected  as  honorary  fellows  Pro- 
fessor Salvatore  Pincherle,  of  the  University  of  Bologna,  and  Sir  Ernest 
Rutherford. 

Sir  J.  J.  ThomsDii  succeeds  Sir  Richard  Glasebrook  as  president  of  the 
Institute  of  Physics,  London. 

The  University  of  Edinburgh  has  conferred  the  degree  of  doctor  of  laws 
on  Dr.  Irving  Langmuir,  of  the  research  laboratory  of  the  General  Electric 
Company,  Schenectady.  Dr.  Langmuir  opened  the  disoussion  on  Tfts 
ttrveture  of  vwhculet  at  theEdinbui^  meeting  of  the  British  Association. 

The  UnivNsity  of  Groningen  has  conferred  an  honorary  d^^ee  in  matbe- 
matica  and  astronomy  on  Miss  Annie  J.  Cannon,  of  the  Harvard  Observa- 
tory, in  acknowledgment  of  her  work  on  stellar  spectra. 

Professor  C.  N.  HMlriim  has  been  appointed  one  of  the  three  repre- 
sentatives of  the  American  Mathematical  Society  in  the  Division  of  Phyacal 
Sciences  of  the  National  Research  Council  to  succeed  Professor  L.  E,  Dick- 
•on,  whose  tcnn  expires  on  July  1,  1922. 

Professors  Florian  Cajori  and  0.  D.  Kellc^  have  been  elected  fellows 
of  the  American  Academy  of  Arts  and  Sciences. 

The  following  university  ocKOaea  in  mathematics  aie  announced: 
Hasvabu  UHivxitanT  (academic  year  1921-1922). — All  courses  meet 
liiree  timee  a  week  throughout  the  year,  except  those  maiked  *,  which  meet 
for  half  a  year. — By  Professor  W.  F.  Osgood:  Differential  and  integral 
calculus  (advanced  course);  Infinite  series  and  products.* — By  Professor 
C.L.  Bouton:  The  elementary  theory  of  differential  equations;*  Differen- 
tial equations,  with  an  intraductiou  to  Lie's  theory  of  continuous  groups. 
— By  Professor  J.  L.  Coolidge:  Vector  analysis;*  The  geometry  of  the 
circle. — By  Professor  O.  D.  Kellogg:  Dynamics  (second  course),* — By 
Professor  G.  D.  BirUuA:  The  theory  of  functions  (introductory  course) ; 
The  theory  of  relativity.* — By  Professor  W.  C.  Graustein:  Differential 
geometry  of  curves  and  surfaces;*  Projective  geometry;*  Introduction  to 
modem  geometry. — By  Dr.  E.  HiUe:  The  analytical  theory  of  heat  and 
[Hoblems  in  elastic  vibrations.* — By  Dr.  J.  L.  Walsh:  Introduction  to  the 
theory  of  potential  functions  and  Laplace's  equation;*  The  partial  differen- 
tial equations  of  mathematical  physics.*  Professor  Kellogg  and  D^.  HUle 
will  conduct  a  fortnightly  seminar  in  analysis.    Couiaee  of  research  are  also 
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offered  by  PtofMsor  Coolidge  in  geometry,  by  Profeasor  Kellogg  in  the 
theory  of  potential  functions,  by  Profeeaor  Biridioff  in  the  theory  of  dif- 
ferantial  equ&tionB,  and  by  I^fessor  Graustein  in  geometry. 

MABSACHUBBm  Inbtitoto  OP  Technoloot  (academic  year  1021- 
1022). — By  Dr.  Norbert  Wiener:  Fourier'B  series,  two  hours. — By  Dr. 
Geoi^  Butledge:  Theory  of  functions,  two  houra. — By  Dr.  S.  D.  Zeldin: 
Vector  analysis,  two  hours. — By  Profesmr  H.  B.  Phillipe:  Modem  electric 
theory,  two  hours. — By  Professor  C.  L.  E.  Moore;  Aeronautics,  two  hours. 
— By  Professor  F.  S.  Woods:  Advanced  calculus,  three  hours;  Higher 
geometry,  two  hours. — By  Profeeaor  F.  L.  Hitchcock:  Mathematics  ap- 
plied to  chemistry,  thi«e  hours. 

Rice  Inbtitctb  (academic  year  1921-1922).— By  Dr.  H.  E.  Bray: 
Projective  geometry  and  linear  and  quadratic  forms— By  Professor  P.  J. 
Daniell:  Statistical  economics;  Theory  of  radiation,  electrons,  and  gravita- 
tion.— By  Profesaor  G.  C.  Evans:  Integral  equations;  Theoretical  eco- 
nomics, mathematical  treatment. — By  Professor  L.  R.  Ford:  Difierential 
equations. — By  Mr.  L.  E.  Ward;  Euclidean  and  non-euclidean  differentia] 
geometry. 

IjNiVEBSiTr  OF  Pennbti-vama  (academic  year  1921-1922). — By  Pro- 
feeeor  E.  S.  Crawley:  Theory  of  numbers,  tiiree  hours  (first  term). — By 
Professor  G.  H.  Hallett:  Hi^er  algebra,  three  hours;  Galois  tlieory  (^ 
equations,  three  hours  (second  term). — By  Professor  O.  E.  Glenn:  In- 
variants, three  hours. — By  Professor  F.  H.  Safford:  Partial  differential 
equations,  three  hours. — By  Professor  M.  J.  Babh:  Differential  equations, 
three  hours  (first  term);  Functions  of  a  complex  variable,  three  hours 
(second  term). — By  Professor  G.  G.  Chambers:  Projective  geometry, 
three  hours. — By  Profeeaor  H.  H.  Mitchell:  Probability,  three  hours  (first 
term);  Algebnuo  numbers,  three  hours  (second  term). — By  Professor  F.  W. 
Beal:  Differential  geometry,  three  hours. — By  Profesaor  J.  R.  Kline: 
Functions  of  a  real  variable,  three  hours  (first  term);  Integrals  of  Lebesgue 
and  related  integrals,  three  hours  (second  term). 

At  the  Technical  School  at  Graz,  Dr.  B.  Baule,  of  the  Univerrity  of 
Hamburg,  has  been  appointed  professor  of  mathematics,  and  Dr.  E.  Kruppa 
has  been  promoted  to  an  associate  professorship. 

Dr.  P.  Funk  has  been  promoted  to  an  associate  professorship  of  mathe- 
matics at  the  German  Technical  School  at  Prague. 

At  the  University  of  Frankfurt,  Professor  M.  Dehn,  of  the  Brealau 
Technical  School,  has  been  app<Hntcd  full  professor  of  mathematics.  Pro- 
fessor A.  Schoenflies  has  retired  from  active  teaching. 

The  Hannover  Technical  School  has  called  Professor  R.  Grammel,  of 
the  Stuttgart  Technical  School,  to  a  professorship  of  mathematics.  Pro- 
fessor L.  Kiepert  has  retired  from  active  teaching. 

Professor  H.  Grasamann  has  been  promoted  to  a  full  professorship  of 
mathematics  at  the  University  of  Gieseen. 
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PnrfeMor  O.  Haupt,  <d  the  Univeraity  of  Rostock,  has  been  appointed 
to  a  full  profcMonhip  at  the  UaiTeraity  of  Erlangen. 

At  Uk  Univeraity  of  Bonn,  Profewor  F.  Hauadorff,  of  the  Univeraity 
of  Greifsmtld,  has  been  appointed  profeaaor  of  matlieniatica.  Profeawr 
J.  O.  MtUler  baa  been  appointed  lecturer  in  algebra,  theory  ot  numbers, 
and  theoiy  of  |»obability. 

At  the  Univeraity  of  Hamburg,  Professor  M.  von  Laue,  of  the  Univeraity 
of  Beriin,  has  been  aiqK>inted  professor  of  theoretical  physics.  Dr.  P. 
Riebesell  has  been  promoted  to  a  profeesonhip. 

Professor  L.  Lichtenatein,  of  the  University  of  MOnster,  has  been  ap- 
pointed full  profeaeor  of  mathematics  at  the  University  of  Ldpiig. 

PnrfesBOT  F.  Pfriffer  has  been  promoted  to  a  full  professorship  of  mathe- 
matics at  the  Univeraity  of  Heidelbei^. 

Dr.  G.  Prange  has  been  appointed  lecturer  in  applied  mathematics  at 
the  University  d  Hatle. 

FrofesBor  W.  Schlink  has  been  appointed  professor  of  technical  me- 
chanics at  the  Darmstadt  Technical  School 

The  following  perscms  have  been  admitted  as  privatnloce&ta:  Dr.  S. 
Breuer,  at  the  Karlsruhe  Technical  Schod;  Dr.  G.  Doetsch,  at  the  Ban- 
nover  Technical  School;  Dr.  K.  Reinhardt,  at  the  Univeraity  of  Frankfurt. 

Professor  L.  Donati,  of  the  University  of  Bologna,  has  retired  from  active 


Professor  G.  Soona,  of  the  Univeraity  of  Catania,  has  been  appointed 
professor  of  analytic  geometry  at  the  Univeraity  of  Naples. 

Pnrfeeeora  O.  Lasiarino  and  M.  Piconc,  of  the  University  ot  Cagliari, 
have  been  appointed  associate  professors  at  the  Univeraity  of  Catania. 
At  the  University  of  Cagliari,  Dr.  Pia  Nalh  has  been  appointed  associate 
professor  of  infinitesimal  analysis,  and  Dr.  Lucio  SiUa  associate  professor 
of  rational  mechanics. 

Prtrfessor  Hmri  Lebe^ue  has  been  appointed  professor  at  the  CoU^ 
de  France,  as  successor  to  the  late  Professor  Georges  Humbert. 

Professor  H.  C.  Plummer,  Royal  Astronomer  of  Ireland  and  professor 
of  astronomy  at  the  University  of  Dublin,  has  been  appointed  professor 
of  mathematics  at  the  Ordnance  College,  Woolwich. 

Mr.  H.  J.  Davis,  of  University  CoUege,  SouthamplAn,  has  been  ap> 
ptHnted  lecturer  in  mathematics  at  the  Bradford  Technical  College. 

At  the  University  of  Alberta,  Associate  Professor  S.  D.  Killam  has  been 
promoted  to  a  full  professorship,  and  Assistant  Professes  J.  W.  Campbell 
to  an  associate  professorship  of  mathematics. 
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Dr.  H.  R.  Kingrtm,  fonneriy  of  the  XToinnaty  of  Msnib^,  hu  been 
^ipotDted  pntcmor  and  hemd  of  the  depulment  of  mathemfttica  &t  Weetem 
Uiuvenitr,  Lmidon,  Ontuio. 

Dr.  Tbeodote  Lyman  has  been  ^qmiiit«d  to  the  HoUis  prnfeaaonhip  of 
fn»»mm»tjffB  and  natural  iduloeophy  at  Harvard  Univenaty,  the  chair 
nicceasively  bdd  by  Benjamin  Force  and  Wallace  C.  Sabine. 

At  the  California  Institute  of  Technologr,  Profewor  H.  A.  LorenU, 
of  the  Univeraity  of  Leyden,  wiD  be  in  residence  as  leetiuer  and  research 
aaaociate  during  two  months  of  the  winter  of  1021-22.  Dr.  C.  G.  Darwin, 
<rf  Cambridge  Univenty,  has  been  appointed  profeasor  of  mathematical 
physicB  for  the  academic  year  1922-23. 

Profeaaor  G.  G.  Chambers  and  H.  H.  Mitcbdl  have  been  promoted  to 
full  profeasorahipa  of  mathematica  at  the  Univeraity  of  Pennsylvania. 

Dean  T.  F.  Hol^te,  of  NorthweetMra  Univeraity,  has  been  invited  to 
qiend  hia  aabbatioal  year  (1921-22)  at  the  University  of  Nanking,  China, 
lecturing  on  mathematical  subject  and  Mwigtjng  in  the  general  organiiation 
of  the  University. 

At  Oberlin  CoDege,  Dr.  C.  H.  Yeaton,  of  the  MUwaukee  College  of 
Engineering,  has  been  appcanted  assistant  professor  of  mathematica. 
Mr.  F.  E.  Carr  has  been  promoted  to  an  assistant  professorship. 

Mr.  L.  S.  Hill  has  been  appointed  associate  professor  of  mathematics 
at  the  Univeraity  of  Maine. 

Dr.  W.  E.  Edington,  of  the  University  of  Illinois,  has  been  ^>pointed 
assistant  profemor  of  mathematics  at  Pennsylvania  State  College. 

Professor  M.  O.  IVpp,  of  the  University  of  Maine,  has  been  appointed 
professor  <rf  mathematica  at  Wittenberg  College. 

Dr.  D.  V.  Steed,  <rf  the  University  of  California,  has  been  appointed 
assistant  profeasor  of  mathematics  at  the  Univeraity  of  Southern  California. 

Mr.  E.  L.  Mackie,  of  Harvard  Univetsty,  has  been  appointed  assistant 
— t gf  mathematics  at  the  University  of  North  Carolina. 

G.  P.  Kuachke  has  been  appointed  assistant  profeaaor  of  mathe- 
d  physics  at  the  Univereity  of  Porto  Rico. 

mr  Eva  Chandler,  of  Wellesley  College,  has  retired  from  active 

N.  Reynolds,  of  Dartmouth  College,  has  been  appointed  assistant 
of  mathematics  at  the  University  of  West  Virginia. 

SOT  Gertrude  1.  McCain,  of  Oxford  College,  Oxford,  Ohio,  has 
ointed  professor  of  mathematics  at  Westminster  CoUege,  New 
OD,  Pa. 
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President  R.  J.  Aley,  of  the  Uoivenity  of  Maine,  formerly  professor  of 
mathematics  and  dean  at  the  Uoivenitj  of  Indiana,  has  been  appointed 
ixesident  of  Butler  College,  Indianapolis. 

I^tifesaor  J.  D.  Bond,  of  the  Agrioultural  and  Mechanical  College  of 
Texas,  has  been  appointed  aaaociat«  profeeaor  ot  mathematics  at  Louisiana 
State  University. 

Dr.  F.  R.  Morris,  of  the  University  of  California,  has  been  made  head 
of  the  department  of  mathematics  at  the  State  Teachers  and  Junior  College 
at  Fresno. 

Professor  G.  H.  Cresee,  of  the  U.  S.  Naval  Academy,  has  been  appointed 
associate  professor  of  mathematics  at  the  Univeisity  of  Aruona. 

Mr.  E.  T.  Browne  has  been  appointed  assistant  professor  of  mathematics 
at  Trinity  College. 

Professor  T.  O.  Walton,  of  Michigan  Agricultural  College,  has  been 
appointed  assistant  professor  of  mathematics  at  Kalamaioo  College. 

Dr.  E.  S.  Hammond,  of  Princeton  University,  has  been  appointed 
assistant  professor  of  mathematics  at  Bowdoin  .Collie. 

At  Purdue  University,  Fioteaeoi  William  Mar^iall  bas  been  made  acting 
bead  of  the  department  of  mathematics;  Mr.  F.  H.  Hodge  and  Mr.  C.  S. 
Doan  have  been  appunted  assistant  professors. 

At  Kansas  State  Agricultural  Collie,  Miss  Bess  J.  McKittrick,  Miss 
Emma  Hyde  and  Mr.  C.  S.  Lewis  have  been  promoted  to  assistant  profes- 
sorships. 

At  Northwestern  University,  Associate  Professor  E.  J.  Moulton  has  been 
promoted  to  a  full  professorship. 

At  Johns  Hopkins  University,  Dr.  F.  D.  Murnsghan  has  been  promoted 
to  an  associate  professorship  of  applied  mathematics. 

At  Yale  Univeisity,  Professor  W,  A.  Wilson  has  been  promoted  to  a  full 
professorship. 

At  Lehigh  University,  Assistant  Professors  J.  E.  Stocker  and  J.  B. 
Reynolds  have  been  promot«d  to  associate  professorships  of  mathematics 
and  astronomy. 

At  Smith  College,  Assistant  Professor  Susan  R.  Benedict  has  been  pro- 
moted to  a  full  professorship. 

At  Dickinson  College,  Professor  W.  W.  Landis  has  leave  of  absence, 
which  he  is  spending  in  Europe.  Professor  N.  B.  Rosenberger  is  acting 
head  of  the  Department  of  Mathematics. 

At  the  Umversity  of  Minnesota,  Associate  Professor  W.  F.  Holman  has 
been  promoted  to  a  full  professorship,  and  Assistant  Professor  H.  H. 
Dalaker  has  been  promoted  to  an  associate  professorship. 
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At  KaIuiuuoo  College,  Profeasor  T.  O.  Walton  of  the  Midugon  Agri- 
eultural  College  has  been  Appointed  asnstant  professor. 

At  the  University  of  Wisconsin,  Assistant  Professor  A.  Dresden  has  been 
promoted  to  an  aaaociat^  profeaaonhip. 

At  Colorado  College,  Associate  Professor  W.  V.  Lovitt  has  been  pro- 
moted to  a  full  profesmrship. 

At  Iowa  Stat«  College,  Professor  Maria  M.  Roberts  has  been  appointed 
Dean  of  the  Junior  College;  Assistant  Professor  Helen  Tappan  has  been 
promoted  to  an  saaociate  professorship;  Professor  E.  R.  Smith  of  Penn- 
Sylvania  State  CoUege  has  been  appointed  head  of  the  Department;  Dr. 
E.  S.  Allen  of  West  Virginia  University  has  been  appointed  associate 
professor;  Dr.  J.  8.  Turner  has  been  appointed  assistant  professor.  Pro- 
fessor J.  V.  McKelvey,  whose  appointment  at  Westminster  College  was 
previously  announced  (this  Buixetin,  vol.  27,  p.  337),  will  remain  at  Iowa 
SUte  College. 

Mr.  £.  H.  Vance  has  been  appointed  profeaaor  of  mathematics  at 
Defiance  College. 

The  following  recent  appointments  to  inatruotorBhips  in  matliematica 
at  American  colleges  and  univeraitiee  are  announced: 

Bradley  Polytechnic  Institute,  Mr.  A.  E.  Gant; 

BuckneU  University,  Mrs.  Theron  Claric; 

University  of  California,  Dr.  P.  H.  Daus; 

Colgate  University,  Mr.  H.  A.  Dobell; 

Colorado  College,  Miss  W.  M.  Spingler; 

Harvard  University,  Mr.  H.  W.  Brinkman,  Mr.  R.  M.  Poster,  Dr. 
C.  E.  Hille  (Peirce  instructor),  Mr.  Lincob  LaPai,  Dr.  J.  L.  Walsh  (per- 
manent instructor); 

Hood  College,  Miss  Rachel  T.  Easterbrooke; 

University  of  Illinois,  Dr.  C.  C.  Camp,  Dr.  J.  M.  Stetson,  Dr.  BeuUh 
Armstrong; 

Iowa  State  College,  Mr.  A.  L.  Young; 

Knox  College,  Miss  Helen  Calkins; 

Mills  College,  Dr.  Nina  M.  Alderton; 

University  of  Minnesota,  Mr.  C.  G.  Phippn; 

University  of  Missouri,  Miss  Kathcrine  Wyant; 
"      '  Pennsylvania,  Mr.  J.  D.  Eshleman; 

ersity.  Dr.  C.  C.  MacDuffee,  Dr.  E.  L.  Post; 

ity,  Mr.  J.  W.  Branson,  Mr.  E.  G.  Keller,  Mr.  J.  Knox, 

Mr.  L.  E.  Ward; 

ochester,  Mr.  D.  E.  Whitford; 

ic  Institute,  Mr.  A.  J.  Bedard; 

ewis,  Mr.  R.  L.  Wilder; 

Mr.  Ralph  Bennett,  Mr.  A.  D.  Snyder; 

]  Jefferaon  College,  Mr.  C.  J.  Cardin; 
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Wellnley  CoUege,  Min  lUobd  Blodgett,  Min  Ruby  Willia; 
WesUm  Collega  for  Women,  Miss  May  B.  Cartw; 
Unirenity  of  Wiaoonoin,  Mr.  M.  L.  MaoQueen,  Mr.  £.  B.  Milln,  Mr. 
A.  R.  Wttpi^; 

Yale  Univenity,  Dr.  M.  C.  Foater. 

Dr.  A.  W.  A.  Thaer,  direotor  of  tbe  ObeTrealaobule  at  Hamburg,  died 
March  I,  1921,  at  the  age  of  aixtyaz  yean. 

Prcrfeeaor  J.  K.  Thomae,  of  tbe  Uiiirentty  of  Jena,  died  April  1,  1921, 
at  tbe  age  of  eii^ty-one  years. 

Tbe  death  ia  repeated  <A  Profenor  V.  Dantaohler  vob  Kolleabuig,  of  tbe 
Unireiat;  of  Gnu,  at  tbe  age  <rf  seventy-three  yean. 

IT  N.  JoukDwdd,  of  the  Moeoow  Teoh- 


Tbe  death  is  reported  of  Piofeeeor  A.  Riggeabaah-Burokhardt,  of  the 
Umversity  of  Baael. 

J.  A.  Gaillot,  fonoeriy  nib-direotor  of  the  Paria  Obeerratory  and 
collaborator  with  Lemtier  in  the  pn^mration  of  his  tableo,  died  at  Chartres, 
June  4, 1921,  at  the  aga  of  eii^ty-seven  years. 

Profeasor  Gatniel  Lip^man,  <rf  the  deportment  tA  physics  of  the  Univer- 
aity  <rf  Paris,  died  on  June  13, 1921,  at  the  age  tA  seventy-five  years. 

Mi.  H.  T.  Gerrana,  of  Oxford  UniTeraity,  died  June  30,  1921.  Mr. 
Gerrans  hod  been  a  member  of  the  American  Mathematioal  Society  since 
1901. 

Profeeecf  Hennann  Amandus  Sohwars  of  Bertin  died  November  30, 
1921.  Bon  January  25, 1843,  he  studied  at  Berlin,  reoeiving  hia  doctorate 
in  1864.  He  taught  at  Halle,  ZQrioh,  QCttingen,  and  Berlin.  He  held  the 
honorary  doctorate  of  tbe  Univeiaity  of  Chriatiania  and  waa  a  member 
of  the  learned  Rodeties  of  Beriin,  Gdttingen,  and  Faris.  He  published  a 
number  of  memoira  on  subjects  of  analysis  and  differential  geometry.  His 
collected  works  appeared  in  1890. 

Profeesw  Camille  Jordan  of  the  College  de  France  and  the  £oMe 
Polytechiuque,  died  January  21,  1922.  He  was  bom  at  Lyon,  January  6, 
1838.  He  leoeived  the  doctorate  at  Paris  in  1801.  He  was  widely  known 
for  his  important  and  valuable  contributions  to  analysis,  algebra  and 
geometry.  He  was  a  member  of  the  Institute  and  of  a  large  number  of 
mathematical  societies,'  and  held  honorary  degrees  from  Christiania  and 
Louvain.  He  was  editor  of  the  Journal  de  Math£matiques  Pures  et 
Appliquiee.  He  serred  as  Vice-FieeidBnt  of  the  Fourth  International 
Congress  of  Mathematicians  at  Rome,  1908. 

Prtrfessor  Nathaniel  French  Davis,  Emeritus,  of  Brown  University, 
died  May  17th,  1921.    Professor  Davis  was  bom  at  Laconia,  New  Hamp- 
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shire,  JuDe  11th,  1847.  He  attended  Brown  University  and  the  UaiTersitf 
of  Gfittingen,  and  held  the  degree  of  LL.D.  from  Colby  College.  After 
teaching  in  aeconda^y  and  normal  ecbools,  he  came  to  Brown  Univeisity 
as  infrtructor  in  1874  and  bef^aIne  aaaiatant  professor  in  1879,  associate 
professor  in  1889,  professor  in  1890,  and  emeritus  professor  in  1915.  Pro- 
fessor Davis  had  been  a  member  of  the  American  Mathematical  Society 
since  1891. 

Pr<tfeseor  Alfred  Monroe  Eenyon,  bead  of  the  Deportment  of  Mathe- 
inatics  at  Purdue  University,  died  on  July  27th,  1921.  Trofessor  Kenyon 
was  bom  at  Medina,  Ohio,  December  10th,  1869.  He  attended  Hiram 
College,  Case  School  of  Applied  Science,  and  Harvard  University.  After 
teaching  in  a  secondary  schod,  at  Case  School  of  Applied  Scienee,  aod  at 
the  MassachuaettA  Nautical  Training  School,  he  came  to  Purdue  as  in- 
structor in  1898,  became  associate  professor  in  1901,  professor  in  1903,  and 
head  of  the  Department  in  1008.  He  was  the  author  of  several  coQ^e 
text-books.  Professor  Eenyon  had  been  a  member  of  the  American 
Mathematical  Society  since  1900. 

Professor  Henry  Turner  Eddy,  Emeritus,  of  the  University  of  Minne- 
sota, died  December  18,  1921.  He  was  bom  at  Stoughton,  Msss.,  June  9, 
1S44.  He  studied  at  Yale,  Cornell,  Berlin  and  Paris,  receiving  his  doctor- 
ate at  Cornell  in  1872.  He  held  honorary  degrees  from  Central  College 
and  Yale.  He  taught  at  Yale,  Cornell,  and  Princeton,  was  Dean  and  later 
President  at  Cincinnati,  and  served  as  President  of  Rose  Polytechnic 
Institute  from  1890  to  1894.  He  came  to  Minnesota  as  Professor  in  1894, 
and  became  Dean  of  the  Graduate  School  in  1906.  He  retired  from  both 
positions  with  the  title  Emeritus  in  1912.  Professor  Eddy  was  Secretary 
of  Section  A  of  the  American  Association  for  the  Advancement  of  Science 
in  1882,  and  Vice-President  of  the  Association  in  1884.  He  was  President 
of  the  Society  for  the  Promotion  of  Engineering  Eklucation  in  1896.  He 
had  been  a  member  of  the  American  Mathematical  Society  since  1891. 

Professor  Wooater  Woodruff  Beman  of  the  University  <rf  Michigan  died 
January  18, 1921.  He  was  bom  May  28,  1850.  He  studied  at  the  Univer- 
sity of  Michigan,  receiving  his  master's  degree  in  1873.  He  taught  at 
Kalamaioo  College  and  at  Michigan,  where  he  became  full  Professor  in 
1887.  He  had  been  a  member  of  the  American  Mathematical  Society  since 
1891.  He  was  Secretary  of  Section  A  of  the  American  Association  for  the 
Advancement  of  Science  in  1890,  and  Vice-President  in  1897.  Ho  was 
well  known  as  joint  author  of  a  number  of  elementary  te^books  and  as  a 
translator  of  several  famous  monographs. 

Leonard  Bouton  of  Harvard  University  died  February 
im  at  St.  Louis,  April  25,  1869.  After  receiving  his 
g  at  Washington  University,  Harvard  and  Leipsic, 
igton  University  and  at  Harvard.  He  had  been  a 
can  Mathematical  Society  since  1898,  and  served  on 
he  Bulletin  and  the  TfUNSAcnoira. 
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NEW  PUBLICATIONS 
I.     HIGHER  MATHEMATICS 

Bachiumm  (P.).    Miedere  ZfthkatbeoHe.    IterTeiL    Anaatatischer  Neu- 

diuck.    Ldpug,  1921. 
BAUHOABTinB    (L.).    Gruppentheorie.     (S&mmlung    GCschen.)    Beriin, 

Vereiiiigiuig  wuseoschaftlicher  Verl^er,  1921. 
BiANCHi  (L.).    Lenoni  buUb  teoria  dei  numeri  algebrici  e  piinciirf  d'uit- 

metica    analitica.    Corso    d'an»lisi    1920-1921.    Pisa,    1921.    8to. 

8  +  444  pp. 
Cabslaw  (H.  S.).    Introduction  to  the  theory  of  Fourier's  aeries  and 

integrals.    2d  edition,  completely  revised.    London,  Macmillan,  1921. 

8vo.    12  +  323  pp.  30s. 

CoBBAL  (J.  I.).    NuevDs  t^oremaa  que  rauelTen  el  problema  de  Hurwiti. 

Matbid,  Impreuta  CUaica  Espafiola,  1921. 
ENCTKiiOFADtK  der  matheinatiaoheD  Wi«eufichaften.    Band  II  2,  Heft  S: 

E.  Hiib,  NichtlineuQ  niffprpnf J algiffiphimpon      A.  £rai^  and  W. 

Wirtinger,  Abebche  Funktionen  und  allgemeine  Thetafunktjonen. 

Titel,  Inhaltaveneichnis  und  Begister  eu  Band  II  2.    Leipng,  Teub- 

ner,  1921. 
FETia  (E.).    Aaymptotische  Daratellung  gewiaaer  meromorpher  Funk- 
tionen.   (Diss.)    Breslau,  1919. 
Halphkx  (G.  H.).    (Euvrea.     Tome  3.     Paris,  Gauthier-Villare,  1921. 

8to.    12  +  S18  pp.  Fr.  90.00 

HiLS  (E.).    See  EmctklofjCdh. 
Ibknkbahb  (C).    TJntenuchungen  aber  das  Endliche  und  das  Unendliche 

mit  Auablieken  auf  die  philoaopbieobe  Apologetik.    Bonn,  Marcus  und 

Webers Vwl«,  1920.    InSBinden.    8+224+8+230  +  12+247 pp. 
KiuiEB  (A.).    See  Ekctklof£die. 
Lecat  (M.).    Bibliographie  des  series  trigonom^triques  aveo  un  appendice 

BUT  le  oakul  dca  Toriationa.    Bruxellee,  chei  I'auteur,  1921.    8vo. 

8  +  168  pp.  Fr-  25.00 

harrtXR  (E.).    See  Sevebi  (F.). 
Paibman  (E.).    Tables  of  the  digamma  and  triganuna  fimctions.    (Tracts 

for  Computera,  edited  by  Karl  Pearson,  No.  1.)    Cambridge,  Univer- 
sity Prev,  1919.    8vo.    19  pp.  3e. 
Peabbok  (K.).    See  Faikuan  (E.). 
Pebbon  (O.).    Irxationaliahlen.     Berlin,  Vereinigiing  wiBsenachaftlioher 

Verkger,  1921.    8vo.    8  +  186  pp. 
PaiNa^tEiii  (A.).    Vorleaungen  Uber  Zablen-  und  Funktionenlehie.    Band 

1:  Zablenlehre.    3te  Abteilung;  Komplexe  Zahlen.    Reihen  mit  kom- 

plezBn  Gliedem.    Unendliche  I*rodukte  und  KettenbrOche.    Leipiig, 

Teubner,  1921. 
Rm^GE  (C).    Praxis  der  Gleichuogen.    2te,  verbewerte  Auflage.    Berlin, 

Ver^nigung  wissenschsitliohet  Verleger,  1921.    6vo.    2  +  172  pp. 
ScHETPKHS  (G.).    EinfOhrung  in  die  Theorie  der  Kurven  in  der  Ebene  und 

im  Baiune.    2te,  verbesserte  und  vermehrte  Auflage.    Anastatischer 

Neudruck.    Betlio,  1921. 
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Sktxbi  (F.)-  TorieeuDgen  Qber  algebraiaohe  Qeometrie.  Qeometrie  anf 
oner  Kvirre.  RtenuumMhe  FUobeo.  Abelaobe  Intepmle.  Beraoh- 
tigte  Dcutaohe  nebottetmng  von  Dr.  Eugen  L&ffier.  Lupng,  Teub- 
nsr,  1021.    Sto.    16  +  408  pp. 

Wbbbs  (H.).  Lehrbuoh  der  Algabn.  EkuM  Auagttbe  in  eiiwm  Bands. 
2teiunTttliidat«rAbdiuolc  BnunHshiraig^V>ewcg,1921.  10+628 
»>• 

Wnrnwaia  (W.).    Seo  EnotxlopIsiz. 

U.    ELEMENTARY  MATHEMATICS 
Bau.  (W.  W.  R.).    String  figuna.    2d  editkm.    Cambridge,  Unimntr 

Pi:mi,1B21.    66  pp.  2b.  6d. 

Baiob  (L.).    Sea  Neu.  (A.  M.). 
Babdr  (K).    See  Lnrsiuim  (W.). 
Bnrm  (C).    Ia  droitA  ladiogoniomitrique.    Paris,   Oauthier>ViIlan, 

1021.    Bvo.    12  pp.  Ft.  2.00 

Dbmdbn  (A.).  Plane  (rigoootDetar.    NewYotk,  Wilqr,1921.  8  +  IIO19. 
Edwabdb  (J.).    A  treatin  on  the  tat^^  oaloului,  with  apidioat&MU, 

wpunpleH^  and  proUemo.    Volume  1.    Ixntdon,  Macroillan,  1921. 

31  +  907  n*.  eoa. 

Even  (H.).    Mathematik  in  der  Natur.    Zdrioh,  Ranber,  1S21.    I611W. 

Sflpp. 
ExNBT  (E.).    MathematiMihe  TTnterfaaltungen  und  S[uelenien  fOr  SohOler 

und  Freunde  der  Mathematik.    Band  2.    R&veiuiberg,  1921. 
QuAvarms  (W.  C).    See  Oaoooo  (W.  F.}. 
HiTABHi  (K.).    FQnftteUige  Tafeln  der  Kmie-  und  Hjrpcrbdfunktionen 

eowie  der  Funktionen  ^  und  tf~'  mit  den  natOriiohoQ  K*-hiiwi  (]g 

Argument.    Berlin,  Vereinigung  wiflaenaohaftlioher  Verieger,  1921. 
Bon  (K  JO-    See  Wilsom  (O.  M.). 
Jvsa   (J.)>    Der  nebetaohlag.     Ein  rasobee  Nlhdrungsverfahien  nun 

Bereohnea  von  Sutnmen,  besouders  bei  gioesBr  PoetensehL    Wien, 

Oerold,  1919. 
lamuixs      (W.).     TUwJ py-T .W.amttnn,  AufpibenBammlung  fllr  Arith- 

metik.  Algebra  und  Analyns.    RefoRnauaptbe  B  fOr  Realangtalttn, 

Unt«ntufe.    4te  Auflage.    Leipiig,  Teubner,  1920.    220  pp. 
Nbu.  (A.  M.}.    FOnfBtellige  Logarithnwn  der  Zahlen  und  der  trigonome- 

triaohen  Funktionen.    Vollige  Neubearbeitung  von  L.  Balaer.    Giee- 

een,  1920. 
D'OcAom  (M.).    Instruction  but  I'uaagB  de  la  r^le  fc  caloul.    2e  Edition. 

Paris,  Qauthiv-VillarB,  1921.    8vo.    S  pp.  Fr.  1.60 

Oeooon  (W.  F.)  and  GxAmrrmm  (W.  C).    Plane  and  aolid  an&lytio  geoo^ 

etry.    New  York,  Macmillan,  1921.    18  +  614  pp. 
Scott  (f.  W.).    Ekmente  of  [«actieaJ  geometry.    A  two  years'  oouiae  for 

diQr  and  technical  evening  Btudento.    London,  Pitman,  1021.    5  +  186 

pp.  6e. 

WxnKKEinEB  (P.).    Praktisches  Zahlenrechnen.     (Satnmlung  GOechen.) 

Berlin,  Vereinigung  wisaenschaftlicher  Verieger,  1921. 
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WuDims  (P.).  lAgere  algebn.  Deel  I:  De  algebraische  grootheden  en 
hue  beweridngen.  AntwoMden  en  uitwtckingen  van  de  vnAgtbikkeii 
uit  lAgera  algebn,  I.  Gromngen,  Noordhoff,  1919-1020.  Sro.  287 
+  60  pp.  n.  4.68  +  2.00 

Wilson  (O.  M.)  and  Hooi  (K.  J.)  How  to  measure.  London  and  New 
Yoric,  MKomillan,  1021.    7  +  285  pp.  t2s. 

m.    APPLIED  MATHEMATICS 
AsAim  (0.  8.)>    latitude  derelopments  oonnected  with  geodeey  and  ear- 

togrqihy  wiUi    tablee    including  a  table  tor    Lambert  equal-ana 

moidional  proieotion.     (U.  B.  Cout  and  Oeodetie  Survqr,  ^Mdal 

Publication  No.  67.)    WaBhington,  Oovtnuneat  Printing  Offioe,  1921, 

132  pp. 
d'Aluibbst  CJ-)-    Traits  de  djmamique.    3  Tolumea.     (Lee  Maltiea  de 

la  Penate  Scdentifique.)    Pans,  Oauthier-TiUBra,  1921.     16mo.    40 

+  1Q2  pp.  Ft.  e.00 

BAintB  (G.).    Die  HelmlidtMobe  Wirbeltbeorie  fOi  Ingenieura  bearbeit«t, 

MQnehm,  1919. 
Baubcbikozb  (J.).    See  EnctxiopIdiii. 
Bmkb,   F.    Die  THnftainr^jtw   RelatiTi^totheorie  und   ihie  historisohee 

Pundantent.    Beoha  Tortoage  fur  Laien.    4te  Auflage,    Wiem.    1920. 
Bloch  (E.).    Tbforie  ainitique  dee  pi.    Paris,  Colin,   1921.    Idmo. 

176  pp.  Ft.  S.00 

Bhodbiskt  (S.).    The  meohanioal  prinoiplee  of  the  aeroplane.    London, 

J.  and  A.  Churahill,  1921.    7  +  272  n>.  21a. 

CHABBOHinsB  (P.).    Trait£  de  balistique  ext^rieim.    Tome   1:    Lea 

tbfortmee  gtoimuz  de  la  baliatique.    Ttxa,  G.  Doin  et  Gauthier- 

ViUue,  1921.    8vo.    9  +  637  pp.  Ft.  75.00 

<^ATLKT  (H.).    A  text-book  of  Aeronautical  Engineering.    The  prgUem 

of  Bi^    3d  editaoD.    London,  Griffin,  1921. 
CsUBOmn  (A.  B.).    See  Ram  (H.  L.). 
CsUBXH    (E.).    Die   statiatiBchen    Fonchungmnethoden.    Wien,    Sddel, 

1921.    8vo.    2fi0pp. 
Dmnt  (J.  A.)  and  Habpbb  (A.  C).    Kinematioa  and  kinetioa  of  maohineir. 

New  Y(^  Waey,  1921. 
EDDDr<7roir  (A.  S.).    E^iaoe,  tempe,  gravitation.    Tnduit  de  I'anglais 

par  J.  Roosignol.    Introduction  de  P.  lAngerin.    Paris,  Hermann, 

1921.    8vo.    430  pp.  Fr.  28.00 

Einstun  (A.).    Oeometrie  und  Grfabrung.    Beilin,  Spnttfset,  1921. 

.    See  Fkiumducb  (E.). 

E)rcTXU>pXDn  der  mathematiaohen  Wiasensohaften.    Band  VI  2,  Heft  7: 

K.  lAves,  Die  Satelliten.    J.  Bsuaohinger,  Beatinimung  and  Zusam- 

menhang  der  aatronomischen  Konatanten.    Ldpsig,  Teubner,  1920. 
FsmMDUCH  (E.).    Die  Qrundlagen  der  Einsteinschen  GraTitationatheorie. 

Uit  einem  Vorwort  von  A.  Einstein.    4te,  erweiterte  und  Tprbeaearte 

Auflage.    Beriin,  Springer,  1920. 
Funk  (P.).    Die  linearen  Differensengleiohungen  und  ihre  Anwendungen 

inderThe<niedaBaukoQstruktionen.    Berlin, Springer,  1920.   S4pp. 
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GoUARD  (E.)  et  HizitKAUx  (G.).    Mtouiique,  pr4ci<Ue  d'une  4tude  but 

lee  gnphiquee.    Fuia,  Diinod,  1920.    8vo.    148  pp.  Fr.  11.00 

Grauhbl  (R.).    Der  Kieiael.    Seine  Tbeorie  und  Bclne  Anwendungen. 

Bnunschweig,  Vieweg,  1920.     10  +  350  pp. 
Gbibbli  (T.  G.)>    Handy  methods  of  geodetic  aatiouomy  for  land  aur- 

veyora.    London,  Potter,  1921.    28  pp. 
GRDiaBHL  (E.).    Lehifauch  der  Phyaik.    Band  1:  Mechanik,  Akustik, 

WAnnelehre    und    Optik.    4t«    Auflage.    leipng,    Teubner,    1920. 

1011  pp. 
Hauel  {G.}.     Mectuuiik.    I:  GrundbegriSe  der  Mechanik.    (Aus  N&tur 

und  Geistenwelt,  Band  684.)     Leipiig,  Tnibner,  1921.    132  pp. 
Harpbb  (A.  C).    See  Dent  (J.  A.). 
Hakbow  (B.).    From  Newton  to  EinMein.    Changing  conceptiona  of  the 

univeise.    London,  Constable,  1920.    10  +  95  pp.  28.  6d. 

Hkath  (T.  L.)-    The  Copernicus  of  antiquity  (Aiistaichus  of  Samoa). 

(Fioneera  of  Progress:  Men  of  Science  Series.)    London,  Society  for 

Promoting  ChristiaD  Knowledge,  and  New  York,  Macmillan,  1921. 

12mo.    60  pp.  2b.  6d. 

HiBRNAux  (G.).    See  Gouabd  (E,). 

Jaxobr  (F.  M.).    Lecturca  on  the  principle  of  aynunetty  and  its  applica- 
tions in  all  natural  sciencee.    2d  edition.    Amsterdam,  "Elsevier," 

1920.    12  +  348  pp. 
Jaket  (P.).    Lemons  d'^Iectrotechnique  g£n€rale.    Paris,  Gauthiei^ViUara. 

Tome  1:    G^n^ralit^     Couranta  oontinus.     5e  Edition.     1921.     8 

+  452  pp.    Tome  3:    Moteurs  i,  courants  altematifs.    Couplage  et 

compoundsge  des  altemateuts.     TtansformateurB  polymorphjques. 

4e  Mition.    1920.    4  +  388  pp.  Fr.  45.00  +  36.00 

Jeans  (J.  H.).    llie  dynamical  theory  of  gases.    3d  edition.    Cambridge, 

Univeieity  Prcaa,  1920.    7  +  442  pp.  30b. 

Kahl  (H.).    Daa  luftelektrische  PotentialgefUle  ala  Funktion  der  H&he. 

(Diss.,  Kiel.)     Kiel,  Druck  von  H.  flencke,  1915.    8vo.    56  pp. 
Kbal  (H.  M.)  and  Leonard  (C.  J.).    Mathematics  for  electrical  students. 

New  York,  Wiley,  1921. 
KiBCHBEBOEB  (P.).    Mathematische  StreifsOge  durch  die  Geechichte  der 

Astronomie.      (Mathematisch-physikalische   Bibliothdc,   Band   40.) 

Leipng,  Teuhner,  1921.    4  +  54  pp. 
.    Was  kann  man  obne  Matbematik  von  der  Relativititstheorie 

verateben?    Mit  einem  Geleitwort  von  M.  von  Laue.    2te,  vermehrte 
Auflage.    Karlsruhe,  1921. 
KoPFF  (A.).    GrundsQge  der  Einateinachen  Belativit&tstheorie.    Leipsg, 

Hirael,  1921.    8  +  198  pp. 
IiASENBERO    (R.).    Ploncka    elementarea    Wirkungsquantum    und    die 
en  cu  seiner  Bestimmung.    Leipzig,  1921. 

Higher  mechanics.    Cambridge,    University   Press,    1920. 
2  pp.  25s. 

.).    Die  Grundlagen  der  Relativit&tstheorie.    Popul&rwiasen- 
;h  dargestellt.    BerUn,  Springer,  1921.  M.  14.00 

?.).    See  Eddinoton  (A.  S.). 
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TON  L&UE  (M.)'  Die  Relativitfitetheorie.  Band  1:  Du  R«lativit£ts- 
printip  der  Lorenitransfomiatioii.  4te  vermehrte  Auflage.  Braun- 
schweig, Vieweg,  1921.     13  +  302  pp. 

.    See  EtBCBBEBQEB  (P.). 

Latxs  (K.).    See  Enctzlopadik. 

Lbonahd  (C.  J.).    See  Keal  (H.  M.). 

LoTx  (A.  E.  H.).  Theoretical  roectuuiica.  An  introductory  trestise  on 
the  principles  of  dynamics.  3d  edition.  Cambridge,  University 
Pret»,  1921.     IS  +  310  pp.  30s. 

LtiDBNOOHTF  (H.).    See  Wibucbntts  (W.  F.). 

MacDouoall  (F.  H.).  Thermodynamics  and  chenustry.  New  York, 
Wiley,  and  London,  Chapman  and  Hall,  1921.    5  +  391  pp.        30s. 

Mach  (E.).  Die  Priniipiea  d«r  pbysikalischen  Optik.  Leipzig,  Barth, 
1921.    10  +  444  pp. 

Maoqi  (Q.  a.).  Dinamica  fisica.  Leiioni  sulle  l^p  genendi  del  movi- 
mento  dei  carpi  Daturoli.    3a  edinone.    Pisa,  Spoerri,  1921. 

.    Dinamica  dd  sistemi.    Pisa,  1921.    8vo.    7  +  408  pp. 

Masiub  (M.).    See  Rouoibr  (L.). 

MiCHADD  (F.).  Energftique  gin^rale.  Paris,  Gauthier-Villara,  1921. 
8vo.    7  +  229  pp.  Pr.  20.00 

MiLANKOTiTCH  (M.).  Th£orie  math£ntatique  des  phfnomtoes  thermiques 
produita  par  la  radiation  solaire.  Paris,  Gauthier-Villara,  1920. 
Sto.    le  +  340  pp.  Fr.  20.00 

Nbwbioin  (M.  I.),  Ordnance  survey  maps;  their  meaning  and  use.  2d 
edition.    London,  Macmillan,  1020. 

NiLBBON  (M.  P.).  Primitive  timcreckoning.  A  study  in  the  origins  and 
first  development  of  the  art  of  coimting  time  among  the  primitive 
and  early  culture  people.  Ijmd,  Gleerup,  and  London,  Oxford  Uni- 
versity Press,  1920.     13  +  384  pp.  21s. 

Olliviss  (H.).  Coura  de  physique  generale.  Tome  I.  2eedition.  Paris, 
Hermann,  1921.    8vo.    750  pp. 

Oppenhbdi  (S.).  Das  aatronomiachc  Weltbild  im  Wandel  der  Zeit.  II: 
Modeme  Astronomen.  2te  Auflage.  (Aus  Natur  und  Geiataswelt, 
Nr.  445.)    Letpiig,  Teubner,  1920. 

Fatcchkk  (A.).  Umstuti  der  £inst«inschen  Relativit&tstheorie.  Ein- 
fdhrung  in  die  einheitliche  Erid&rung  und  Mechanik  der  Naturiirlite  . 
Berlio-Wilmeredorf,  Selbstverlag,  1920. 

Patmteb  (J.  E.).  Practical  geometry  for  builders  and  architects.  Lon- 
don, Chapman  and  Hall,  1921.     12  4- 409  pp.  ISs. 

pETROvrrcH  (M.).  M^canismes  communa  aux  ph^nom^nes  disparates. 
Paris,  Alcan,  1921.    280  pp.  Fr.  8.00 

Pmout  (J.).  Die  Stellung  der  Relativitfitatheorie  in  der  geistigen  Ent- 
wicklung  der  Menschheit.    Dresden,  Sybillen-Verlag,  1921. 

Planck  (M.).  Die  Enstehung  und  bisherige  Entwicklung  der  Quanten- 
theorie.    Leipzig,  Barth,  1920.    8vo.    32  pp. 

Rnn  (H.  L.),  C^thornb  (A.  R.)  and  Rietz  (J.  C).  Mathematics  of 
finance.    New  York,  Holt,  1921.     14  +  280  pp. 

RtEfTt  (J.  C).    See  Rietz  (H.  L.). 
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R(»B  (A.  A.).  Tlu  abMluto  rdatioDa  <rf  time  uid  Bpace.  Cunbridge, 
nniTcrait;  tnm,  1921.    9  +  80  i^.  fie. 

RoBBioNOL  (J.).    See  Eddimoton  (A.  S.)- 

RoDOiKR'  (L.).  PhiloBc^y  &ad  Uie  new  physios.  An  essaj'  on  the 
relativity  theory  and  the  theoiy  of  quanta.  Authoriied  trandatioii 
from  the  author's  ooireoted  text  of  "I«  matfoialiaation  de  I'^no^e" 
byM.  Masius.    Fhiladdphia,  Blakiston,  1921.    16ino.     16  + 159  pp. 

$I.7S 

ScHLKBuraMH  (L,).  Raum,  Zeit  und  RelativitAtatheorie.  GemeinTer- 
stlndUche  VortfAge.    Leiptig,  Teubner,  1920.    40  pp. 

ScHLtJivn  (W.).  Bdtng  mut  Geaohiohte  der  BasisvergrOeserung  und  nir 
Theorie  der  iweokmlasigsteD  Form  des  VergrOssenrnffdreieckM. 
(Din.,  KarlRuhe.)    Mittweida,  Belbstverlag,  1920. 

ScmoD  (T.).  Daratellende  Geometrie.  2ter  Baitd.  (Sammlung  Schu- 
bert, Nr.  66.]  Berlin,  Veteinigung  wissensehafUieher  Vedeger,  1021. 
315  pp.  M.  33.00 

ScHHXiDKR  (I.).  Das  Raum-Zeit-Problem  bei  Kant  und  Einstein.  Beriin, 
Springer,  1921.  M.  12.00 

ScHWABESCBiLD  (K.).  Ueber  den  EinfluM  von  Wind  und  Luftdichte  auf 
die  Flugbabn  der  Geeehone.    Berlin,  1920. 

Setbio  (T.).  Statique  gnphique  dee  systimes  triangtil£a.  3e  Edition. 
Tome  1:  Expoete  thteriques.  Tome  2:  Exemples  d'applicatioiu. 
Paris,  Gauthier-Villaia,  1Q16.    Svo.  Fr.  3.75  +  3.75 

Slobbok  (E.  E.).  Eaqy  leeeons  in  Einstein.  A  discunioii  of  Uie  non- 
intelligible  features  of  the  theoiy  of  rdativity.  London,  Routledge, 
aitdNewYoric,Harcourt,  Brace  and  Howe,  1920.    7 +  128  pp.       6s. 

TATLOB^oma  (E.).  The  theory  of  the  induction  ooil.  London,  Pitman, 
1921.    11 +217  pp.  12a.  6d. 

Thombok  (J.  J.).  Elements  of  the  mathematical  theory  of  electricity  and 
magnetism.  6th  edition.  Cambridge,  Univeni^  ftc^  1921.  8  + 
410  pp.  30i. 

Ubach  (J.).  La  teoiia  de  la  relatividad  en  la  fisica  roodema.  Buenoa 
Aires,  B.  de  Amonortu,  1920.    Svo.    45  pp. 

Valsntiker  (S.).  Anwendungen  der  Quantenhypotheee  in  der  kfnetischea 
Theorie  der  festen  KSrper  und  der  Gase.  In  elementoier  Dantellung. 
2te  erweiterte  Auflage.    Braunschweig,  Vieweg,  1921,    6  +  90  pp. 

Wanoerdi  (A..).  Theorie  dee  Po(«ntiala  und  der  Eugelfunktionen.  2ter 
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THE  OCTOBER  MEETING  OF  THE  AMERICAN 
MATHEMATICAL  SOCIETY 

The  two  hundred  nineteenth  regular  meeting  of  the  Society 
wa3  held  at  Columbia  University  on  Satiuday,  October  29, 
1921,  extending  through  the  usual  morning  and  afternoon 
sessions.  The  attendance  included  the  following  forty  mem- 
bers: 

Archibald,  Babb,  Blake,  Bowden,  Cole,  0.  M.  Conwell, 
Eisenhart,  Fite,  Philip  Franklin,  Gill,  Glenn,  Gronwall,  Grove, 
Haskins,  Hebbert,  Joffe,  Kasner,  Kellogg,  Kircher,  Kline, 
LamsoD,  McDonnell,  MftcDuffee,  MacNeish,  H.  H.  Mitchell, 
Northcott,  Ogiesby,  Pfeiffer,  Post,  Reddick,  R.  G.  D.  Richard- 
son, Ritt,  Seely,  Siceloff,  P.  F.  Smith,  Veblen,  H.  S.  White, 
Whittemore,  E.  C.  Williams,  J.  W.  Young.    - 

At  the  meeting  of  the  Council,  the  following  thirty  persons 
■  were  elected  to  membership  in  the  Society: 
Mr.  Clarence  Raymond  Adams,  Harvard  University; 
Professor  Edward  Tankard  Browne,  Trinity  College ; 
Professor  Frank  William  Bubb,  Washington  University; 
Mr.  CurtU  Corsair  Carter,  Bluffs,  Scott  County,  III.; 
Mr.  Joel  David  EshlemaD,  University  of  Pennsylvania; 
Mr.  Matthew  Mosea  Feldstein-Tartakoveky,  Quartermaster  Corps,  U,  S. 

Army; 
Mr.  Harold  Joseph  Gay,  Worcester  Polytechnic  Institute; 
Professor  Lachlan  Gilchrist,  University  of  Toronto; 
Professor  Edward  Sonford  Hammond,  Bowdoin  College; 
Mr.  Edward  H.  Heilett,  Connecticut  General  Life  Insurance  Company; 
Professor  Joseph  Ellis  Hodpon,  West  Virginia  University; 
Miss  Nelle  Ixmiee  Ingek,  Bureau  of  Statistics,  Interstate  Commerce  Com- 
mission; 
Mr.  John  Melvin  Laird,  Connecticut  General  Life  Insurance  Company; 
Mr.  Rudolph  Ernest  Langer,  Harvard  University; 
Professor  Michael  Alexander  Mackenzie,  University  of  Toronto; 
Professor  Etlmund  Sewall  Manson,  Ohio  State  University; 
Mr.  Louis  Edward  Mensenkamp,  High  School,  Freeport,  111.; 
Dr.  Raymond  Kurtz  Morley,  Worcester  Polytechnic  Institute; 
Miss  Eleanor  Pairman,  BroomJeknowe,  Scotland; 
Misa  Echo  Dolores  Pepper,  University  of  Washington; 
Mr.  Charles  Scott  Porter,  Worcester  Polytechnic  Institute; 
Professor  WiUiam  Walter  Rankin,  Agnes  Scott  GoUege; 


ovGoogIc 


90  AMERICAN  BIATHEMATICAL  SOCIETT  [March, 

Mr.  Noah  Bryan  RoeeDberger,  Pbiladelpfaia,  Pa.; 

Mr.  Noirie  Edward  Sheppard,  Univeraity  of  Toronto; 

I^ofessor  George  Eulas  Foster  Sherwood,  University  of  California,  Southern 

Branch; 
Misa  May  Julia  Sperry,  Knox  College; 
Professor  John  lighten  Synge,  University  of  Toronto; 
Professor  John  Sidney  Turner,  Alabama  Polytechnic  Institute; 
Mr.  Correa  Moylan  Walsh,  Heliport,  L.  I. ; 
Professor  Thomas  Orr  Walton,  Kalamacoo  College. 

One  application  (or  membership  was  received. 

A  committee  consisting  of  Mr.  S.  A.  Joffe  and  Professor 
P.  H.  Linehan  was  appointed  to  audit  the  accounts  of  the 
Treasurer  for  the  current  year.  A  list  of  nominations  of 
officers  and  other  members  of  the  Council  was  adopted  and 
ordered  printed  on  the  official  ballot  for  the  annual  election. 
It  was  voted  to  publish  a  List  of  Officers  and  Members  for 
1921-1922. 

It  was  voted  to  accept  the  invitation  of  Harvard  University 
to  hold  the  annual  meeting  of  1922  at  Cambridge. 

Vice-president  Cole  presided  at  the  morning  session  of  the 
Society,  relieved  by  Professor  P.  F.  Smith  in  the  afternoon. 
Titles  and  abstracts  of  the  papers  read  at  this  meeting  follow 
below.  The  papers  of  Mr.  Rice,  Dr.  Walsh,  Mr.  Robinson, 
and  Dr.  Campbell  were  read  by  title.  Professor  R.  L,  Moore's 
papers  were  read  by  Professor  Kline. 

1.  Professor  J.  K.  Whittemore:   Total  geodesic  currature. 
The  author  shows  that  the  rate  of  turning,  per  unit  length 

of  arc  of  a  curve  on  a  surface,  of  the  plane  determined  by  the 
tangent  to  the  curve  and  the  normal  to  the  surface  (called  by 
Professor  Osgood*  the  bending  of  the  curve)  is  given  by 

where  pj  and  t^  are  the  radii  of  geodesic  curvature  and  geo- 
desic torsion  respectively, 

2.  Professor  J,  F.  Ritt:  On  the  composition  of  polynomials. 
A  polynomial  F{z)  of  degree  greater  than  unity  is  here  called 

composite  if  there  exist  two  polynomials   pi(z)   and   ifit(z), 
each  of  degree  greater  than  unity,  such  that  F{z)  =  pi[pi(z)]. 
•ThisBuiLETW,  voL27,  p.  391. 
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Otherwise  F{z)  is  called  prime.    Consider  a  decomposition 
of  Fix)  into  prime  polynomials, 


in  whicb  each  Pt(z)  is  understood  to  be  substituted  for  z  in 
the  polynomial  which  precedes  it.  Two  such  decompositions 
are  considered  equivalent  if  the  second  can  be  obtained  from 
the  first  by  inserting  suitable  linear  polynomials  between  the 
prime  polynomials.  In  this  paper  the  circumstances  are  com- 
pletely determined  under  which  a  polynomial  can  have  two 
distinct  decompositions  into  prime  polynomials.  If  there  are 
two  such  distinct  decompositions,  they  contain  the  same  num- 
ber of  polynomials,  and  the  degrees  of  the  polynomials  in 
one  decomposition  are  the  same  as  those  in  the  other,  except 
for  the  order  in  which  they  occur.  The  full  statement  of 
results  is  simple,  but  somewhat  too  long  for  an  abstract. 

3.  Professor  J.  F,  Ritt:  Compkte  determination  of  poly- 
Tiomials  whose  inverses  can  be  expressed  in  terms  of  radicals. 

In  an  earlier  paper  the  writer  determined  the  structure  of 
those  fiiemann  surfaces  with  a  prime  number  of  sheets  which 
support  functions  expressible  in  terms  of  radicals.  For  equa- 
tions of  composite  degree,  this  paper  determines  all  poly- 
nomials whose  inverses  can  be  expressed  in  terms  of  radicals. 
If  a  polynomial  F{z),  with  inverse  so  expressible,  is  decom- 
posed into  prime  polynomials,  in  the  manner  explained  in 
the  preceding  abstract,  then  each  prime  polynomial  is  either 
of  the  fourth  degree,  or  else  is  of  the  form  Xil5r[Xj(2)]I,  where 
Xi(z)  and  Xt(z)  are  linear,  and  where  v(z)  is  either  a  prime 
power  of  2,  or  else  a  trigonometric  polynomial  of  prime  degree.* 

4.  Professor  R.  L.  Moore:  Concerning  continuous  curves  in 
the  plane. 

In  this  paper  the  following  theorems  are  established:  (I) 
If  if  is  a  closed  proper  subset  of  a  continuous  curve  M  and 
two  points  ot  M  —  N  can  be  joined  by  a  connected  subset  of 
M  —  N  then  they  can  be  joined  by  a  simple  continuous  arc 
which  is  a  subset  oi  M  —  N;  {II)  If,  in  a  plane,  twopoints 
are  separated  from  each  other  by  a  continuous  curve  M  then 
they  are  separated  from  each  other  by  a  simple  closed  curve 
which  is  a  subset  of  M.  The  first  of  these  theorems  is  an 
extension  of  a  theorem  proved  in  a  former  paper  (this 
Bulletin,  vol.  23  (1917),  pp.  233-236). 

*  ir(z)  u  a  trigonometric  polyDomio)  of  degree  n  if  cos  nu  —  v  (coe  u). 
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5.  Professor  R.  L.  Moore:  Coneeming  the  relation  qf  a  c<m~ 
tinuous  curve  to  its  eomptemeni  in  space  of  three  dimensions. 

According  to  a  theorem  of  Schoeoflies,  in  order  that  a  point 
set  M  lying  in  a  plane  S  should  be  a  continuous  curve  it  is 
necessary  and  sufiScient  that  (1)  every  point  of  the  boundary 
of  any  one  of  the  domains  complementary  to  M  should  be 
reachable  "from  all  sides"  with  respect  to  that  domain,  (2) 
if  e  >  0  there  do  not  exist  inS  —  M  infinitely  many  mutually 
exclusive  domains  Ri,  Ri,  Rt,  ■■  ■  all  of  diameter  more  than  e 
and  such  that  each  A.  has  a  portion  of  if  as  its  boundary'. 
In  the  present  paper  an  example  is  given  of  a  continuous  curve 
in  space  of  three  dimensions  which  satbfies  neither  of  these 
conditions.  It  is  also  shown  that  a  similar  criterion  of  Jordan 
and  Schoenflies  that  a  plane  point  set  of  more  special  type  be 
a  continuous  curve  is  in  the  case  of  three  dimensions  neither 
necessary  nor  sufficient.  It  is  true,  however,  that  a  closed, 
bounded  and  connected  point  set  in  a  space  of  three  dimen- 
sions is  a  continuous  curve  provided  it  is  the  common  boundary 
of  two  mutually  exclusive  domains  both  of  which  are  uni- 
formly connected  im  kleinen.  It  is  not  sufficient  to  assume 
merely  that  one  of  these  domains  has  this  property. 

6.  Professor  Edward  Kasner:  An  algebraic  solution  qf  Ein- 
stein's cosmohgical  equations. 

Professor  Kasner  discusses  the  gravitational  equations  in 
Einstein's  latest  cosmological  form  (?,*  —  \gikG  =0.  If  we 
require  the  quaternary  form  d»*  to  be  the  sum  of  two  binary 
forms,  that  is,  the  sum  of  the  squared  elements  of  two  sur- 
faces, then  the  only  cosmological  solution  (neglecting  the 
trivial  euclidean  form)  is  found  to  be 

This  represents  a  quartic  manifold  of  four  dimensions  em- 
bedded in  a  6-flat.  The  finite  equations,  in  six  cartesian 
coordinates,  are 

A',^  +  A'a*  +  Xt^  =  1,  X^^  +  X,*  +  Xt^  =  I. 
This  is  probably  the  simplest  solution  of  Einstein's  equa- 
tions which  has  thus  far  been  found,  and  the  first  one  (beyond 
the  obvious  flat  and  spherical  spaces)  which  in  its  finite  form 
is  algebraic.  In  an  earlier  paper  solutions  have  been  found 
where  the  ten  git  are  algebraic  functions,  but  these  do  not 
usually  represent  algebraic  spreads.  (See  Science,  Sept,  30, 
1921,  pp.  304-305,  and  a  forthcoming  paper  in  the  Mathe- 
MATISCHE  AnNALEN.) 


ovGoogIc 


1922.3  "^^^  OCTOBER  UEETING  IN  NEW  TOBK  93 

7.  Dr.  T.  H.  Gronwall:  On  bikarmonic functions. 

A  biharmonic  function  satisfies  the  equation  AAu  =  0  or 
dhijdj*  +  2d*uldx'df  +  d*uldy*  =  O  and  is  regular  inside  a 
curve  C,  the  values  of  u  and  du/dn  on  C  being  given.  Dr. 
Gronwall  proves  that  when  du/dn  ^  0  everywhere  on  C, 
then  u  has  at  least  one  maximum  but  no  minimum  inside  C. 
A  number  of  other  qualitative  results  are  also  proved,  most  of 
which  have  immediate  physical  applications.  Some  of  these 
results  were  conjectured,  but  not  proved,  by  Hadamard  in 
his  prize  memoir  on  elastic  plates  (M^moires  des  Savants 
Strangers,  1909). 

8.  Mr.  L.  H.  Rice:  General  formvlation  of  a  combinatory 
method  used  by  William  Emerson  and  others* 

The  method  consists  in  so  interpreting  a  given  problem  in 
combinations,  in  terms  of  element,  entity,  subclass,  and  sub- 
division, that  the  problem  shall  take  the  following  form: 
Given,  a  stock  containing  k  subclasses  each  included  in  the 
next,  the  itb  subclass  being  composed  of  a,-  elements.  Re- 
quired, the  number  C  of  combinations,  each  separable  into  k 
mutually  exclusive  subdivisions,  the  t'th  subdivision  being 
composed  of  ffi  elements  taken  from  among  the  at  elements 
(or  composed  of  |8i  entities  which  are  in  one  to  one  corre- 
spondence with  ^i  of  the  a.-  elements  of  the  stock).  The 
answer  to  the  problem  is  then  apparent: 


-(?:)(V')("-r^')-r-'"-7.--^')- 

9.  Dr.  J.  L.  Walsh:  A  theorem  on  loci  connected  with  cross- 
ratios. 

The  following  theorem,  formerly  proved  for  real  X,  is  now 
extended  to  non-real  \:  If  the  respective  loci  of  the  points 
Z|>  ^i  Z}  Are  circular  regions,  then  the  locus  of  the  point  Zt 
determined  by  the  constant  cross-ratio  X  =  (z],  zj,  sj,  z^)  is  also 
a  circular  region. 

*  (1)  William  Emeroon,  The  Doetrint  of  Combinatioru,  Pemmlalitmt, 
and  ComposUion  of  QuaTttUiei,  Londoit,  1770.  (2)  L.  Oettinger,  Akchiv 
rtB  Mathekatik,  15  (1850),  p.  241,  {  fi.  (3)  L.  H,  Rice,  CoeffieUfd  of  tka 
general  term  in  the  expansion  of  a  produtU  <^  polynmmalt,  this  Bullbtw, 
vol.  27  (1921),  p.  341. 
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10.  Mr.  L.  B.  Robinson:  A  generalization  cf  the  notion  of 
cotariaTiit. 

Riquier  haa  generalized  the  theory  of  complete  systems. 
Mr.  Robinson  shows  that  a  generalized  complete  system 

can  be  utilized  to  generalize  the  notion  of  covariants.  The 
generalized  covariants  are  solutions  of  the  above  system  and 
can  be  obtained  by  a  finite  number  of  differentiations  or 
integrations. 

11.  Dr.  G.  A.  Campbell:   Indvciances  of  grounded  cirniits. 
Any  network  of  conductors  located  on  the  surface  of  the 

earth  with  which  it  is  conductively  connected  at  any  number 
of  points  will,  for  direct  currents,  have  self  and  mutual  induc- 
tances which  are  equal  to  the  Neumann  integral  extended 
over  the  network  alone.  In  other  words,  that  portion  of  the 
complete  Neumann  integral  for  closed  circuits  which  involves 
the  return  currents  through  the  earth  vanishes.  The  earth 
is  assumed  to  be  flat,  of  infinite  extent,  of  unit  permeability 
and  of  uniform  conductivity. 

R.    G.    D.    RiCHABDSON, 

Secretary. 


THE  OCTOBER  MEETING  OF  THE  SAN  FRANCISCO 
SECTION 

The  thirty-eighth  regular  meeting  of  the  San  Francisco 
Section  was  held  at  the  University  of  California  on  Saturday, 
October  22,  1921,  Professor  Lehmer  presided  at  the  earlier 
part  of  the  meeting,  later  relieved  by  Professor  Allardice. 
The  total  attendance  was  twenty-five,  including  the  following 
seventeen  members  of  the  Society: 

Alderton,  Allardice,  Bernstein,  Blichfeldt,  Buck,  Cajori, 
Daus,  Edwards,  Haskell,  Hoskins,  Lehmer,  Moreno,  F.  R. 
Morris,  Noble,  T.  M.  Putnam,  Pauline  Sperry,  A.  R.  Williams. 
.  The  following  officers  were  elected  for  the  year:  Chairman, 
Professor  Allardice;  Secretary,  Professor  Bernstein;  pro- 
gramme committee.  Professors  Blichfeldt,  Lehmer,  Bernstein. 
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The  dates  of  the  next  two  meetings  were  fixed  as  April  S, 
1922,  and  October  21,  1922. 

Titles  and  abstracts  of  the  papers  read  at  this  meeting  follow. 

Mr.  Wong  was  introduced  by  Professor  Lehmer.  In  the 
absence  of  the  authors,  the  papers  of  Professor  Moritz  and 
Professor  Bell  were  read  by  title. 

1.  Professor  Thomas  Buck:  A  class  qf  asymptotic  solutions 
of  the  restricted  problem  of  three  bodies.    Preliminary  report. 

The  solutions  in  question  are  of  the  type  considered  by  Poin- 
care,  and  are  asymptotic  to  the  Lagrangian  equilateral  triangle 
solutions. 

2.  Professor  FlorianCajori:  Spanish  and  Portuguese  symbols 
for  "thousands." 

The  Spanish  symbol  named  calderdn,  designating  "thou- 
sand," found  in  Spanish  and  Spanish-American  manuscripts 
as  well  as  in  printed  books  as  far  back  as  the  fifteenth  century, 
is  identified  by  Professor  Cajori  as  being  the  same  as  a  s^ToboI 
for  "  thousand  "  used  in  northwestern  Italy  during  the  fifteenth 
century.  The  calderfin,  the  author  points  out,  is  probably  a 
modified  form  of  the  Roman  sj'mbol  CIO  for  "thousand." 
The  Portuguese  cifrdo  resembles  our  S,  and  is  used  like  the 
Spanish  calder6n,  having  probably  the  same  origin. 

3.  Professor  Florian  Cajori:  History  of  notations  of  the 
calculus. 

The  history  of  early  calculus  notations  is  given  in  detail  in 
our  histories  of  mathematics  and  books  relating  to  Newton  and 
Leibniz.  Cantor's  Geschickte  der  Mathematik,  voi.  4,  for  the 
years  1759-1799,  pays  little  attention  to  calculus  notations  of 
that  period,  and  no  detailed  history  of  the  nineteenth  century 
notations  exists.  The  present  paper  endeavors  to  cover  the 
period  since  about  1740. 

4.  Mr.  B.  C.  Wong:  A  theorem  on  double  poinis. 

The  following  theorem  is  proved:  The  total  number  Z> 
of  double  points  on  a  composite  curve  of  order  n  made  up  of 
r  curves  is  greater  by  r  —  1  than  the  maximum  number  D 
of  double  points  on  a  proper  curve  of  the  same  order  diminished 
bv  the  sum  P  of  the  deficiencies  of  the  r  curves;  that  is 
D  =  Z>'  -j-  r  -  1  -  P. 
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5.  Professor  B.  A.  Bernstein:  On  complete  independence  of 
Hurwitz's  postviatee  for  abelian  groups  and  fields. 

Professor  Bernstein  discusses  the  question  of  complete 
independence  of  each  of  the  postulate-sets  for  abelian  groups 
and  fields  presented  by  Hurwitz  in  the  Annals  of  Mathe- 
matics, (2),  vol.  15  (1913),  p.  93. 

6.  Dr.  A.  R.  Williams:  On  finding  the  rate  <^  interest  on  a 
given  investment. 

The  writer  shows  that  in  finding  the  rate  of  interest  yielded 
by  a  redeemable  security  it  is  generally  advantageous  to 
reduce  the  equation  to  the  form  t  =  f(i),  where /(i)  is  a  rational 
function  of  t,  whose  rate  of  change  with  respect  to  i  can  be 
calculated  if  desired.  It  is  then  easy  to  find  by  trial  a  value 
of  i  to  make  the  two  members  agree  to  any  desired  number  of 
places.  The  method  is  self-checking,  and  is  particularly  easy 
of  application  when  /(i)  is  a  decreasing  function,  as  will  be 
the  case  when  the  redemption  price  is  greater  than  the  purchase 
price. 

7.  Professor  R.  E.  Moritz:  AnOr-ratientiation;  definitionand 
fundamental  relations. 

In  a  paper  published  in  the  American  Journal,  vol. 
24,  pp.  257-302,  Professor  Moritz  considered  certain  gen- 
eral limiting  processes  of  the  nth  order  (ratientiation) 
which  include  the  diiferentiation  and  quotientiation  proc- 
esses as  special  cases  corresponding  to  n  =  0  and  n  =  1 
respectively.  In  the  present  paper  the  corresponding  inverse 
processes  are  defined  and  their  fundamental  relations  de- 
veloped. The  results  will  be  embodied  in  a  more  compre- 
hensive paper  which  will  appear  in  the  T6H0KD  Journal. 

8.  Professor  E.T.Bell:  Exiermona  of  Diricklet  mvUiplicalion 
and  Dedekind  inversion. 

In  this  paper,  which  appears  in  this  number  of  the  Bulle- 
tin, the  author  develops  the  theory  of  fields  in  which  multi- 
plication and  division  are  extensions  of  processes  defined  by 
Cauchy,  Dirichlet  and  Dedekind  for  series.  The  theory  has 
been  devised  for  the  specific  purpose  of  simplifying  and  cor- 
relating much  of  the  material  summarized  in  volume  I,  chapters 
V,  X,  XIX  of  Dickson's  History  of  the  Theory  of  Numbers. 
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9.  Professor  E.  T.  Bell :  A  qualiUUive  theory  of  singly  infinite 
teriea  and  produett. 

The  object  of  the  theory  in  Professor  Bell's  second  paper  b 
to  continue  that  of  his  first  and  to  determine  under  what 
conditions,  useful  in  the  theory  of  numbers,  infinite  series  and 
infinite  products  can  be  manipulated  to  yield  arithmetic  the- 
orems without  any  reference  to  their  convergence  or  di- 
vergence. 

Three  kinds  of  multiplication  of  series  and  their  Inverses  are 
discussed  in  detail.  The  third,  Euler  multiplication  and  divi- 
sion, is  new,  and  connects  the  Dirichlet  and  Cauchy  multi- 
plication of  series  with  the  expansion  of  products  of  an  Infinite 
number  of  infinite  series.  Complete  algebras  of  these  processes 
are  constructed,  and  each  is  shown  to  be  abstractly  identical 
with  common  algebra. 

10.  Professor  E.  T.  Bell:  AritkjTietical  equivalenia  for  a 
remarkahle  relation  between  theta  functions. 

In  a  former  paper,  to  appear  shortly  In  the  Giornale  d[ 
Matehatiche,  Professor  Bell  gave  a  complete  system  of  arith- 
metic equivalents  for  the  equation  of  three  terms  in  elliptic 
functions. 

The  present  paper  gives  equivalents  of  a  remarkable 
relation,  due  to  Hennlte  and  Enneper,  which  Is  complementary 
to  the  equation  of  three  terms. 

11.  Professor  E.  T.  Bell:  The  arithmetic  of  the  nodes  and 
tropes  on  a  Kummer  surface. 

In  a  previous  paper,  to  appear  in  the  American  Journal, 
Professor  Bell  remarked  that  the  configuration  of  nodes  and 
tropes  on  the  Kummer  surface  is  formally  equivalent.  In  the 
sense  of  mathematical  logic,  to  a  system  of  theorems  on  the 
simultaneous  representation  of  a  pair  of  integers  each  as  a  sum 
of  four  squares. 

This  paper  presents  the  equivalence  which,  for  lack  of  space, 
was  omitted  from  the  other. 

B.  A.  Bernstein, 
Secretary  of  the  Section. 
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THE  SIMPLE  GROUP  OF  ORDER  2520 


Extract  from  a  letter  to  F.  N.  Cole 

If  a  second  simple  group  of  order  7 1/2  existed  it  could  not  be 
represented  as  a  primitive  group  whose  degree  is  less  than 
twenty-one  since  all  these  primitive  groups  have  been  deter- 
mined. The  number  of  its  subgroups  of  order  7  would  be 
120,  for  the  only  other  divisor  of  71/2  which  is  of  the  form 
1  +  7A  and  greater  than  20  b  36.  II  is  easy  to  prove  that 
such  a  simple  group  could  not  involve  exactly  36  subgroups  of 
order  7,  as  follows. 

If  a  simple  group  of  order  71/2  contained  exactly  36  sub- 
groups of  order  7,  it  could  be  represented  as  a  transitive  group 
G  on  36  letters  representing  the  permutations  of  these  36 
subgroups.  Its  subgroup  Gi  composed  of  all  its  substitutions 
omitting  one  letter  would  be  of  order  70.  It  would  therefore 
involve  a  cyclic  subgroup  of  order  35  which  would  be  regular, 
since  the  substitutions  of  order  7  would  be  regular.  The 
subgroup  Gi  could  not  be  dihedral,  since  it  could  not  in- 
volve negative  substitutions.  For  the  same  reason  the 
substitutions  of  order  2  could  not  transform  the  substitutions 
of  order  5  into  themselves  and  the  substitutions  of  order  7 
into  their  inverses.  If  these  substitutions  of  order  2  could 
transform  the  substitutions  of  order  7  into  themselves  and  the 
substitutions  of  order  5  into  their  inverses,  G\  would  involve 
5  conjugates  of  order  2.  But  this  is  impossible,  since  36-5  is 
not  divisible  by  8. 

Having  proved  that  if  the  group  in  question  existed  it 
would  contain  120  subgroups  of  order  7,  we  proceed  to  con- 
sider its  subgroups  of  order  9.  The  number  of  these  subgroups 
would  be  divisible  by  35.  In  fact,  if  an  operator  of  order  5 
or  an  operator  of  order  7  could  transform  a  subgroup  of  order 
9  into  itself  it  would  be  commutative  with  each  of  its  operators. 
It  was  proved  above  that  an  operator  of  order  7  cannot  be 
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commutative  with  every  operator  of  a  subgroup  of  order  9. 
If  an  operator  of  order  5  were  commutative  with  every  operator 
of  such  a  subgroup,  the  number  of  the  subgroups  of  order  5 
would  be  56,  Hence  the  group  in  question  could  he  repre- 
sented as  a  transitive  group  G  of  degree  56,  in  which  d  would 
be  an  abelian  group  of  order  45  involving  substitutions  of 
degree  55  and  order  5.  The  subgroup  of  order  9  contained  in 
Gi  could  not  have  a  transitive  constituent  of  degree  9,  since 
8-56  is  not  divisible  by  II.  For  a  similar  reason  it  could  not 
have  a  substitution  of  degree  30.  Hence  G  could  not  involve 
exactly  56  subgroups  of  order  5. 

Since  the  number  of  subgroups  of  order  9  would  be  divisible 
by  35,  this  number  would  be  either  70  or  280.  In  the  latter 
case,  the  group  in  question  could  be  represented  as  a  transitive 
group  G  of  degree  280,  in  which  Gi  would  be  of  degree  279  and 
of  order  9.  If  all  the  substitutions  besides  the  identity  of 
Gi  were  of  degree  279,  G  would  be  of  class  279  and  hence  could 
not  be  simple.  Hence  Gi  would  involve  at  least  three  transi- 
tive constituents  of  degree  3.  If  a  substitution  of  Gi  were  of 
degree  276,  it  would  be  invariant  under  4  and  only  4  subgroups 
of  order  9,  and  hence  under  a  subgroup  of  order  36  which 
would  contain  an  invariant  subgroup  of  order  4.  Hence  the 
group  under  consideration  could  be  represented  as  a  transitive 
group  G  of  degree  70  in  which  the  Ci  of  order  36  contains 
four  subgroups  of  order  9. 

The  invariant  subgroup  of  order  4  contained  in  this  Ci 
would  be  invariant  under  a  larger  group  since  it  would  be 
invariant  under  a  group  of  order  8.  This  larger  group  would 
contain  more  than  4  subgroups  of  order  9  and  the  number  of 
these  subgroups  would  be  divisible  by  8.  As  this  is  impossible, 
it  has  been  proved  that  if  G  contains  280  subgroups  of  order 
9  the  Gi  of  the  transitive  group  according  to  which  they  are 
transformed  cannot  contain  a  substitution  of  degree  276. 

If  this  Gi  contained  a  substitution  of  degree  273,  there  would 
be  a  subgroup  of  order  63  which  would  involve  an  invariant 
subgroup  of  order  7,  but  this  is  contrary  to  the  result  obtained 
above.    If  it  contained  a  substitution  of  degree  270,  there 
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would  be  a  subgroup  of  order  90  which  would  have  a  quotient 
group  of  order  30.  As  the  latter  could  not  contain  ten  sub- 
groups of  order  3,  this  is  impossible.  Since  no  substitution 
of  this  Gi  could  be  of  a  lower  degree  than  270,  it  has  been 
proved  that  the  number  of  subgroups  of  order  9  contained  in 
G  is  exactly  70,  and  that  G  can  therefore  be  represented  as  a 
transitive  group  of  degree  70  representing  the  transformations 
of  its  subgroups  of  order  9.  The  Gi  of  this  G  b  therefore  of 
degree  69  and  of  order  36  and  contains  a  single  subgroup  of 
order  9. 

The  substitutions  in  this  subgroup  of  order  9  cannot  all  be 
of  degree  69,  since  9  does  not  divide  69.  Hence  this  group  of 
order  9  contains  at  least  one  substitution  whose  degree  does 
not  exceed  66.  If  it  contains  no  substitution  besides  the 
identity  of  lower  degree,  it  has  two  and  only  two  transitive 
constituents  of  degree  3.  In  this  case  Gi  must  have  a  transi- 
tive constituent  of  degree  6,  since  it  cannot  involve  an  in- 
variant subgroup  of  order  3  and  of  degree  less  than  69. 
Moreover,  the  transitive  constituent  of  degree  6  must  be  of 
order  36,  as  otherwise  d  would  involve  an  invariant  substitu- 
tion of  order  2  whose  degree  could  not  exceed  36.  The  four 
subgroups  of  order  9  which  are  transformed  into  themselves 
by  a  substitution  of  order  3  and  of  degree  66  must  therefore 
.  generate  a  group  of  order  36  in  which  this  substitution  is 
invariant,  since  a  subgroup  of  order  18  in  a  transitive  group 
of  degree  6  and  order  36  does  not  contain  an  invariant  sub- 
stitution of  degree  3.  It  was  proved  above  that  this  subgroup 
of  order  36  contains  an  invariant  subgroup  of  order  4  involving 
three  conjugate  substitutions  of  order  2. 

As  this  subgroup  of  order  36  could  have  only  9  operators  in 
common  with  Gi,  its  invariant  subgroup  of  order  3  would  be 
transformed  into  itself  by  9  operators  of  the  latter  subgroup 
which  are  not  found  in  the  former  subgroup  of  order  36. 
Hence  we  may  confine  our  attention  to  the  case  when  this 
invariant  subgroup  of  order  3  would  be  transformed  into  itself 
by  exactly  72  operators  of  G,  and  when  G  would  involve  a 
single  set  of  35  conjugate  subgroups  of  order  3.    Hence  0 
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may  be  supposed  to  be  r^pj^ented  as  a  primitive  group  of 
degree  35  and  its  Gi  has  air  >Dvariatit  subgroup  of  order  3 
whose  substitutions  are  invariatTi,.€nider  a  Gu  and  are  of  degree 
30.  This  Gn  contains  26  substitutJons  ;of  order  3  of  which 
10  are  of  degree  30  and  16  of  degree  33,  wbtlerits  three  substitu- 
tions of  order  2  are  of  degree  28  since  it  has  three  transitive  con- 
stituents, of  degrees  18,  12,  and  4,  ra3pectively..'/AHflf  these 
conclusions  follow  from  the  properties  of  the  siib^iip  of 
order  36  considered  in  the  preceding  paragraph.  Each  of  (be 
subgroups  of  order  9  has  three  regular  constituents  of  order  9; 

The  Gi  of  order  72  has  also  three  transitive  constituents,  one 
of  which  is  the  symmetric  group  of  degree  4.  It  involves  21 
substitutions  of  order  2  and  of  degree  28  and  18  of  order  4 
and  of  degree  34.  As  all  the  non-invariant  non-cyclic  sub- 
groups of  order  4  contained  in  this  Gi  are  conjugate,  this  Gi 
is  completely  determined.  Its  generalized  dihedral  subgroups 
of  order  18  are  therefore  also  determined.  Hence  the  group 
of  order  36  which  contains  such  a  dihedral  group  is  also  deter- 
mined, and  there  is  no  such  group  besides  the  known  simple  G, 
which  can  be  represented  on  7  letters.  It  should  be  noted 
that  there  is  a  substitution  of  order  2  which  is  commutative 
with  every  substitution  of  the  transitive  constituent  of  degree 
18  and  involves  only  the  letters  of  this  constituent,  but  is 
not  found  therein.  This  permutes  its  two  regular  constituents 
of  order  9  which  appear  in  the  dihedral  group  of  order  18 
noted  above  and  it  is  on  this  account  that  the  group  of  order  36 
in  question  is  completely  determined.  This  group  contains  a 
constituent  of  degree  2  and  together  with  Gi  generates  G. 

It  has  now  been  proved  that  if  there  were  a  second  simple 
group  of  order  7  !/2,  Gi  would  involve  substitutions  whose  degree 
would  be  less  than  66.  As  the  subgroup  of  order  9  in  Gi  could 
not  contain  exactly  five  transitive  constituents  of  degree  3 
it  would  have  to  involve  at  least  8  such  constituents.  If  Gi 
contained  a  substitution  of  order  3  and  of  degree  63,  the  seven 
subgroups  of  order  9  which  would  be  transformed  into  them- 
selves by  this  substitution  would  generate  a  group  in  which 
this  substitution  is  invariant,  and  hence  this  group  would  con- 
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tain  exactly  7  subgroups  of  ordej!  9. '-.  Its  order  would  therefore 
be  63,  126,  or  252.  This  is  iiltpossible  as  each  of  these  groups 
would  involve  only  one>8ut^bup  of  order  7  since  each  of  its 
subgroups  of  ordef  •f;.wotild  be  transformed  into  itself  by  at 
least  21  substituttofis: 

It  remains  only  to  consider  the  case  when  d  would  contain 
a  substi^lUi^^'of  order  3  and  of  degree  60  without  involving 
sucl).,a' Substitution  of  degree  63.  The  order  of  the  group 
•f&fpi^j  by  all  the  substitutions  of  G  which  would  be  com- 
'-tantative  with  this  substitution  of  order  3  would  be  90.  This 
group  of  order  90  would  transform  its  ten  subgroups  of  order  9 
according  to  a  transitive  group  of  order  30  and  of  degree  10. 
Since  this  transitive  group  does  not  exist*  we  have  arrived 
at  nothing  but  contradictions  by  assuming  the  existence  of  a 
second  simple  group  of  order  71/2  and  hence  such  a  group  is 
actually  proved  to  be  non-existent. 
The  Univebsitt  or  Ilunoib. 


A  THEOREM  OF  OSCILLATION 

In  an  investigation  of  the  oscillations  of  aerial  bombs  a 
need  was  found  for  the  following  proposition.  Both  the 
theorem  and  its  proof  are  modelled  after  a  similar  theorem  and 
proof  by  Oagood-t 

Theorem.  Let  ip{t)  be  posUive,  continvous,  monoUmically 
increasing,  and  bounded  in  the  interval  T  ^t  <  « ,  and  let  m 
and  M  be  two  positive  constants  stick  that  m  <  ^(0  <  M  for 
i>  T.  Let  f(_y)  be  an  odd,  Tnonotonically  increasing  function, 
satisfying  the  Lipsckitz  condition 

\fiyi)-f(.y^)\  <K\y,-yi\,         K>0, 
in  an  interval  —  a^y^  +  a,  a>0.    Let  y  be  a  solution  of 
the  differential  equation 

(1)  ^  +  v(0/(3/)  =  0 

■Ct.  F.   N.  Cole,  QrARTEBLT  Jocrnal,  vol.  27  (1895),  p.  40. 
■f  Thia  BoLLETiN.  vol.  25  <191P),  pp.  216-221. 


ovGoogIc 


1922J  A  THEOREM   OP  OSCILLATION  103 

avbject  to  the  conditions 

(2)    -£=0,  y=  j/„  \yi\  <  a,  f(yi)  +  0,  when  t=ti>  T. 

Then  y  oaciUatea  an  infinite  nuvtber  of  times  in  the  interval 
'i  <  '  <  +  «>  and  the  amplitvdes  decrease  manotonically  bid 
do  not  approach  zero. 

Proof:  Let  U3  extend*  the  definition  otf(y)  by  the  formulas 
fiy)  =  /(a).  when        y  >  a, 

/(y)  =  /{—  fl).        when        y<  —  a. 
The  function  so  extended  satisfies  the  Lipschitz  condition. 

With  the  hypotheses  thus  extended,  there  existsf  a  unique 
function  ylt),  continuous  together  with  its  first  two  derivatives, 
which  satisfies  (1)  and  (2)  in  the  interval  d  S  (  <  m.  Now 
consider  the  case  in  which  yi  is  positive.  Then,  at  ti,  d^yjd^ 
is  negative  and  remains  negative  as  long  as  y  is  positive.    Since 


dy        fdV., 


t>tu 


we  see  that  tt  is  negative  as  long  as  y  is  positive.  Therefore 
the  graph  of  y{t)  as  a  function  of  t  is  concave  downward  with 
negative  slope  to  the  right  of  fi,  and  therefore  must  cut  the 
axis  at  a  finite  point  ti  >  li.  Let  di  be  the  corresponding 
value  of  B.  Now  multiply  (1)  by  2dy  and  integrate,  obtaining 
(3)  1?=  ~  2f^v(t)f(y)dy. 

At  ti  this  becomes 

vi'  =  2J^,p{t)mdy. 
Since  in  the  interval  ti  ^t^  ti    we  have  by  hypothesis 
<fiiti)  ^  pC)  =  v(*i').  it  follows  that 

fi*  ^  2^{t,')ly{y)dy. 

Ci'  S  2<p{ti)j^'f(y)dy. 
Now  let 

j^mds  -  F(y). 

*  This  extenaion  is  mode  for  convenience  in  esUblishing  the  existence 
of  the  solution.  Actually  the  definition  of  /(y)  outside  the  intervai 
—  a  =  V  =  A  >B  immaterial. 

t  Bliss,  Princeton  CoLLoqunni,  p.  93. 
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TbenF(^)isevenaDdcoiitiiiuou3for  1^1  <  a,  is monotonically 
increasing  in  the  interval  0  <  y  <  a,  and  vanishes  at  the 
origin.    With  this  notation  the  above  inequalities  become 
,..  M  ^  2<p(U')F(y{), 

At  (i'  V  is  negative;  hence,  immediately  to  the  right  of  ti 
y  is  negative,  and  therefore  (Pyjd^  is  positive.  Moreover  as 
long  as  V  is  negative,  tPyjdfi  is  monotonically  increasing,  as 
equation  (1)  shows.    Then  since 


v  =  Vi  + 


f>' 


it  is  clear  that  v  must  vanish  for  a  finite  value  o!t,t  =  tt>  h'. 
Let  the  corresponding  value  of  j/  be  j/j.    Now  from  (3) 

vi^  =  2j^'Ht)mdy, 
whence  as  in  the  preceding  case 

From  (4)  and  (5)  we  get 

F(.yi)^F(yt).        or        \yi\  ^  lytl. 
<p{U)F{yd^  v{U)F{yi). 
A  similar  argument  leads  to  the  same  results  when  yi  is  negative. 
Starting  now  with  the  conditions  dyldi  =  0,  y  =  yt,  when 
t  =  ti,  we    may    repeat    the   entire   argument   and    obtain 
\yA  S  |j'jI,*'(MJ^(ji)^vC'jWy»),  and  in  general 

(6)  |yn|  S  \yn^A, 
and 

(7)  V{Uf  (y«)  S  v{iH-l)f  (3/n+l), 

where  t„  is  the  nth  value  of  t  (beginning  with  d)  for  which 
dyjdt  =  0,  and  jn  is  the  corresponding  value  of  y. 

The  quantities  y„  are  the  amplitudes  of  the  successive 
oscillations.  Hence  (6)  proves  that  the  amplitudes  decrease 
monotonically.  From  (7),  together  with  the  hypotheses  re- 
garding ^(0,  it  may  be  shown  that  F{y„)  S  (m/M)F{yi), 
which  proves  that  the  amplitudes  do  not  approach  zero. 
The  Univbrsitt  op  Oreook. 
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A    TWO-WAY    INFINITE    SERIES    FOR    LEBESGUE 
INTEGRALS* 

B7  U.  B.  POBTEB 

1.  The  Defining  Seriea.  Let  F(x)  denote  any  positive  meas- 
urable function  of  n  variables  defined  over  a  measurable 
point  set  i.  We  shall  use  the  sign  S  to  denote  either  a  point 
set  or  its  measure,  and  the  signf  6*  to  denote  B  diminished  by 
a  nul-set  or  to  indicate  that  a  property  holds  almoat  everyiohere 
{■presque  partoid)  over  6. 

Now  write 

(1)  *(6)  =  t,2'4,i(S)  =  Lira  £  2V.C«), 

where  4>i(S)  is  the  measure  of  all  those  points  £,-  of  3  for 
which  F{x),  expressed  in  the  binary  scale,  has  unity  in  the 
ith  place,  it  being  understood  that  F{x)  shall  be  always 
expressed  in  closed  form  when  possible  (or  else  never  so 
expressed),  in  order  that  the  representation  shall  be  unique. 
If  F{x)  is  limited,  it  is  evident  that  (1)  will  converge  uniformly 
over  S.  If  F(x)  is  not  limited,  (1)  may  still  converge;  if  it 
does,  the  convergence  is  necessarily  uniform.  In  that  case 
F(x)  is  summable  over  2,  and  we  shall  indicate  the  sum  of  the 
series  by  J*F(x),  the  Lebesgue  integral  of  F  over  S.  The 
integral  is  definite  or  indefinite  according  as  we  regard  S  as 
fixed  or  as  variable. 

In  case  F{x)  is  not  always  positive,  set,  as  usual, 
<t>ix)  =  F{x)  when  Fix)  S  0,     Hx)  =  F(x)  when  F(_x)  <  0, 
<t>{x)  =     0     when  F{x)  <  0,     ^(x)  =     0     when  Fix)  S  0; 
then 

(2)  *(3)  =  g2V*(5)  -  §2^^/(5). 

and  this  difference  may  converge  even  when  the  separate  series 
diverge,  if  i  and  j  become  simultaneously  infinite  in  a  suitable 
manner. • _^^ 

*  Presented  to  the  Society,  September  9,  1921. 

t  Cf.  PierpOQt's  useful  notatioo,  FuneUont  of  a  Real  VariabU,  vol.  1, 
p.  119. 
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f(.)  =  ^(«si„!), 


^  +0, 


F(x)  is  not  summable  at  x  =  0;  but  if  from  the  interval 
(a,  x),  a  <  0,  X  >  0,  we  remove  the  interval  2e  symmetric 
about  the  origin,  the  integral  (2)  will  exist  over  the  remaining 
domain  and  will  be  equal  to  x  sin  (1/x)  —  a  sin  (1/a).  A 
similar  procedure  can  be  applied  where  F(x)  has  a  countable 
set  of  non-summable  points,  and  is  the  derivative  of  a  con- 
tinuous function. 

Let  t}  denote  a  set  of  infinitesimal  hyperspheres  about  x, 
a  point  of  i,  as  center.    We  shall  show  that 

(3)  Lim^^ 

exists  over  S*.  Since  this  is  a  point-function  we  shall  use  the 
argument  x  in  the  limit. 

Lebesgue  has  shown  in  his  metric-density  theorem  that  for 
the  measure  functions  *i  the  limit  (3)  exists  almost  everywhere, 
and  thatt 

,..  4>i'(x)  =  1     over    Ei*, 

^  ^  *,'(x)  =  0    over    C*£., 

which  in  one  dimension  implies  the  existence  of  the  derivative 
in  the  ordinary  sense  of  the  word  over  Ei*  and  C,^Ei  with 
the  values  given  in  (4). 

2.  Special  Theorenu.  From  (4)  we  have  the  following 
theorems. 

Theorem  A.    For  any  meaaurtAle  furwtton  Fix), 

both  aeries  converging  over  that  part  qf  5*  where  F(x)  U  finite. 

Theorem  B.  In  case  F(x)  is  limited,  JsF(x)  exists  atid 
its  derivative  is 

s.'nx)  -  i  2VW  -  g  2V'w  =  f  w 

over  5*,  the  series  conterffing  uniformly  over  8. 

t  Varioua  proors  of  this  theorem  have  been  given,  e.g.  a  simple  proot 
based  oa  VitaJi'a  covering  theorem  by  de  la  VaU£e  Poussin.  Court  d'Atu^y*e, 
vol.  2,  p.  110  et  seq.    See  also  Hobsou,  Be<d  VanabUs,  vol.  2,  p.  178  et  aeq. 
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If  ^(2)  denote  a  function  with  a  bounded  upper  symmetrical 
derived  number  I^fix),  then 

exists;  and,  since /'(x)  =  D*'\f/(x)  over  5*,/(5)  and  i^(8)  differ" 
by  a  constant.  In  one  dimension,  this  is  Lebesgue's  theorem 
that  a  monotone  increasing  Junction  vntk  bounded  derived  nitm- 
bers  has  a  derivative  almost  everywhere. 

Theorem  B  can  be  extended  by  means  of  Vitali's  covering 
theorem  to  any  summable  function,  but  we  shall  not  stop  to 
give  here  the  details  of  the  proof.  The  convergence  of  the 
series  will  be  uniform  over  a  set  8i  differing  from  8  by  as  little 
as  we  please. 

3.  Fundamental  Theorems.  It  will  be  readily  seen  that  the 
following  fundamental  theorems  follow  at  once  from  (1). 

(1)  The  mean  value  theorem  for  integrals. 

(2)  The  theorem  that  fJ-\-  fj=  Jl,+J, 
where  ii  and  £j  have  only  a  nul-set  in  common. 

(3)  The  theorem  that  /,  [A  +  /:]  =  yj/i  +  AU 
proved  by  truncating  /i  and  ft,  deriving,  and  then  using 
Scheeffer's  theorem. 

(4)  The  theorem  that  Lim  fif„{x.)  =  J\  Lim/„(x). 

In  conclusion  we  shall  make  some  applications  of  Theorem  A 
which  will  show  its  use  in  dealing  with  measurable  functions. 

4.  Application  to  Almost  Everywhere  Finite  Measurable 
Functions.  If,  in  Theorem  A,  we  cover  each  Ei  set  by  a  finite 
set  of  non-overlapping  cells  d  such  that 

ImeasiJ.-SCil  <  |-^. 

and  if  we  define  a  function  equal  to  one  over  the  C,'s  and  to 
zero  over  the  complementary  cells,  we  shall  have  a  discontinu- 
ous function  which  can  be  made  continuous  by  trimming  the 
d  cells  or  their  complements  and  using  suitable  connective 
tisstie.    Thus  we  have  the  following  theorem. 

*  In  one  dimension,  thia  followa  from  Lebesgue'a  extenaion  of  ScheeSer'a 
theorem,  Lebesgue,  Leiona  sur  VlnHgralion,  p.  79. 
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Theobem  C  Any  almost  everywhere  finite  measurabU  func- 
tion is  equal  to  a  continuous  function  save  over  asetqf  pmnts  of 
arbitrarily  small  measure  e.* 

If  we  denote  this  continuous  function  by  C{x),  we  have 
yjf  (ar)  =  RJiCix)  +  i  when  5  and  S  differ  by  as  little  as 
we  please,  where  RJ\  denotes  the  Riemann  integral. 

5.  Egoroff's  Theorem..  From  §  4,  we  can  deduce  Egoroff's 
theorem  :t  if  a  sequence  of  measurable  functions  Fi{x)  con- 
verges to  a  limit  F(x)  over  S  it  wiU  converge  uniformly  save 
over  a  subset  of  arbitrarily  small  measure. 

6.  Lusin's  Extension  of  Weierstrass'  Theorem.  In  §  4,  by 
using  a  set  of  i's  converging  to  zero,  we  have  the  theorem: 
Any  in  general  finite  measurable  function  is  the  limit  almost 
everywhere  of  a  sequence  of  continuous  functione.  Hence  we 
have  also  Lusin'aJ  extension  of  Weierstrass'  theorem,  viz.: 
Any  measurable  function  is  almost  everywhere  the  limit  of  a 
sequence  of  -polynomials. 

7.  Approximately  Continuous  Functions.  Making  use  of 
Denjoy's  definition  of  approximately  continuous  functions,^ 
we  have  the  theorem:  A  measurable  almost  everywhere  finite 
function  is  approximately  continuous  save  for  a  nul-set. 

By  means  of  Vitali's  covering  theorem  it  is  easy  to  show  that 
any  almost  everywhere  approximately  continuous  function  is 
measurable.  Hence  we  can  say  that  the  fl-integrable  functions 
are  almost  everywhere  continuous  and  the  L-integrable  func- 
tions are  almost  every«'here  approximately  continuous,  when 
it  is  understood,  of  course,  that  the  functions  are  limited. 
The  Univbbsitt  or  Texas. 

'  C(.  Lusin,  CowPTES  Rendus,  June  17,  1912. 

t  CoMPTEs  Rendub,  Jan.  30,  1911. 

t  Lusin,  CoMPTES  Rendcs,  loc.  cit. 

S  A  function  F(x)  is  approximately  continuous  at  x  when  it  Is  continuous 
over  a  point  set  of  metric  density  one  at  x.  Bulletin  de  la  SoctfTfi 
DE  France,  vol.  43,  p.  165;  or  Hobaon,  vol,  1,  p.  295. 
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NOTE  ON  EULER'S  ^-FUNCTION 


Two  correspondents  have  recently  called  my  attention  to 
the  fact  that  the  supposed  proof  of  the  following  theorem, 
which  I  gave  some  years  ago,*  is  not  adequate : 

Theorem  I.  For  a  gixen  number  n,  the  equation  ip{x)  =  n 
either  has  no  solution  or  it  has  (U  least  two  solutions. 

So  far  I  have  been  unable  to  supply  a  proof  of  the  theorem, 
though  it  seems  probable  that  it  is  correct.  I  am  therefore 
compelled  to  allow  it  to  stand  in  the  status  of  a  conjectured 
or  empirical  theorem. 

Let  us  examine  the  hypothesis  that  there  exists  a  value  v 
of  n  such  that  f»(x)  =  p  has  one  and  just  one  solution.  It  is 
easy  to  derive  certain  necessary  properties  of  x.  In  the  first 
place,  X  is  even,  since  otherwise  2x  would  also  be  such  that 
<p(2x)  =  V.  Again,  x  is  divisible  by  4,  since  otherwise  v(x/2) 
would  be  equal  to  v.  Let  us  then  denote  the  value  of  x  by  is. 
We  shall  prove  the  following  theorem. 

Theorem  II.  //  4s  has  the  factor  po'^pi"'pi''  ■  ■  •  p*"',  where 
pa  (=  2),  pi,  pi,  -  • ',  pt  are  distinct  prime  numbers,  and  if  the 
quotient  of  4s  by  this  factor  is  prime  to  the  factor,  and  if 
Va"'P\'^  ■  •  ■  Pt*"  +  i  is  a  prime  number  q,  where  for  a  given  i, 
0  <  7i  <  a,-,  then  4s  has  the  factor  tf. 

The  proof  is  almost  immediate.  For  we  have 
V(2°'pi"p,"'  ■  ■  -  p*"*)  =  vi2'^^°Pi'^~"Pi°*''"  ■  ■  •  Pt'^^'q). 
so  that  we  should  have  two  solutions  of  the  equation  <fi(4s)  =  y 
unless  a  contains  the  factor  5,  Similarly,  it  may  be  shown 
that  s  contains  the  factor  5^,  since  otherwise  the  first  power  of 
q  could  be  omitted  by  appropriately  raising  certain  (or  all) 
•  This  Bulletin,  vol.  13  (1907),  p.  241.  The  theorem  is  also  stated 
as  an  exercise  in  my  Theory  of  Nwnber»,  p.  36;  it  was  ita  presence  here  that 
led  each  correspondent  to  the  discovery  or  the  error. 
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of  the  exponents  on  the  p'a  without  affecting  the  value  of  the 
^function. 

In  the  same  way  we  may  prove  the  following  theorem. 

Theorem  III.    If  a  U  divisible  by  a  prime  of  tke  form  2''+  1 
it  w  divtMble  by  the  square  of  this  prime. 
For  if  ^  =  2"C2*  +  l)si,  where  *i  is  prime  to  2(2*  +  1),  we 
have 

v{4*)  =  2'-'2».p{j.)  =  ,,(2*+-a,), 

contrary  to  the  hypothesis  that  the  solution  is  unique. 

From  Theorem  II,  it  follows  that  a  has  the  factor  3',  thence 
that  it  has  the  factor  V,  and  thence  that  it  has  the  factor  43*. 

Now  suppose  that  s  does  not  have  the  factor  3'.  Then 
since  viTT'-S')  =  2*»-3  =  v'(2'^'13),  if  ao  >  1,  it  is  readily 
shown  that  a  has  the  factor  13*.  For  this  case,  then,  48  has 
the  factor  2*- 3" -7* -13* -43*.  We  may  now  apply  Theorem  II 
successively  to  show  that  is  has  the  factors  79*,  547*,  3319*, 
1854763*.  It  appears  possible  to  determine  in  the  same  way 
still  other  factors  of  4a.  Those  obtained  are  sufficient  to 
show  that  4s  has  at  least  38  digits. 

If  4s  contains  the  factor  3',  then  it  follows  from  Theorem  II 
that  it  has  the  factors  19*,  127*.  Then  4*  has  the  factor 
2*-3'-7=-19*-43*-127*.  Applying  Theorem  II  successively  we 
may  show  that  4a  has  the  factors  2287*,  101347*,  304039*. 
It  appears  possible  to  determine  in  the  same  way  still  other 
factors  of  4s.  Thence  it  is  easy  to  see  that  4s  in  this  case  has 
at  least  41  digits. 

Hence,  if  the  empirical  Theorem  I  is  not  valid,  the  unique 
solution  X  (which  would  then  exist  for  at  least  one  value  of  n) 
must  contain  at  least  38  digits.  Moreover,  it  is  easy  to 
increase  this  number  of  necessary  digits  for  these  exceptional 
solutions.  Hence  it  seems  probable  that  the  empirical  theorem 
is  true. 

The  Univbrsitt  of  Illinois. 
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EXTENSIONS  OF  DIRICHLET  MULTIPLICATION 

AND  DEDEKIND  INVERSION* 


I.  Introduelion.  With  Laiidau,t  let  us  define  Dirichlet 
mtiKiplieaiion  to  be  the  following  formal  process  of  combining 
two  sequences  a,,  0a  (n  =  1,  2,  ■  ■  ■)  to  form  a  third  sequence 
Tit.  Tn  =  ZajAn,  the  sum  extending  to  all  integers  I,  m  >  0 
such  that  tm  =  n.  Henceforth,  unless  otherwise  stated,  we 
assume  the  four  rational  algebraic  operations  to  be  purely 
formal.}  When  any  of  these  operations  in  relation  to  a  given 
system  of  elements  have  special  interpretations,  examples  of 
which  are  noted  in  a  moment,  they  will  be  called  specific. 
Restating  Landau's  definition,  let  us  denote  by  a„,  )3n  (n  =  1, 
2,  ■  ■  ■ )  two  classes  of  elements  which  are  such  that  the  product 
of  any  element  of  one  class  by  an  element  of  the  other  has  a 
unique  significance,  and  likewise  for  any  sum  of  such  formal 
products.  Then  the  Dirichlet  product  of  these  classes  is  the 
class  {a,  (3),  (n  =  1,  2,  •  ■  •).  where  (o.  &)„  =  Sa,0n,  {/m  =  n). 

When  the  a's  and  ^'s  are  known,  the  process  of  determining 
the  (p's  from  the  relation  (ct,  p)„  =  0n  for  n  an  arbitrary 
integer  >  0  will  be  called  DedeHnd  inversion.  It  will  be  shown 
that  the  extension  of  this  which  we  have  in  view  includes 
Dedekind's  inversion  in  the  theory  of  numbers.§ 

The  interpretations  of  the  general  theorems  in  a  specific 
case  will  depend  only  upon  the  meanings  assigned  to  the  ele- 
ments and  to  the  rational  operations  upon  those  elements. 
Thus,  if  the  elements  arc  numbers  and  the  rational  operations 
are  as  in  arithmetic,  the  interpretation  is  obvious;  if  the 
elements  are  classes,  multiplication  and  addition  are  logical, 

*  Preaented  to  the  Society,  Octjiber  22,  1921. 

t  L&ndau,  Hatutbueh  der  Ltkre  von  da-  VerUUun^  der  PrimzaJden,  vol.  2, 
p.  671.    We  replace  his  series  by  sequeoces. 

t  As  io  the  customary  defioitioDS  of  od  abstract  field,  cf.  Dickson, 
Lmtar  Oroajtt,  pp.  5-6.  Wben  Bome  of  the  operations  in  a  field  are  specific, 
the  field  will  be  caUed  special.    See  also  G  6- 

{ The  iaveraJDa  ia  usually  attributed  to  Dedekind,  although  it  was 
published  simultaneously  by  Liouville.    Cf.  Dickson's /^Mforv,  vol.1,  p.  441. 
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their  inverses  are  not  defined,  and  the  theorems  apply  only  to 
all  sums  and  products  derived  from  products  which  are  them- 
selves obtained  by  multiplications  from  a  primary  set;*  if  the 
elements  are  single-valued  functions  (or  if  they  are  associates, 
as  presently  defined),  the  important  cases  for  the  arithmetic 
of  integers  or  of  ideals,  the  interpretations  of  the  rational 
operations  are  as  developed  later  in  this  paper.  By  means  of 
the  last  a  great  mass  of  the  material  which  is  summarized  in 
Chapters  V,  X,  XIX  of  volume  I  of  Dickson's  History  of  the 
Theory  of  Nuwhera,  and  which  is  not  most  naturaUy  derived 
from  the  elements  of  elliptic  functions,  can  be  simultaneously 
restated  in  much  condensed  form,  unified,  proved  almost  at  a 
glance,  and  extended  in  many  directions.  This,  the  most 
immediate  application  of  what  follows,  will  be  discussed  else- 
where, t 

2.  Definitions,  (i)  Let  .4'  be  a  class  of  n'  independent 
elements  !„  (o  =  1, 2,  ■  ■  • ,  n')  subject  only  to  the  commutative 
and  associative  laws  of  multiplication.  By  definition  the  zero 
powers  of  all  elements  in  A'  are  equal,  and  each  is  equal  to 
the  multiplicative  unit  e,  thus  Xa°  =  e  {a  =  I,  2,  ■■■,  n'), 
e^  =  e,  etc.;  and  n'  may  be  finite  or  infinite.  From  the 
elements  of  A'  we  form  the  class  A  of  all  products  of  the  type 
Xa''x/  ■••  x^  =  Ilaia',  where  a,b,  ■  •  ■ ,  c  are  different  members 
of  the  set  1,  2,  ■  ■  -,  n',  and  a,  0,  •  ••,  y  are  integers  ^  0,  and 
denote  this  typical  product  by  x.  Products  differing  only  by 
unit  factors  (powers  of  e)  are  equal.  Hence  if  n'  is  finite,  A 
may  consist  of  either  a  finite  or  infinite  number  n  of  distinct 
products.  The  class  A  evidently  includes  all  the  members 
of  A'.  The  members  of  A'  are  called  the  ■primary  elemerUa  of 
A.  Elements  of  A'  are  caUed  the  derived  elements,  and  x  is  a 
typical  derived  element.    From  these  definitions  we  may  con- 

*  Subtraction  and  diviaion  are  omitted  for  the  reasons  given  by  White- 
head, Vniveraal  Algebra,  vol.  1,  p.  82. 

t  Another  application  of  unportance  for  arithmetic,  which  has  been 
developed  in  detail,  is  to  the  case  in  which  the  elements  are  aequences. 
A  brief  account  of  results  for  elliptic  functions  cited  above  which  involve 
BemoulUan  functions  appeared  recently  in  the  Mebbenoer  of  Matheua- 
Ticb;  generalizations  for  certain  of  the  other  divisor  theorems  depending  on 
elliptic  functions  will  be  published  later. 
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sider  the  primary  elements  to  be  independent  generators  of 
an  abelian  group  A  whose  identity  is  e.  The  order  of  the  group 
is  n,  which  may  be  finite  or  infinite.  When  A'  is  the  class  of 
prime  numbers  and  multiplication  is  as  in  arithmetic,  the 
resulting  theory  is  called  the  numerical  case. 

(ii)  An  assoeuOe  of  an  element  in  A  is  anything  that  has  a 
unique  significance  in  terms  of  elements  of  A,  when  the 
element,  called  the  argument  of  the  associate,  is  assigned.  It 
is  assumed  that  associates  admit  of  unambiguous  combination 
by  formal  rational  operations  (§  1)  with  associates.  If  .^4  be 
replaced  throughout  in  what  precedes  by  A',  the  class  of 
primary  elements  of  A,  there  is  defined  a  primary  associate. 
When  the  argument  is  a  derived  element,  the  associate  is 
called  derived.  This  distinction  is  made  because  all  that 
follows  is  based  upon  associates  that  need  exist  only  when  their 
arguments  are  primary  elements;  derived  associates  are  con- 
structed (in  (iv))  from  the  primaries.* 

(iii)  The  notation  being  as  in  (i),  the  v{x)  =  (a+  l)(/3  +  1) 

■  -  ■  (7  +  1)  derived  elements  x'  given  by 

are  by  definition  the  divisors  of  the  typical  derived  element  x. 
In  the  product  x  s  naro'  of  powers  of  distinct  primary  ele- 
ments, corresponding  Latin  and  Greek  letters  (o,  a),  (6,  0), 

■  ■  ■  I  (c,  7)  are  associated  with  a  given  primary  element,  thus 

•  Since  it  BMma  not  to  be  customary  except  in  mathematical  logic 
(PHndpia  Malhemalica,  vol.  1,  pp.  15-13)  to  speak  of  either  values  or 
functions  apart  from  a  numerical  context,  we  use  aatociate  instead  of 
tingle-valued /uTtction,  although  the  latter  would  be  juitifiod  by  the  current 
use  of  ■propositumal  Junditm.  For  special  interpretations  of  the  several 
parts  of  (ii)  the  definition  of  associate  degenerates  as  follows  to  that  of 
eingje-valued  function  of  an  int«ger  >  0.  Let  <p{x)  be  an  associate  having 
the  intepul  non-zero  argument  x.  Give  the  parts  of  (ii)  the  following 
specific  meanings,  which  obviously  are  legitimate:  the  rational  operations 
are  as  in  ordinary  algebra;  A  ■  the  class  of  integers  >  0;  the  phrase 
"when  the  element  is  assigned"  •■  tcAen  x  lie»  in  the  inUrval  (a,  6)  o/  -4; 
"has  a  unique  sigmficance  in  terms  of  elements  of  A"  ^  has  a  singU 
dtfiniU  value  comspcnding  lo  eaek  x  (a  ^  x  ^  b),  no  matter  in  nkich  form 
the  anretpondence  is  apeeified.  With  these  interpretations,  ipM  b  a 
single-valued  function  of  z  in  the  interval  (a,  b).  Cf.  Dirichlet'a  definition 
{Werke,  vol.  1,  p.  135),  also  Hobson,  Theory  of  FunctMos  of  a  Real  Variabk, 
lateditioD,  p.  216)  for  the  anali^us  definition  when  x,  (a,  6)  are  continuous. 
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Xa*,  Xb'y  ■■■,  Xc'.  This  convention  is  maintained  throughout 
when  the  exponent  is  an  arbitrary  positive  integer. 

(iv)  With  each  positive  integral  or  zero  power  arj'  of  any 
primary  element  of  Xd  are  associated  specific  primary  associates 
<fii{xi),  ^i(xd),  ■■■,  fii(xd),  ■  -  ■  of  that  element,  the  suffix  t  of 
the  primary  associate  being  equal  in  each  case  to  the  exponent 
of  the  power.  For  example  the  v>-primary  associates  of  Xa°, 
Xa,  Xa',  •  ■  ■  are  ^0o(3ra),  <pi(Xa),  <piixa),  ' '  ■ .  By  definition  all 
primary  associates  of  e  are  equal,  and  each  is  denoted  by  c. 
Hence  since  by  (i)  xj'  =  x^  =  ■  ■  -  c,  we  have  </><i(Xa)  =  ipoixt) 
=  ■■-  =  «;  fxfiixa)  =  fifi(xb)  =  ■•■  =  «,  etc.  We  call  e  the 
unit  (usodaie.  It  w  assumed  that,  viik  respect  to  any  associate, 
f  has  all  the  multiplicative  properties  qf  unity  in  arithmetic. 
Beyond  the  trivial  one  that  they  both  have  the  same  argument 
Xg,  it  is  not  assumed  (without  explicit  statement  of  the  assump- 
tion) that  there  is  any  relation  whatever  between  ipmixa), 
and  <f><'ixa)  (m<  n  integers  £  0,  m  ^  n);  nor  is  it  assumed  that 
primary  associates  having  different  suffixes  are  necessarily 
distinct.* 

From  the  definition  in  (ii),  it  follows  that,  for  x  =  nxg* 
as  in  (i), 

H^'.Caro)  =  'pJ.x<,)iPf{Xb)  ■  ■  ■  <f>y{Xc) 

is  an  associate  of  x.  We  call  this  a  derived  associate,  and  we 
shall  denote  it  by  <px.  The  derived  associate  </>x'  of  the  divisor 
x'  of  X  is  called  an  associate  divisor  of  tpt.  Similarly,  starting 
with  the  primary  associates  4'i(Xa),  ^tixi),  ■•■,  tf/^(xc),ve 
define  1  +  p(x)  derived  associates  ^r,  i^i';  and  so  on  for 
Xx<  Xt">  ^11  ^z'i  ■  ■  ■ ;  Mi.  Mi'-  Thus  fii  =  II^.(za).  Hencc- 
forth  we  shall  drop  the  adjectives  primary  and  derived,  and 
refer  only  to  associates,  since  the  notations  tp^Xa),  fx  suffice 
without  qualifications. 

3.  Relation  with  Group  Characters.  Before  proceeding,  we 
emphasize  the  remarks  made  in  §  1  regarding  the  interpreta- 
tions of  results.    This  has  particular  reference  to  the  assmnp- 

*  For  example  in  the  special  ease  of  aaaociate  ■  single-valued  function, 
we  may  have  «^(x.)  =  aio  wx,,  Vg  (zt)  ■•  sin  rxt;  namely  each  is  the  sine 
of  It  times  its  argumeot. 
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tion  ID  §  2  (ii),  to  which  we  shall  add  some  comments  in  §  6. 
The  development  b  necessarily  abstract,  because  in  the  ap- 
plications it  is  essential  that  proofs  be  based  upon  considera- 
tions that  are  independent  of  convergence,  or  indeed  of  any 
infinite  process,  and  because  each  general  theorem  is  sus- 
ceptible of  many  specific  interpretations.  {Cf.  §  1.)  It  may 
assist  the  reader  to  consult  §  8  occasionally.  We  insist,  how- 
ever, that  nothing  in  §  8  is  assumed  in  any  of  the  proofs,  all 
of  which  are  immediate  consequences  of  the  definitions,  except 
that  those  after  Theorem  XIV  depend  also  upon  the  assump- 
tion that  an  arithmetic  system  exists.  This  assumption  is 
satisfied  by  the  class  of  all  rational  functions  in  any  number 
n  of  independent  variables  with  integral  coefficients,  which 
for  n  =  1,  2  is  the  important  case  arithmetically.  We  have 
assumed  that  for  each  primary  element  there  exists  at  least 
one  associate.  This  can  be  satisfied,  for  example,  by  taking 
the  associate  equal  to  the  element.  Hence  the  theory  as 
developed  relates  to  objects  that  exist. 

In  addition  to  possible  interpretations  mentioned  in  §  1 
we  note  one  here  which  is  of  particular  interest.*  If  we  im- 
pose the  restrictions /j(a:a)  =  [fi{xa)]^  (/  =  'P,4'>  X>  ■  ■  ■>\  t^, 
■■■)  upon  the  associates,  they  can  be  interpreted  as  group 
characters,  t 

4.  Extended  Dirichlet  Product.  If  the  derived  elements  ari, 
^i  (§  2(i))  have  in  common  only  unit  factors  (powers  of  c),they 
are  called  relatively  distinct  (the  analogue  of  relaiively  prime). 

Theorem  I.     If  Xi,  Xi  are  relatively  distinct,  tpn-Pt,  =  ipx,!,- 

Next,  let  Xi,  Xi  be  any  pair  of  divisors  (§  2  (iii))  of  x  that  are 
such  that  XiZi  =  x;  form  tpxi<pit  for  each  pair  {xi,  xj);  take 
the  sum  of  all  such  products  for  all  possible  pairs  (xi,  Xj); 
and  denote  that  sum  by  (tp,  i^)i.  It  is  obvious,  by  §  2  (ii), 
(iv),  that  this  sum  is  an  associate  of  x,  and  hence  the  process 

*  This  was  pointed  out  by  Professor  Dickson.  I  had  not  Doticed  it, 
since  I  was  developing  the  theory  with  reference  to  its  appUcatiooa  to 
sequences,  clasaes.  and  the  multiplicative  properties  of  mimbera  and  ideals. 

t  For  the  case  of  abeliaa  groups,  cf .  Weber,  Algebra,  2d  edition,  vol.  2, 
p.  43;  for  an  expoaition  of  the  general  case,  cf.  Dickson,  Annals  of  Mathe- 
UA-ncs,  (2),  vol.  4,  1902,  pp.  25-49. 
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may  be  repeated  for  (ip,  ^)i  and  x*  as  initial  associates  instead 
of  Vi,  ^ij  denote  the  result  by  ((</>,  tf/),  x)x,  or  briefly  by  (<p, 
■Ai  x)x-  Continuing  thus,  starting  with  m  associates  pi,  4'*, 
Xii  "  '  •  ^i>  A'"  taken  in  this  order,  we  reach  finally  an  associate 
iv,  ^>  Xi  ■  ■•>K  f^)x  of  X,  which  is  called  the  Diricklet  product 
of  the  original  m  associates,  and  the  original  m  associates  are 
called  the  primUive  divisors  of  the  extended  product. 

Theorem  II.  The  extended  prodvct  {ip,  ^,  •  ■  ■ ,  fi)x  is  a 
symmetric  function  of  ip,  ^,  ■  ■  ■,  fi.  In  other  words,  extended 
multiplication  is  associative  and  commutative. 

This  being  a  result  of  great  power  in  applications,  we  shall 
examine  it  more  closely.  Let  xi,  xt,  ■■•,  Xm  denote  divisors 
of  X  such  that  x  =  xixi  ■  ■•  x„.  Then  we  have 
(.<P,^,  ■  ■  ■ .  m).  =  2pi,iti,  ■  ■  ■  Mi.t 
where  the  sum  extends  to  all  sets  (xuXj,  ■  •  sXm).  Them  func- 
tions in  the  typical  term  on  the  right  are  associate  divisors 
(§  2  (iv))  of  Ip;,,  4'x,  •  •  ■ .  Mi.  respectively.  From  the  mode  of 
formation  it  is  evident  that  the  sum  (i.e.,  the  extended  Dirichlet 
product)  is  invariant  under  permutations  of  some  or  all  of  Xi,  Xi, 
X3,  •■  ■,Xm-  This  sum  is  an  associate  of  x,  say  F,'"',  which  is 
uniquely  determined  whenever  x  and  the  primitive  divisors 
<pxi  ^11  •  ■  ■ .  A*!  of  (•Pi'l'i  ■  ■  ■  1  m)i  =  ^i'"'  are  assigned ;  in  par- 
ticular it  is  uniquely  known  when  x  is  replaced  by  any  one  of 
its  divisors  x'.  In  the  same  way,  starting  with  any  n  associates 
«!,  ^j,  ■  ■  •>  fz,  we  arrive  at  d'"',  and  continuing  thus  we 
obtain  a  system  of  r  such  extended  products  F^^'"^,  d*"', 
■  ■  ■ ,  ff  i'",  there  being  r  letters  m,n,  ■■■,/.  Let  wi  +  n  +  ■  ■  ■ 
+  1  =  8,  and  suppose  that  the  s  associates  upon  which  the  r 
extended  products  are  constructed  are  az,  &z,  •■•,  w,,  these 
being  not  necessarily  distinct.     Then  we  have 

(f<"-),  G<"',  ■  •  •,  ff<").  =  (a,  (3,  ■  ■  -,  «),. 
when  m  =  n  =  ■•■  =  t=  1,  the  primitive  divisors 
'/"',  ■  ■  ■,  //i*"  and  ai,  0i,  ■■•,«,  of  these  extended 
s  are  not  the  same.  On  the  left,  the  extended  product 
)  resolutions  of  x  into  r  divisors  which  in  turn  are  re- 
nte m,  71,  ■  ■  ■,  (  divisors  respectively,  the  resolutions  in 
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both  cases  being  all  possible  of  their  respective  kinds;  on  the 
right,  the  resolution  is  into  all  possible  sets  of  3  divisors.  The 
identity  of  the  formal  sums  for  these  distinct  methods  of 
resolving  x  is  the  interpretation  of  the  associative  and  com- 
mutative properties  of  extended  multiplication.  The  sig- 
nificance of  Theorem  II  in  the  numerical  case  was  stated  in  a 
former  paper.* 

In  order  to  see  in  the  numerical  case  that  (<p,  ij/),  is  equiva- 
lent to  (a,  0)«  of  §  1  when  <Px,  tf/x,  and  the  a's  and  ^'s  are  single- 
valued  functions  of  integers,  take  as  primary  elements  the 
natural  primes,  choose  ip^ixr)  =  <p'(x,'')  where  v'  is  single- 
valued  and  such  that  ifi'(mn)  =  tp'(m)<p'(n)  when  m  and  n 
are  relatively  prime  integers  greater  than  zero.  In  the  same 
way,  define  ip^ix,)  ~  ^'{x/),  and  finally  write  <(>'{x),  ^'(x) 
—  Vx'i  4'i-  Then  for  a,  0,  n  in  the  numerical  case  equal 
respectively  ip',  }f/',  x,  as  above,  we  have  (ip',  i/'')r  =  (a.  0)n- 

Next,  the  sum  of  the  associates  Xi,  •  •  •,  ^r,  fi  is  obviously 
an  associate,  a^,  of  x,  and  it  is  easily  seen  that 

iv,  <r)x  =  ('P>x)x+ h  {9>  M.  +  (<P,  m).- 

Theorem  III.  Extended  Dirichlet  multiplication  is  dia- 
tributive  with  reapect  to  (Jormal)  addition. 

5.  Extended  Dedekind  Inversion.  The  unit  associate  <  was 
defined  in  §  2  (iv).  We  now  introduce  the  associate  unit 
Vi  —  Vj  whose  definition  is  as  follows:  ijj  =  0  (the  multiplica- 
tive zero)  when  x  +  e  (the  multiplicative  unit  at  A);  ij,  =  e 
(the  unit  associate)  when  x  =  e. 

Theorem  IV.  For  each  associate  p,  there  exists  a  unique 
associate  ipx'  such  thai  {ip,  ip')i  =  tj. 

We  shall  eali  ipx  the  reciprocal  of  v'n  and,  by  an  obvious 
algebraic  analogy,  we  shall  write  ipj  =  vlvxi  fx  =  vlW-  We 
have  at  once,  4't  being  any  associate,  (^,  jj)*  =  4'*',  and  hence 
we  have  the  following  theorem. 

Theorem  V.  The  unii  with  respect  to  extended  Dirichlet 
midtiplication  is  i;. 

To  prove  Theorem  IV,  we  shall  exhibit  ip/  explicitly  in  terms 

•  Thi»  BcLLETiK,  vol.  27,  p.  274,  j  2. 
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of  49-as3ociate3.  We  observe  first  that  if  x  =  Ilxa"  as  usual, 
Theorem  I  enables  us  to  state  that  tps  is  equal  to  the  formal 
product  of  the  associates  <p^  for  %  =  Xa,  x^,  ■■■ ,  Xe'.  Hence 
it  is  sufficient  to  determine  <fix'  when  x  =  Xa',  a  >  0.  By  the 
convention  of  §  2  (iv),  the  ^primary  associates  of  Xo',  x,,', 
■••,  Xa'  are  respectively  </>i(Xa),  -Piixa),  ■■■,  ^.(Xo)-  For 
X  =  Xa,  write  ipj  in  the  form  fJix^.  Then  it  can  be  verified 
without  difficulty  that  fJixi)  is  equal  to  the  determinant 


{-'if 


ViiXa) 


<Pl(Xt) 


Vl(*«) 


¥>,_l{Xo)       *pa-l(Xa)       'P^liXa) 

It  is  easy  to  prove  this  also  by  mathematical  induction  from 
a  —  1  to  a,  a  >  1.  Next,  ipx'  is  written  down  as  the  formal 
product  of  ^,'(Xo),  <fig'(.X),),  ■■■,  •Py'i.Xc),  which  are  obtained 
from  the  above  on  replacing  {a,  a)  in  turn  by  (a,  a),  (0,  b), 
•  ■  •,  {y,c).  It  may  be  mentioned  that  in  practice  the  explicit 
form  of  <f>i  is  not  often  required ;  its  existence  is  the  important 
fact.  Henceforth  we  indicate  the  reciprocal  of  a  given  asso- 
ciate by  accenting  the  symbol  of  the  latter  as  above. 

II.  There  is  a  unique  <pi  satisfying  the  relation 
eken  ju,,  w,  are  given:  ipi  =  (w,  fi')i- 
the  given  relation,  {w,  fi')x=  ((v,  ju),  ii'), 
=  (ip,  (pi,ii'))i=  {<P,v)t=  <Px-  In  the  same  way, 
iry,  we  have  the  general  case  of  such  inversion: 
'II.    //(v^,^,  ■■■,Kx,<^,---,n)^=  (^,T,  ■■-, 

',    ■■■,  f)x  =    (t,  T,    •  •  -,  W,   <f>\  (A'.    ■  ■  ■.  ^')i- 

itation  in  the  numerical  case  of  Theorem  VI  is 
1  of  the  paper  cited  in  §  4.  For  let  the  associates 
ued  functions  of  their  arguments.  Then  if 
■  n  >  0  an  integer  in  the  formula  (pi  =  ipkipi' 
:  paper,  ^/{n)  is  Mobius'  m(").  and  the  result  is 
iversion,  which  thus  appears  as  a  very  special 
>f  the  theorem  in  the  numerical  case. 
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6.  The  Special  Field  of  all  AsaocuUea.  For  greater  clear- 
ness, before  stating  the  next  theorem,  we  recall  the  significance 
of  the  terms  involved.  For  a  rigorous  discussion  of  the  rele- 
vant logic  we  must  refer  the  reader  to  Pnnci'pia  MatkerruUica, 
volume  1,  pages  15-27,  85-88,  143-156,  260-268,  278-291. 
The  term  real  variable  is  used  as  defined  on  page  18  of  that 
work.  The  elements  of  an  abstract  field  are  real  variables; 
theorems  relating  to  an  abstract  field  are  assertions  of  prop- 
ositional  functions  (ibid.,  pp.  15,  19).  Our  fundamental 
assumption  in  §2  (ii)  is  "associates  admit  of  unambiguous 
combination  by  formal  rational  operations  with  associates." 
Thus,  in  particular,  it  is  assumed  that  in  the  abstract  field  ' 
Vt  (f  ~  ^ny  element  of  A,  <Pi  =  any  associate  of  f ),  statements 
of  identity  between  formal  sums,  differences,  products,  and 
quotients  of  elements  (associates)  in  the  field  are  proposi- 
tional  functions.  On  referring  to  the  definitions  of  extended 
Dirichlet  product  and  reciprocal,  we  see  that  only  formal  sums 
and  products  of  associates  are  involved  in  the  former,  and 
only  formal  division  by  a  power  of  «,  formal  sums,  differ- 
ences and  products  of  associates  are  involved  in  the  latter. 
Hence  statements  of  identity  between  Dirichlet  products  and 
reciprocals  are  propositional  functions;  and  Theorem  VIII  is 
(Prindpia  Mathematica,  p.  18)  an  "  ambiguous  assertion  " 
for  every  such  propositional  function  in  the  abstract  field  of 
associates.  These  propositional  functions  in  every  case,  when 
Diricklet  products  and  reciprocals  are  written  in  full,  reduce  to 
identities  informal  addition  (+),  subtraction  {— ),  multi- 
plication (a&,  etc.),  division  (a/6),  when,  as  assumed,  these 
operations  have  with  respect  to  associates  a,  6,  ■  ■  -  their  usual 
formal  properties,  a+a  —  a=a,ab=ba,  a(b  +  c)  =  ab  +  ac, 
etc. 

When  in  Theorem  VIII  special  meanings  are  assigned  to  the 
associates  and  operations,  it  becomes  a  proposition  concerning 
a  special  class  of  associates.  An  important  case  is  that  in 
which  the  associates  are  single-valued  functions.  To  formal 
addition  in  this  case  we  give  the  following  meaning:  The 
elements  x  are  those  of  ^,  §  2  (i).     If  tpi  has  a  unique  value 
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^i  for  each  elemeDt  x,  and  ^,  a  unique  value  ^^  for  each  x, 
then  the  sin(;le-valued  function  having  for  each  element  x  the 
value  Ipi  +  4'i  is  called  the  sum  ipi  +  ^^  of  <pi  and  i^i.  Simi* 
larly  for  formal  subtraction.  For  formal  multiplication  in 
this  case,  the  single-valued  function  having  for  each  element  x 
the  value  ^'i^i  is  called  the  product  ipjpt  of  ipi  and  4'z\  ad^ 
similarly  for  division.  And  so  in  each  special  case  of  Theorem 
VIII,  the  indicated  specific  operations  of  Dirichlet  multiplica- 
tion as  defined  in  §  4  and  division  (extended  Dedekind  inver- 
sion) as  in  Theorem  VII,  may  he  said  to  have  been  broken 
down  into  their  equivalents  in  terms  of  formal  operations, 
to  which  are  given  special  interpretations  according  to  the 
special  meanings  assigned  to  the  associates.  Combining  The- 
orems II,  III,  V,  VII  we  have  now  the  following  powerful 
result. 

Theorem  VIII.  All  Msoctates  of  the  elemerda  of  an  abelian 
group  comtitvie  a  special  field  in  which  addition  and  avbtraction 
are  formal,  multiplication  is  extended  Dirichlet  muUiplicaiion 
and  division  is  extended  Dedekind  inixTsion. 

7.  Extended  Cawhy  Product.    Although  Theorem  VIII  is 
sufficient  for  most  purposes,  it  is  of  interest  in  many  applica- 
tions to  proceed  from  it  to  an  arithmetic  classification  of  the 
results.    This  is  not  always  feasible,  but  a  majority  of  the 
known  theorems  on  the  arithmetic  functions  mentioned  in  the 
introduction,  and  the  entire  body  of  results  of  which  these  are 
but  a  part,  can  be  so  classified  upon  the  following  simple  basis. 
Restating  Landau's  definition  (loc.  cit,,  p.  670)  of  Cauchy 
multiplication,  we  call  the  class  [a,  P],  (s  =  0,  1,  ■■■)  the 
Cauchy  product  of  the  classes  a„  0,  (s  =  0,  1,  ■■-).  when 
'~   *"   -  '^,;=na,j3,_.     Repeating  the  process  for  [a,  0],  and  y, 
■  -),  we  form  the  class  [a,ff,  7)1  (s  =  0,  1,  ■  ■  ■),  and 
ng  finally,  for  any  number  of  classes  a„  &„  ••■,&, 
■  ■  ■),  the  Cauchy  product  of  all  of  those  classes, 
i],  (s  =  0,  U  ■  •  ■).    We  call  a„  0„  ••■.&.  the  fae- 
j3,  ■  ■  ■ ,  S]..  Clearly  [a,  0,  ■  ■  ■ ,  S],  is  invariant  un- 
itioD  of  some  or  all  of  its  factors  (this  is  equiva- 
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lent  to  penQUting  a,  0,  •  ■  •,  S  within  [a,  $,  ■■■,  6],) ;  and  if 
a.  +  A  =  T.  (»  =  0,  1,  •  •  ■)-  then  [y,  S],  =  [a,  6],  +  [0,  6].. 
That  is,  this  multiplication  is  distributive. 

Theobem  IX.  Extended  Cavchy  multiplicaiion  is  associa- 
tive, commvtative,  and  mtk  respect  to  formal  addition,  distribu- 
tive. 

The  important  case  arithmetically  is  that  in  which  the 
factors  of  a  Cauchy  product  are  single-valued  functions.  Let 
X  =  Xa'xt,^  ■••  x^  as  in  preceding  sections.  Then  the  follow- 
ing theorem  is  an  important  consequence  of  the  definitions. 

Theorem  X.  The  sign  n  of  formal  midtiplication  extending 
toall(p,r)=  ia.a)A0,b),---.iy,c), 

(.p,  ^).  =  nt,.(av),  yf'iXr)],  =  n[t:M=Cr)4'^(.Xr)]. 

By  repetition,  we  reach  the  following  general  result: 
Theorem    XI. 

(P,     ^.      ■■-,     Ai).  =   n[p(av),     4'ix,).      ■■-.fliXr)],. 

From  Theorems  IV  and  X,  we  arrive  at  the  inverse  process, 
which  we  shall  call  extended  Cavchy  divimon,  in  the  following 
theorems. 

Theorem  XII.    [ipix^),  ip'(x,)]^  =  ij; 

Theorem  XIII.  The  first  of  the  following  relations  implies 
the  second, 

WI.X.).  ■■:  Xfc).  xfc),  •  •  •,  l-Wl.  -  I'M.  ■■■,  "fe)l.. 

k W.  •  •  • , ». Wl  =  [^(».),  •  •  • , <•&.),  v'M,  ■■;  VW].. 

Theorem  XIII  is  analogous  to  Theorem  VII,  from  which,  in 
conjunction  with  Theorem  X  for  i  =  x^',  it  can  easily  be  proved. 
Combining  these  results  we  have  the  analogue  of  Theorem  VIII. 

Theorem  XIV.  All  the  associates  of  the  eleinertis  of  an  abel- 
ian  group  constUule  a  special  field  in  which  addition  and  siib- 
iraction  are  formal,  while  multiplication  and  division  are  ex- 
tended Cauchy  mvUipHcation  and  its  inverse. 

We  shall  call  an  abelian  group  of  finite  or  infinite  order 
which  has  a  unique  basis,*  an  arithmetic  system.    This  name 

•  Ct.  Weber,  loc  cit.,  p.  33. 
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b  chosen  because  such  a  group  has  the  characteristic  dis- 
tinguishing arithmetic  from  algebra,  that  is,  a  unique  fac- 
torization law.  Arithmetic  systems  are  abstract  or  special; 
in  the  former  multiplication  is  abstract,  in  the  latter,  specific. 
Let  us  assume  as  a  hypothesis  that  the  class  of  all  associates 
is  an  arithmetic  system  under  extended  Cauchy  multiplication. 
Let  us  call  the  elements  of  the  basis  the  prime  aaaoriaiet  of  the 
gyatem:  a  prime  associate  is  the  extended  Cauchy  product  of 
no  pair  of  prime  associates  each  distinct  from  e,  ij.  From 
Theorem  XI,  we  have  then  the  following  theorem. 

Theorem  XV.  Tke  specific  arithmetic  lyatem  of  associates  in 
which  mvhiplication  is  extended  Cauchy  multiplication  is  also 
a  specific  arithmetic  system  in  which  mvUiplication  is  extended 
Dirichlet  multiplication. 

8.  Connection  with  Formal  ExpanMons.    With  each  element 
X,'  (i  =  0,  1,  •  -  -)  of  an  abelian  group  (or  of  an  arithmetic  . 
system)  iet  us  associate  an  umbra  zt,  and  let  us  write 

v{x,  2)  =  ni[Mxj)z,»  +  *'i(^.)2.->  +  •  •  •  +  <P.ix.)Zi'  +  ■■■] 
and  similarly  for  ^(a:,  a),  ■  •  -,  ti{x,  z).  Then  the  coefficients 
of  Za'Zb'  '•  •  z^  in  the  formal  developments  of  ^{i,  z), 
^(x,  z)-i{x,  2)  ■  -  ■  ^({ar,  2),  and  the  reciprocal  of  the  latter,  are, 
respectively,  tp^,  {ip,  ^,  ■■•,  ti)x,  vK'Pt  fi  ■•■,f')i- 

9.  Note.    We  have  nowhere  intended  to  imply  that  the 
processes  of  this  paper  are  more  than  extensions  of  Dirichlet 
multiplication  and  of  Dedekind  inversion.    In  fact  it  can  be 
shown  that  the  processes  of  this  paper  and  those  current  in 
the  theory  of  numbers  are  formally  equivalent  in  the  sense 
that  either  set  may  be  inferred  from  the  other.     The  forms 
in  this  paper  are  so  stated  that  they  provide  powerful  algo- 
rithms, in  which  all  discussions  of  convergence  are  obviated 
by  establishing  identities  between  arithmetic  functions.    The 
theory  can   be  generalized  to  associates   v'l.  u. ..  ...  of  any 

number  of  independent  classes  (or  abelian  groups)  of  elements, 
but  the  generalization  has  no  apparent  interpretation  in  terms 
of  ordinary  numbers. 

The  UNivERam  op  Warhinoton. 
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CHARLES  LEONARD  BOUTON* 

A  Minute  read  befobe  thx  Facdltt  of  Habvabd  UtnvxBBnr 
Manh  2S,  1922 

Charles  Leonard  Bouton  was  bora  in  St.  Louis,  Misaouri,  Ajail  25, 1869. 
His  father,  Williftm  Bouton,  was  of  Huguenot  descent,  and  the  family  was 
long  established  in  New  En^aad.  At  the  dose  of  the  Civil  War,  William 
Bouton  settled  in  St.  Louis,  where  his  legiment  had  been  disbanded. 
Charles's  mother,  Mary  Rothery  Conklin,  was  also  of  old  American  stock; 
her  grandparenU  were  Scotch.  William  Bouton  was  an  engineer  by 
profession.  His  grandfather  is  said  to  have  been  the  projector  of  the  Erie 
Railroad,  and  was  the  author  of  the  first  article  on  its  construction. 
Charles  was  the  only  one  of  the  four  sons  who  did  not  follow  in  his  father's 
footsteps.    The  home  atmosphere  was  academic  and  intellectually  stimu- 

BoutoD  received  his  early  education  in  the  public  echoob  of  St.  Louis, 
and  took  bis  fimt  degree,  that  of  Master  of  Science,  at  Washington  Univer- 
sity in  1891.  Here,  he  came  under  the  instruction  of  a  highly  skilled 
teacher  of  descriptive  geometry.  Dr.  Edmund  Arthur  Engler.  The  next 
two  years  were  given  to  teaching  in  Smith  Academy,  St.  Louis,  and  those 
were  followed  by  a  year  as  instructor  in  Washington  University,  part  of 
his  work  being  to  assist  Professor  Henry  S.  Ehitcbett.  His  next,  and  as  it 
turned  out,  his  last  move  was  to  Harvard.  The  years  '94-'95  and  '95-'96 
were  spent  in  the  Graduate  School.  He  took  the  master's  degree  at  the 
end  of  the  first  year,  and  at  the  end  of  the  second  be  was  awarded  a  Parker 
Fellowship  for  study  abroad.  His  two  years  at  Leipiig  were  most  profit- 
ably spent.  He  chose  as  his  master  that  most  original  geometer,  Sophus 
Lie,  then  at  the  height  of  hii  fame.  As  a  matter  of  fact,  Bouton  was  one 
of  the  great  Norwepan's  last  pupils,  for  Lie  returned  to  Norway  in  1898 
and  died  soon  after.  All  of  Bouton's  subsequent  scientific  work  bore  the 
clear  impress  of  Lie's  genius.  His  two  advanced  courses,  which  he  origi- 
nated soon  after  his  return  to  Harvard,  dealt  respectively  with  the  theory 
of  geometrical  transformations  and  the  application  of  transformation  groups 
to  the  solution  of  differential  equations.  The  graduate  students  who 
subsequently  had  the  good  fortune  to  prepare  for  the  doctorate  under  bis 
care  generally  took  up  subjecU  connected  with  the  theory  of  transforma- 
tions. 

After  receiving  the  doctorate  at  Leipzig  in  1898  Bouton  returned  to 
Harvard  and  began  a  long  period  of  work,  broken  only  by  occasional 
sabbatical  absence.  He  threw  himself  with  the  greatest  seal  into  his 
duties  as  a  teacher.  At  one  time  or  another,  beside  the  alternating  ad- 
vanced courses  mentioned,  be  taught  nearly  every  one  of  the  lower  and 

*  Professor  Charles  Leonard  Bouton  died  on  February  20,  1922.  See 
this  Bulletin,  vol.  28,  p.  82  (Jan.-Feb,,  1922). 
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middle  group  counea  in  mathematics.  No  paina  wcie  too  great  for  him 
to  8pend,  either  od  the  prepantion  of  lectures  or  on  helping  the  individual 
student,  whether  a  Freshman  or  a  candidate  for  the  doctor's  degiee.  His 
chajacteristicf  quality  of  scientific  sanity  was  invaluable,  for  it  led  bim 
,  always  to  emphasiEe  that  which  was  pernuutently  important,  and  to  avoid 
tinsel  and  sham.  A  fine  example  of  his  didactic  aen^  is  seen  in  a  collection 
of  probUmaon  theconstmction  of  Riemann's surfaces,  puMiahedin  volume 
12  (1898)  of  the  Annals  or  Mathematics.  He  was  equally  successful  in 
arousing  the  interest  of  a  b^inner  by  showing  him  a  model  or  a  diagram 
or  an  enlightening  example  of  a  new  theory,  and  in  guiding  a  graduate 
with  sure  hand  toward  researches  of  permanent  value  and  importance. 

Those  qualities  which  made  Bouton  an  admirable  teacher  were  con- 
spicuous in  his  other  professional  activities.  He  was  an  eilitor  of  the 
Bdixetin  of  the  American  Mathematical  Societt  from  1000  to  1902, 
and  an  associate  editor  of  the  TnANSACTrioKS  of  the  same  society  from 
1002  to  1911.  His  power  of  keen  yet  kindly  criticism,  and  his  unerring 
mathematical  judgment  made  him  an  efficient  referee.  His  advice  was 
prised  by  all  who  knew  him,  his  opinion  was  always  heard  with  respect, 
and  his  sanity  was  no  less  remarkable  than  his  unselfishness.  All  of  these 
qualities  were  drawn  upon  in  full  measure  in  the  autumn  of  1918  when,  al- 
most overnight,  he  was  called  to  organise  the  mathematiAl  instruction  of 
nearly  a  thousand  men  in  the  Students'  Army  Trairting  Corps.  He 
carried  this  work  through  with  conspicuous  success,  and  the  leading  teachers 
of  mathematics  in  the  schools  of  this  commmiity,  who  enthusiastically 
laUied  to  the  support  of  Harvard  and  the  nation  in  that  crisis,  found  in  him 
a  helpful  guide  and  an  efficient  administrator. 

His  home  life  was  beautifully  quiet  and  peaceful.  In  1907  he  married 
Mary  Spencer  of  Baltimore,  and  she,  with  their  three  dau^ters,  Elisabeth, 
Margaret,  and  Charlotte,  survives  him.  Yet  for  some  time  before  the  end, 
long  dark  shadows  were  crossing  his  life.  The  pendstent  aftei^^ftects  of  a 
hurried  operation  for  appendicitis  seemed  to  sap  his  strength.  Family  cares 
and  anxieties  multiplied,  reachmg  a  crisis  in  1918  with  the  death  of  his 
youngest  child.  His  breakdown  in  1921  seemed  but  the  inevitable  end 
toward  which  events  bad  long  been  tending.  His  death  deprived  the 
university  of  a  faithful  servant,  and  the  community  of  a  single-minded 
and  upright  ^ntleman.  , 

WiLLUu  F.  Osgood 
(Signed)    JruAN  L.  Coolidge 
Geobqe  H.  Chase 

Commillet. 
Habvard  Univbbbitt. 
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KLEIN'S  COLLECTED  WORKS  , 

Felix  Klein:   (TMommelte  maihematiaeht  AbhamUungen.    Vol.  1.    lAnien- 

geometrU,  Grurulkffung  der  Geometrie,  Zum  Erlanger  Programm.     Edit«d 

by  R.  Fricke  snd  A.  Oatrowski.    Berlin,  Julius  Springer,  1921.    xiii 

+  612  pages. 

Felix  Klein,  bom  ftt  DQaseldorf,  April  25, 1849,  was  awarded  the  doctor's 
dcKree  December  12,  1868,  by  the  University  of  Bonn.  The  diasertstioa 
was  directed  sad  the  eicamiaatioa  conducted  by  Professor  Lipschitz.  At 
the  golden  jiibilee  of  the  doctorate,  celebrated  at  Gattingen,  December  12, 
1918,  plans  were  perfected  for  the  pnblication  of  the  numerous  and  varied 
mathematical  contributions  he  made  during  the  enmiing  fifty  years. 

This  was  a  particularly  fitting  thing  to  do.  During  this  time  no  one 
exercised  a  greater  influence  on  the  development  of  mathematics  in  Ger- 
many than  he.  That  that  influence  was  not  confined  to  Germany  is 
attested  by  the  long  list  of  Americans  who  have  taken  the  doctorate  under 
his  direction,  and  the  very  large  number  who  have  come  from  all  parts  of 
the  world  to  hear  bis  lectures  or  to  participate  in  his  Seminar.  Notwith- 
standing the  excellence  of  his  personal  contributions,  and  the  inspiration 
of  personal  contact  wnh  him,  probably  his  strongest  characteristic  was  his 
skill  as  an  organizer,  and  his  capacity  for  cooperation. 

Klein  is  essentially  a  geometer,  and  he  began  bis  work  just  in  the  seoith 
of  the  teaching  of  Clebsch,  Kummer,  PlUcker  and  von  Staudt;  a  worthy 
member  of  the  group  which  included  Lie,  Darboux,  Cremona,  Clifford, 
Noether  .  .  .  How  important  are  their  achievements  in  the  study  of  the 
more  critical  concepts  of  number,  integral,  limit,  point  set,  etc.,  of  to-dayl 

Of  the  three  sub-titles  indicated,  the  memoirs  on  line  geometry  occupy 
the  first  240  pages.  While  the  text  is  nowhere  materially  changed,  a  few 
corrections  are  introduced,  indicated  by  square  brackets,  a  considerable 
number  of  comments  so  marked  are  found  in  the  footnotes,  and  each  longer 
memoir  or  group  of  related  memoirs  is  prefaced  by  biographical  material 
written  by  the  author,  which  add  not  only  to  the  human  interest,  but  aid 
in  the  understanding  of  the  relations  between  various  questions  considered. 

While  at  Bonn,  Klein  was  PIQcker's  assistant,  not  only  in  the  preparation 
of  lecture  notes  on  theoretical  physics,  but  also  in  the  writing  of  the  Liite 
Geometry.'  Klein  intended  to  make  physics  his  chief  study,  but  acquired 
so  much  momentum  in  this  work  that  he  could  not  stop.  At  the  time  of 
Plilcker's  death  the  first  part  of  the  Line  Gaymetry  was  practically  all  in 
print,  but  much  of  the  second  part  was  undeveloped.  Placker  had  started 
Klein  on  the  problem  of  the  quadratic  complex,  and  the  supervision  of  his 
progress  was  now  taken  over  by  Lipschitz.  PlUcker's  treatment  of  the 
new  idea  was  detailed  and  elementaj^,  strikingly  different  from  the  style 
of  BattagUni,  who  wrote  on  the  quadratic  complex  shortly  after  PlUcker's 

*  Neue  Geometrie  del  Raumee,  gegriindel  cmf  die  Betrathtung  der  geraden 
Linie  aU  Raunulemenl.  Part  I,  pp.  l-22fi,  edited  by  Clebsch,  1868:  Part 
U,  pp.  227-^78,  edited  by  Klein,  1869. 


ovGoogIc 


126  viHGiL  8NTDEH  -  [March, 

earlier  papers  had  appeared.*  Kleui  discovered  that  BattagUni's  form 
was  not  the  most  general  one,  and  presented  the  manuacript  of  a  thesis  in 
which  the  complex  and  the  quadratic  identity  are  both  expressed  as  the 
sum  of  squares.  But  in  the  fall  of  186S  Lipschitx  received  the  proof-aheets 
of  Weierstrttas's  forthcoming  paper  on  elementary  divisors,  and  be  asked 
the  candidate  to  include  the  various  oaaes  in  his  diaaertation.  The  prin- 
ciples of  the  classification  are  found  in  the  dissertation  but  the  detaiiB  of 
the  transformation  and  its  geometric  meaning  are  reserved  for  one  of  Klein's 
own  pupils  laterf  and  the  numerous  inaccuracies  found  in  the  interpretation 
have  been  corrected  by  various  Italian  mathematicians.  As  soon  as  his 
examination  was  completed,  Klein  went  to  GCttingen  to  be  with  Clebscb 
while  prepsrii^  the  second  part  of  the  Line  Geometry,  and  remained  until 
the  end  of  the  following  summer  semester.  Both  Clebsch  and  Noether 
were  working  on  the  problem  of  mapping  an  algebraic  surface  on  the  plane. 

The  following  winter  semester  Klein  spent  in  Berlin;  there  he  met  L. 
Kiepert,  O.  Stoli,  and  S.  Lie.  He  heard  no  lectures,  but  took  an  active 
part  in  the  Seminar  conducted  by  Kummer  and  Weienilrass.  Stoli  had 
told  Klein  about  non-euclidean  geometry,  and  the  latter  soon  felt  that  it 
would  furnish  an  interpretation  of  Cayley's  absolute  measurement,  which 
had  already  made  a  profound  impression  upon  him.  Curiously,  Weier- 
strass  emphatically  rejected  the  whole  idea,  as  distance  was  too  invariant 
to  be  subjected  to  change  of  scale.  In  the  spring,  both  Klein  and  Lie 
went  to  Paris,  where  they  lived  in  adjoining  rooms  until  the  war  broke  out 
in  July.  Klein  rqmrted  at  once  for  duty,  but  was  rejected  on  account  of 
frail  health;  later  he  participated  in  relief  work  until  he  was  taken  ill  with 
typhoid  fever,  which  kept  him  bedfast  (or  several  weeks.  Lie  visited  him 
while  he  was  still  on  invalid,  and  together  they  wrote  the  paper  on  the 
asymptotic  lines  of  the  Kummer  surface.  Klein  returned  to  GCttingen  as 
a  docent  in  January,  1871.  He  remained  there  until  the  call  to  Erlangen, 
in  1872.    In  the  summer  of  1871,  Stolz  also  came  to  Gdttingen. 

With  the  exception  of  two  titles  (numbers  XII,  XIII)  all  of  the  papers 
appearing  in  this  first  part  were  written  during  these  three  years.  These 
later  papers  were  also  concerned  with  line  geometry,  but  the  methods 
employed  in  them  are  essentially  transcendental.  In  the  preface  it  is 
explained  how  they  naturally  fit  into  the  earlier  category.  They  are 
Ueber  Konfigurationen,  welche  der  Kummerschen  FlAche  tugleieh  dnffachrie- 
ben  iiTid  wngeschrieben  iiTid,  (Matheuatische  Annalen,  vol.  27  (18S5)) 
and  Zur  geometrUdien  Deutvng  dea  AbeUchen  Theorems  der  hypereUipHaehen 
Integrate  (Matbematische  Annai.en,  vol.  28  (1886)).  They  were  sug- 
gested by  the  dissertations  of  some  of  Klein's  students,  particularly  of 
Rohnt  and  of  Domsch.|    The  most  important  contribution  of  Klein  to 

ntomo  ai  nslemi  di  retle  di  eeeondo  grado,  Am  dblla  Accadbuia  ni 

Lt,  vol.  3  (186fl). 

i.  Weiler,   Ueber  die  vertehiedenen  GtiUungen  der  Cotnplexe    ticeilen 

M,  Matbematische  Annalbn,  vol.  7  (1872). 

ietrachlungen  liter  die  KummerscKe  Fldche  und  ihren  Zutammenhang 

•,n  hupereUiptitchen  Funelionen  p  =  2,  Munich,  1878. 

>te  DartleUang  der  FUkhe  vierter  Ordrmng  mit  Do-ppelkegehckniU  dureh 

lUiptiieki  Funetionen,  Leipcig,  1886. 
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tine  geometiy  is  hia  system  of  coordinatea,  &nd  its  application  to  syBtema  of 
qUAdntio  complexes,  to  confocal  eystems,  and  to  differential  properties. 

The  second  part  of  the  pieeent  volume,  pages  240-410,  contaioa  a.  number 
of  early  notes,  Bnd  the  long  memoir  of  1890,  which  contains  a  subatantial 
haimoniiation  of  ttie  eariier  notes  on  measurement,  the  theory  of  troupe, 
Bnd  the  significance  of  transformations  which  leave  a  given  configuratioa 
— space,  variety,  surface,  curve — invariant.  Although  von  Staudt'B  Geom- 
efrie  der  Lage  was  written  in  1847,  it  was  not  noticed  until  1871  that  his 
treatment  of  harmomo  elements,  upon  which  the  later  Beitrige  built  the 
theory  of  coordinates,  was  esaentially  independent  of  the  parallel  axiom; 
it  was  Klein  who  made  it  sharply  and  distinctly  so.  The  first  paper  is  a 
brief  summary  which  first  appeared  in  the  GOrrtNOEB  N&caittcaTEN, 
showing  that  Cayley's  theory  of  measurement  can  be  forcefully  visualised 
by  means  of  von  Staudt's  projective  geometry.  Besides  these  two  sources 
the  author  calls  attention  to  the  help  he  got  from  the  memoir  of  Beltrami* 
and  particularly  to  the  great  inspiration  which  he  found  in  the  writings  of 
Clifford.  He  states  that  be  found  the  books  of  Salmon  most  useful  and 
instructive. 

In  the  fall  of  1873  Kl^n  attended  the  Bradford  meeting  of  the  British 
Association,  and  met  Cayley,  Sylvester,  Clifford,  and  Ball  (Sir  Robert). 
The  two  long  papers  Ud>er  die  aogenannte  Niekl-EuklidUche  Oeometrie 
had  already  appeared  before  the  Bradford  meeting  was  held,  as  the  second 
was  finished  in  1872.  The  next  paper  was  written  after  the  Bradford 
meeting.  It  contains  the  axiom  of  projectivity  in  its  present  form,  and 
also  the  statement  that  continuity  can  be  postulated  in  the  same  manner 
as  in  metric  geometry.  Now  follows  a  gap  of  six  years,  at  the  end  of  which 
appears  the  short  note  in  which  the  author  acknowledges  the  redundancy 
of  his  system  of  axioms  necessary  for  the  von  Staudt  development;  it  is  a 
further  analysis  of  the  axiom  of  projectivity.  The  last  paper  appeared  in 
1890,  at  the  end  of  the  course  on  non-euclidean  geometry  given  at  G6tt- 
ingea  in  1880-1890.  It  contains  a  detailed  account  of  ClifTord's  theory 
of  parallels  (right  and  left  parallels),  points  out  the  difference  between 
spherical  and  elliptic  geometry,  develops  a  purely  projective  foundation 
for  analytic  geometry,  and  discusses  the  meaning  of  axioms  in  general. 

The  third  volume  of  Lie's  Theorie  da-  Tran^armationenfiruppen  ap- 
peared in  1S93.  The  preface  contains  (pp.  x-xii}  an  admirable  resum6  of 
the  growth  of  non-eudidean  geometry  and  of  the  significance  of  the  problem 
discussed  in  Part  V,  pages  393-543.  It  also  contains  several  statements 
r^arding  the  contributions  of  Klein  to  the  development  of  non-euclidean 
geometry  and  of  the  foundations  of  geometry  that  are  sadly  out  of  keeping 
with  the  worth  and  the  dignity  of  the  other  parts  of  that  monumental  work- 
in  1897  Klein  was  invited  to  report  on  the  value  of  Part  V  of  Lie's  volume 
3  to  the  Phyaieo-Mathematical  Society  of  the  imperial  University  of  Kason 
io  connection  with  the  first  award  of  the  Lobachschevsky  prize.  The 
report  covers  18  pages  in  the  present  volume.  A  more  dignified  or  noble 
eulogy  con  hardly  be  found  in  critical  literature  than  that  sent  by  Klein 
to  the  Rusdan  Society,  proposing  Lie's  name.    Revenge  is  sweet. 

*Saggu>  tU  tntrrvretazione  della  geometria  non  euclidea,  Giornale  D1 
Battaguni,  vol.  6  (1868). 
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The  third  part  is  conoerned  with  tbe  Erlangen  Prognmm,  but  there  ia 
no  eharp  division  between  thi^  and  the  pieoeding  one.  It  b^ios  with  the 
joint  note  on  TT-curves,  written  by  Klein  and  Lie,  fint  the  summaiy  tiiat 
ttppeiued  in  the  Comftes  Rbndos,  then  the  full  paper  that  was  pub- 
lished a  little  later  in  the  Anmalen.  In  this  paper  one  sees  the  different 
points  of  view  of  the  two  authors,  one  striving  to  express  tbe  phenomena 
as  discrete  operations,  the  other  to  define  everything  in  terms  of  diSermtial 
equations.  It  ia  a  periectly  natural  suggestion  growing  out  of  their  joint 
work  on  non-eudidean  geometry.  The  difference  in  point  of  view  is  well 
illustrated  by  a  little  incident,  now  mentioned  in  a  footnote.  The  TT-curves 
are  defined  as  those  having  tangents  cutting  the  trian^e  of  reference  in 
three  pobts,  which,  with  the  point  of  contact,  make  a  constant  cross  ratio. 
Klein  was  disturbed  by  the  indeterminate  form  which  arises  when  the 
curve  has  singular  points  at  the  vertices,  and  proposed  that  the  paradox 
be  investigated.  (This  has  been  done  since  in  connection  with  the  integrals 
of  differential  equations  of  the  first  order,  by  Poincoi^,  Veasiot,  and  others.) 
But  Lie  was  so  filled  with  the  general  theory  that  such  things  did  not 
interest  him.  His  reply  wss:  "Die  Kurve  weiss  selbst  am  besten,  wie  sie 
sich  in  singulftren  Punkten  lu  verhalten  hat." 

We  now  come  to  the  Programm  itself.  It  was  prepared  in  the  midst 
of  the  other  early  papers  already  mentioned,  and  while  the  author  was 
still  saturated  with  his  work  with  Plficker,  with  Lie,  with  StoU,  and  he 
was  in  daily  contact  with  Clebscb  while  the  actual  paper  was  being  written. 
To  those  who  have  worked  a  long  time  in  algebraic  geometry,  most  of  the 
ideas  there  developed  now  seem  almost  self-evident.  The  idea  of  the 
group,  as  expressed  in  terms  of  birational  transformations,  the  principal 
subgroup  (Hauptgruppe),  under  which  a  surface  remains  invariant,  the 
necessary  restrictions  on  the  families  of  curves  on  the  surface,  the  change 
of  space  element,  the  geometric  facts  concerning  invsjiants,  sre  now  the 
ordinary  toob  of  the  trade.  But  when  we  recall  that  this  was  written  fifty 
years  ago,  that  its  author  was  twenty-three  years  old,  that  Jordan's 
treatise  on  substitution  groups  had  hardly  been  .out  a  year,  that  Cayley's 
papers  on  Cremona  transformations,  Noether's  memoir  on  mapping  and 
the  BriU-N'oether  paper  oa  algebraic  curves  were  not  then  in  existence,  that 
Lie's  line^phere  transformation  appeared  the  same  summer,  then  we 
realize  that  it  was  a  veritable  programme,  which  has  been  closely  followed 
during  the  last  half  century.  The  contributions  of  the  Italian  geometers 
h  a  sufficiently  eloquent  tribute  to  tbe  comprehensiveness  of  the  plan 
outlined.  If  we  now  re-read  the  preface  of  Volume  III  of  Lie's 
ie  der  TTansformolionengruppen,  especially  page  xvii,  we  are  supplied 
k  great  deal  of  food  for  serious  reflection. 

°in  remained  at  Erlangen  five  semesters,  then  went  to  Munich 
r.  1875,  thence  to  Leipzig,  October,  1S30,  and  finally  to  Gfittingen  in 
at  which  time  through  his  efforts  Lie  was  made  his  successor  at 
ig.  The  first  few  years  at  Gottingen  were  devoted  to  systematiiing 
ompleting  the  earlier  contributions,  and  occasionally  to  take  a  new 
:  at  mechanics,  which  as  a  boy  had  interested  him  more  than  matbe- 
i.    Besides  giving  a  course  on  mechanics  he  prepared  the  treatise  on 
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the  theory  of  the  top  with  Sommerfeld,  the  first  volume  of  which  appeared 
in  ]$97.  In  1901  Sit  Robert  Ball's  Theory  of  Screw  was  published.  The 
Encyklopftdie  was  undertaken  in  18M,  and  Kl«n  was  appoint«d  editor 
of  the  volume  on  mechanica.  These  facta  account  for  the  next  paper,  a 
critidBm  of  Sir  Robert's  book.  It  emphasizes  what  Klein  had  always 
maintained,  namdy,  the  necessity  of  accounting  for  exceptional  and  singular 
cases,  to  which  the  general  theory  ceases  to  apply.  By  reading  the  Pro- 
gramm  and  the  criticism  together,  one  sees  the  close  connection  between 
them.  To  be  consistent  with  his  own  scheme,  the  author  should  have 
everywhere  ontitted  the  differentials  of  the  second  order,  but  had  this  been 
done  it  would  lead  to  the  exclusion  of  what  both  the  author  of  the  book  and 
of  the  criticism  designate  as  the  most  important  part  of  the  theory,  in  those 
cases  in  which  the  first  differentials  are  identically  zero. 

The  remainder  of  the  present  volume  consists  of  much  later  papers; 
they  are  concerned  with  the  connection  between  the  theory  of  relativity 
and  the  projective  theory,  as  developed  in  the  Programm,  particulariy 
the  fundamental  significance  of  Cayley's  theory  of  measurement  The 
first  paper  formed  the  closing  chapter  of  a  course  on  analytic  projective 
geometry  given  in  I909-19I0,  and  makes  an  elementary  approach  to  the 
Lorenti  group,  showing  it  to  be  included  in  the  affinity  group  in  space  of 
four  dimensions.  The  same  also  contains  a  dear  summary  of  the  argu- 
ment for  the  various  kinds  of  non-euclidean  geometries  of  fewer  dimensions, 
and  how  they  are  related  by  a  continuous  change  of  the  space  parameter 
(constant  of  curvature).  After  the  elementary  part,  entirely  algebraic, 
there  follows  a  short  discussion  of  the  Maxwell  electro-dynamic  equations, 
in  which  it  is  shown  that  they  are  invariant  when  the  space  coordinates  are 
changed  linearly,  or  the  time  is  translated,  but  not  under  such  transforma- 
tions as  contain  both  apace  and  time  coordinates  in  the  same  equation. 

The  next  paper  is  a  letter  to  Hilbert,  after  the  appearance  of  Hilbert's 
first  note  on  the  foundations  of  physics.  It  contains  an  alternate  deriva- 
tion of  Hubert's  results  by  means  of  an  appropriate  transformation  in  the 
sense  of  the  Prognunm.  Then  in  reply  Hilbert  supplies  the  details  of  the 
analysis,  and  Klun  shows,  by  means  of  a  system  of  partial  differential 
equations  that  even  the  general  theory  of  relativity  can  be  treated  from 
this  same  standpoint,  aa  well  as  the  earlier  special  theory.  Only  those 
consequences  of  the  differential  equations  have  a  physical  sense  that  are 
invariant  under  the  operations  of  the  group — a  property  that  is  inherent  in 
the  Programm  for  any  geometry.  The  last  two  papers  of  the  volume 
apply  the  same  transformations  directly  to  the  Einstein  equations  in  the 
new  theory  of  gravitation,  leading  to  many  material  simpUficatioas.  In 
particular,  the  meaning  of  the  symbols  in  the  multiple  integration  is 
treated  at  length,  bringing  them  into  clear  relation  with  the  Grassmann 
symbolism.  The  tubular  or  cylinder-formed  universe  of  Einstein  is  con- 
trasted with  that  of  constant  curvature  of  de  Sitter.  The  general  trans* 
formation  theory  appliee  directly  to  the  latter,  whereas  artificial  modifica- 
tions must  be  made  before  it  applies  to  the  case  of  Einstein. 

The  book  is  printed  in  large  clear  type  on  good  paper,  and  is  almost 
completely  tree  from  typographical  errors. 

VtnoiL  Sntdeh. 
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SHORTER  NOTICES 

Lehrbueh  tUr  dartUUtmien  GeometrU.    By  Dr.  Georg  ScbeSers.    Vol.  I, 

ix  +  423  pages,  404  figuren.    Vol.  II,  xiii  +  439  pages,  396  figures. 

Berlin,  Julius  Spiinger,  1919,  1920. 

This  treatise  on  descriptive  geometry  contains  in  the  main  the  substance 
of  the  lectures  given  by  Professor  ScbefFera  at  the  Technical  School  of 
Berlin.  It  presupposes  nothing  but  "school-mathematics"  on  the  part 
of  the  student,  vbich,  in  Amerirn,  is  approximately  equivaleut  to  mathe- 
matical training  in  college  algebra,  trigonometry,  and  analytic  geometry. 

The  courses  in  descriptive  geometry  in  the  universities  and  polytechnic 
schook  of  continental  Europe  are  usually  distinguished  by  high  scientific 
standards  and  are  given  by  men  who  are  either  mathematicians,  like 
ScheSeis,  or  men  who  have  at  least  considerable  mathematical  knowledge 
beyond  the  calculus.  The  type  of  courses  in  descriptive  geometry  offered 
in  most  of  the  American  engineering  scboob,  serving  a  purely  utilitarian 
purpose,  may  be  found  in  the  European  trade-echools  and  secondary 
technical  schools  of  various  kinds,  where,  naturally,  no  effort  is  made  to 
treat  the  subject  as  a  science,  to  place  connecting  links  with  other  branches 
of  mathematics,  or  to  pay  any  attention  to  historical  developments. 

From  the  standpoint  of  tiie  scientific  critic  Scheffcra'  LehrbiuA  is  a 
masterly  exposition  of  descriptive  geometry.  Almost  on  every  page  one 
may  notice  the  enormous  advantage  in  the  treatment  of  the  subject  by 
the  superior  insight  which  a  deeper  mathematical  knowledge  affords. 
Nevertheless,  Scheffers,  even  from  the  practical  standpoint  of  the  engineer, 
never  grows  pedantic,  or  looses  himself  in  some  individual  pet  schemes. 

The  concepts  and  propositions  of  projective  geometry  are  developed  as 
far  as  they  are  of  unquestionable  value  in  the  treatment  and  rational  solu- 
tion of  certain  characteristic  problems.  Any  one,  like  Scheffers,  who  is 
familiar  with  modem  progressive  views  will,  of  course,  contend  that  it  is 
impossible  to  writ«  a  modem  scientific  descriptive  geometry  without  the 
knowlet^  of  projective  geometry,  even  when  taken  in  the  larger  sense  of 
the  word.  The  frequent  lack  of  such  knowledge  on  the  part  of  teachers 
and  writers  accoimts  for  many  obsolete  methods  of  treatment  and  the 
omission  of  some  of  the  most  beautiful  applications  of  projective  geometry 
to  descriptive  geometry. 

The  stimulating  influence  by  Scheffers'  competent  selection  and  presen- 
tation of  the  subject-matter  upon  the  reader  is  incressed  by  extensive 
historical  references  and  comments  on  geometric  topics  aUied  to  descriptive 
and  projective  geometry.  Throughout  the  treatise  the  author  shows  t^at 
he  is  well  informed  on  the  essential  and  important  phases  of  the  modem 
development  of  constructive  geometric  methods. 

For  didactic  reasons,  explained  in  the  preface,  the  first  volume  starts 
with  orthographic  projection  upon  a  single  plane.  The  claim  of  modernity 
which  the  reviewer  makes  for  Scheffers'  book  may,  outwardly  at  least, 
appear  from  the  fact  that  at  the  outset  we  find  a  statement  about  the  prin- 
ciple of  duality  and  its  bearing  upon  projective  processes.    Further  on  we 
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find  applications  to  the  construction  of  roof-sbAped  surfaces,  of  aun-diak,  of 
ngiAai  polyhedrons  and  ciTstal-forma,  of  ellipses  and  of  moment-ellipses 
in  graphic  statics.  The  second  chapter,  which  deals  with  paraUel-iVOJection 
upon  a  sin^  plane,  includes  sections  on  cavalier-perapective,  shadows 
under  psjrallel  light-rays,  alfinity  and  its  applications,  on  the  foundations 
of  genera]  axonometry  (including,  of  course,  Pohlke's  famous  theorem),  on 
the  theory  of  involution  and  its  apphcations  to  the  polar  properties  of  the 
circle  and  the  ellipse.  In  the  third  chapter  we  find  the  customary  ortho- 
graphic projection  upon  two  or  more  planes  of  projection,  including  a 
valuable  section  on  conies.  Whenever  possible,  full  use  is  made  of  the 
advantages  which  the  application  of  projective  properties  of  conies  and  the 
principle  of  affinity  afford  in  the  graphic  representation  of  geometric  forms. 

The  second  volume  contains  two  chapters  on  perspective  and  various 
applications.  Chapter  IV,  on  centra!  projection,  treats  of  fundamental 
concepts,  so-called  restricted  perspective,  construction  of  shadows  in  per- 
spective, invariance  of  cross  ratio,  involutory  perspective,  applications  of 
perspective,  perspective  of  circle  and  sphere,  propertisa  of  conic  sections 
and  tbeir  applications,  including  Pascal's  and  Brianchon's  theorems,  and 
so-called  free  perspective. 

Various  applications  and  supplementary  topics,  such  as  plane  curves, 
surface-ornaments,  topographical  surfaces,  surfaces  of  revolution,  helical 
and  cycloidal  curves  and  surfaces,  ruled  surfaces,  interpenetrations  and 
shadows,  and  finally  a  brief  account  of  relief-perspective,  form  the  contents 
of  the  concluding  fifth  chapter. 

The  level  upon  which  Scheffera  proceeds  may  be  judged  from  the  fact 
that  even  a  discussion  of  Peano's  surface  is  included,  to  show  the  student 
the  danger  of  hasty  generaliiationa.  Peano's  original  surface  has  the  form 
I  ••  (j;'  —  2pz)(y*  —  2^)  in  which  p  and  q  are  positive  real  integers.  For 
the  sake  of  convenient  constructive  treatment,  Scbeffers  discusses  the  pro- 
jectively  equivalent  surface 

Every  plane  through  the  t-uda  cuts  the  surface  in  a  quartic  which  has  a 
maximum  at  the  origin,  so  that  one  might  expect  a  maximum  for  the  surface 
at  that  point.  Still  it  is  possible  to  trace  curves  on  the  surface  paaaiiig 
through  O  having  a  minimum  at  0. 

The  whole  treatise  is  carefully  written  and  is  typographically  faultless. 
It  may  be  heartily  recommended  to  teachers  as  well  as  to  students  of 
descriptive  geometry. 

Akmold  Euch. 

Girolamo  Soeeheri't  EueHdet  Virtdicatvs,  edited  and  translated  by  George 
Bruce  Halsted.  Chicago,  The  Open  Court  Publishing  Company, 
1920.    30 -f  246  pp. 

The  original  title  of  Saccheri's  now  famous  work  is:  Euclides  ab  omni 
oaevo  viudicatua,  .  .  .,  which  appeared  in  Milan  in  1733,  and  which 
Halsted  translates  as  "EucUd  freed  of  every  fleck."  In  English  fieek 
sounds  rather  Teutonic,  and  the  reviewer  suspects  that  jlau,  or  blemiah 
would  sound  better  to  tlie  American  ear.    It  is  highly  commendable  that 
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the  translator  haa  arranged  the  Latin  and  English  texte  in  parallel  pages. 

If  Saccheri  had  drawn  the  last  consequences  of  his  keen  logic,  and  if  he 
had  not  unfortunately  dragged  in  the  then  hazy  notions  of  infinity  and 
continuity,  he  would  have  eataUished  the  first  flawless  non-eudidean 
geometry.  On  account  of  those  concepts,  foreign  to  euclidean  geometry,* 
the  latter  portions  of  the  book,  accordii^  to  Halsted,  are  comparatively 
unimportant.  No  lesa  a  mathematician  than  Sep^  says  of  this  book: 
" Nevertheles.1  the  first  seventy  pages  (apart  from  a  few  isolated  phrases), 
up  to  Proposition  32  inclusive,  constitute  an  ensemble  of  logic  and  of 
geometric  acumen  which  may  be  called  perfect." 

Considering  the  circumstance  that  the  translation  itself  does  add  nothing 
new  to  well  known  facts,  it  must  be  said  that  the  most  valuable  part  of  tho 
book  is  the  introduction  written  by  Hoisted,  wherein  he  gives  us  interesting 
and  valuable  information  on  Saccheri's  Loffica  demomtrativa.  This  re- 
markable  work  embodies  a  system  of  which  the  Eudides  Vindiatlut, 
which  appeared  later,  may  merely  be  called  an  application,  and  could 
obviously  only  originate  in  a  mind  of  eKtraordinary  ability.  The  first 
edition  was  published  in  Turin  in  1697,  the  second  in  Turin  in  1701,  the 
third  in  Cologne  in  1735.  In  an  analysis  of  this  l(^c  Heath  says:  "Mill's 
account  of  the  true  distinction  between  real  and  nominal  definitions  was 
fully  anticipated  by  Saccberi."  According  to  Hakted,  "In  his  Logiea 
demontlrativa  Saccheri  lays  down  the  clear  distinction  between  what  he 
calls  definitionei  ifuid  nomtnu  or  nominaUg,  and  dejinitiones  quid  rei  or 
reales,  namely,  that  the  former  are  only  intended  to  explain  the  meaning 
that  is  to  be  attached  to  a  given  term,  whereas  the  latter,  besides  declaring 
the  meaning  of  a  word,  affirm  at  the  same  time  the  existence  of  the  thing 
defined  or,  in  geometry,  the  possibility  of  constructing  it.  The  dejinUio 
quid  lutminia  becomes  a  deJinUio  ^uid  rei"  by  means  of  a  postulate,  or  when 
we  come  to  the  question  whether  the  thing  exists  and  it  is  answered 
affirmatively.  "Defin^ionet  quid  nomini«  are  in  themselves  quite  arbitrary, 
and  neither  require  nor  are  capable  of  proof:  they  are  merely  provisional, 
and  are  only  intended  to  be  turned  as  quickly  as  possible  into  definitUmet 
quid  rei,"  by  means  of  certain  postulates  of  existence  or  constructions  and 
by  means  of  demonstrations.  Vailati,  thus  far  the  only  protagonist  of  the 
Logiea  demcrtstraliva,  says  that  the  anticipation  of  Mill's  distinction  gives 
Saccberi  the  right  to  an  eminent  place  m  the  history  of  modern  l<^c. 

On  the  whole,  Halsted's  edition  of  Saccheri's  work  is  very  well  done  and 
is  a  very  praiseworthy  scientifio  undertaking.  Equally  praiseworthy  would 
be  an  English  edition  of  the  Logiea  demonetralitv,  and  we  would  suggest 
to  Dr.  Halsted  to  try  to  secure,  for  that  purpose,  a  copy  of  the  Cologne 
edition,  or,  for  that  matter,  of  any  of  the  previous  editions,  and  thus  reader 
a  great  service  to  the  history  of  science. 

Ahnold  Eucb. 

*  If,  according  to  Weyl,  we  define  as  an  euclidean  number  a  number 
which  is  obtained  from  1  bv  addition,  subtraction,  multiplication,  and 
division,  to  which  is  adjoined  the  root  of  a  positive  number,  then,  within 
this  system  of  definite  content  of  euclidean  numbers,  all  constructions  of 
eucUdean  geometry  may  be  carried  out.  It  is  not  necessary  to  pour  a 
"space-broth"  over  it. 
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Giomttrie  Syntk&ique  del  XJnia»»aie»  de  Tnriribme  Clatse  el  de  Qva^iime 

Ordrt.    By  £.  Bally.    Paris,  Gauthier-ViUaiB,  1920.    98  pp. 

As  its  title  indicates,  this  book  develops  the  properties  of  uniciirsal 
curves  of  the  third  class  and  the  fourth  order  syothetically.  These  curves 
are  homographically  equivalent  to  the  tri-cuspidal  bypocycloid  or  to  the 
cardioid.  The  discuBsion  is  therefore  limited  to  these  cycloids.  The 
ordinary  cycloid  is  iDcluded  as  a  linuting  case. 

If  E  and  /  are  two  concentric  circles  of  radii  R,  and  £,-,  respectively, 
(.R,  >  Ri),  there  are  two  families  of  circles  tangent  to  both  whose  diameters 
are  fl.  +  fii  and  R,  —  B*.  Consider  two  circles,  one  from  each  famUy, 
tneeting  in  a  point  A  and  tiiuehing  E  at  £i  and  St.  If  these  circles  roll 
upon  E  so  that  B\  and  £■  move  in  opposite  directions  with  velocities 
proportional  to  the  radii  of  the  rolling  circles,  A  remains  fixed  in  position 
upon  each  circle  and  describes  a  hypocyctoid.  If  the  circles  roll  upon  1 
BO  that  their  points  of  contact  move  in  the  same  direction  with  velocities 
proportional  to  the  radii,  A  will  describe  an  epicycloid. 

The  properties  of  the  tri-cuspidal  hypocycloid  and  of  the  cardioid  are 
developed  in  Chapter  I,  starting  from  the  foregoing  mode  of  generation. 

Chapter  II  deals  with  the  tangential  properties  of  these  curves  as  cor- 
relative to  point  properties  of  nodal  cubics. 

The  two  following  chapters  deal  with  properties  deducible  from  the  fact 
that  a  tri-cuspidal  quartic  is  the  transform,  by  quadric  transfonnation,  of  a 
conic  inscribed  in  the  triangle  of  its  cusps. 

Chapter  V  deals  with  the  nodal  cubic  as.  a  projection  of  a  twisted  cubic, 
and  the  tri-cuspidal  quartic  as  a  section  of  the  developable  surface  formed 
by  the  tangents  to  the  twisted  cubic. 

The  book  is  interesting  in  that  it  develops  the  properties  of  these  special 
curves  in  a  simple  way  and  by  elementary  means,  but  its  vaJue  would  be 
'greatly  enhanced  to  the  interested  reader  had  full  references  to  ori^nal 
sources  been  included.  For  example,  no  reference  is  made  to  the  papers  of 
Stciner  and  Cremona  (Creuji,  vols.  53  and  64,  respectively)  upon  these 
curves.  Perhaps  such  references  will  be  given  in  the  lat^r  work  on 
geometry  which  is  promised  in  the  preface,  but  wluch  has  not  yet  ap- 
peared. 

L.  Watland  Dowlinq. 

£ltment»  de  GtomAtrie,  I  et  H,  by  Alens-CIaude  Glairaut,  (Les  Mattres 
de  U  Fenste  Scientifique.}  Paris,  Gauthier-Villars,  1920.  14  +  06 
H-  104  pp. 

This  is  an  opportune  time  for  the  re-publication  of  Clairaut's  £Ument» 
de  Qiomftrie  that  was  first  brought  out  at  Paris  in  1741  and  i^^ain  in  1753. 
The  presentniay  tendencies  in  the  teaching  of  beginners'  geometry  are  in 
some  way  those  set  forth  by  Clauvut  180  years  ago.  Many  teachers  will 
be  glad  to  examine  this  eighteenth  century  rival  of  Euclid's  Elements,  a 
text  written  by  one  of  the  most  distinguished  French  mathematicians  of 
that  century.  At  first  Clairaut  brings  into  play  chiefly  the  intuitive 
powers.  He  secures  the  interest  of  beginners  by  frequent  reference  to 
exerctses  in  surveying.    The  reprint  appears  in  two  small  volumes. 

Florian  Cajori. 


ovGoogIc 


134  NOTES  [March, 

NOTES 

The  twenty-4iintli  aununer  meeting  of  the  American  MathemaUcsl 
Society  wiU  be  held  &t  the  Univeraity  of  Rochester,  Rochester,  New  York, 
on  Thursday  and  Friday,  September  7  and  B.  The  regular  aeesitma  will 
be  held  in  the  Eastman  Building.  Kendrick  Hall  will  be  open  for  the 
accommodation  of  a  limited  number  of  men,  and  there  are  eeveral  hotels 
conveniently  located.  An  excunaon  is  beii^  planned,  and  the  usual  joint 
dinner  will  be  arranged  with  the  Mathematical  Association  of  America, 
which  will  hold  iu  Bessiona  immediately  before  those  of  the  Society.  Op- 
portunity will  be  offered  to  those  who  desire  to  inspect  the  Research 
Laboratory  of  the  Eastman  Kodak  Company,  and  the  works  of  the  Bsusch 
and  Lomb  Optical  Company. 

Rochester  ig  on  the  main  line  of  the  New  York  Central  Railroad,  and 
may  be  reached  by  several  other  toads. 

Titles  and  abstracts  of  papers  intended  for  presentation  at  the  meeting 
should  be  in  the  hands  of  the  secretary  by  August  10  in  order  to  appear  on 
the  printed  program.  Papers  received  after  that  date  can  be  presented 
only  as  time  pennita.  This  announcement  replaces  the  preliminary  notice 
issued  in  the  past.  The  attention  of  members  is  invited  to  the  fact  that  no 
other  preliminary  notice  will  be  issued. 

The  editors  of  the  Amebicak  Mathematicai.  Monthlt  request  us  to 
annoimce  that  current  issues  of  that  journal  have  been  long  delayed  not 
only  on  account  of  the  general  printing  aituation,  which  haa  affected  all 
mathematical  journals  in  America,  but  also  still  further  on  account  of 
difficulties  incident  to  traaafer  of  editorial  responsibility.  These  obstacles 
seem  now  to  be  overcome,  and  there  is  hope  for  gradual  return  to  normal 
conditions. 

A  number  of  periodicala  devoted  wholly  or  in  part  to  mathematics 
have  recently  been  founded  in  varioua  European  countriea.  Among  them 
are  the  following:  Adhandlunqen  aus  deu  Matheuatibchen  Seminar 
DER  Hamkl-rdibchen  UNiVERBiTAT,  edited  by  Professors  W.  Blaschke,  E. 
Hecke,  and  J.  Radon.  Curistiaan  Hcvoenb,  Internationaai.  Mathb- 
MATI3CH  TiJDBCHRiFT,  edited  by  Dr.  P.  Schuh  and  published  by  NoordhofT, 
at  Groningen,  Holland.  Revista  Mateuatica  dinTiui^ara,  published 
under  the  auspices  of  the  polytechnic  school  at  Timisoara,  Roumania,  and 
devoted    mainly    to    elementary    mathematics    and    problems.     Spist 

VYdAvAn£      PftfRODOvgoECKOU      FaKULTOD       MaSARTKOVT     UmIVB  BSITT 

(memoirs  published  by  the  faculty  of  sciences  of  the  Masaryk  University), 

Brno  (Brllnn),  Czecho-Slavia.     Warezawskie  Towarivstwo  Politech- 

Sfrawozdania  1  Pkace,  published  by  the  Warsaw  Polytechnic 

^,  and  containing  reports  of  meetings  of  that  Society  and  memoirs 

:hematical  physics. 

the  meeting  of  the  American  Association  for  the  Advancement  of 
!  at  Toronto  (December  27-31,  1921),  Professor  G.  A.  Miller  was 
vice-president  of  Section  A  (mathematics)  and  chairman  of  that 
.    The  University  of  Toronto  conferred  its  honorary  doctorate  of 
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science  on  Professor  B.  H.  Moore,  president  of  the  Association  and  an 
eX'PTGflident  of  the  American  Mathematical  Society,  on  the  occasioa  of 
this  meeting. 

The  Americoa  Astronomical  Union  haa  appointed  a  committee  on  rela- 
tivity consisting  of  Dr.  Ludwik  Silberstein  (chairman)  and  Professors 
Ednard  Kaaner,  A.  A.  Miehelson,  and  D.  C.  WiLion. 

The  British  Association  for  the  Advancement  of  Science  will  meet  at 
Hull,  September  S-13,  1922,  mider  the  presidency  of  Professor  C.  S. 
Sherrington.  Professor  G.  H.  Hardy  is  president  of  Section  A  (mathe- 
matics and  physics)  and  Professor  A.  0.  Rankine  tecordcr  of  that  section. 

"Hie  London  Mathematical  Society  has  recently  elected  the  following 
officers:  H.  W.  Richmond,  president;  J.  E,  Campbell,  A.  L.  Dickson  and 
W.  H.  Young,  vice-preadenta;  A.  E.  Western,  treasurer;  G.  H.  Hardy 
and  G.  N.  Watson,  secretaries. 

The  Belgian  Mathematical  Society  (Cercle  math^matique  de  Belgique) 
waa  founded  at  Brussels,  October  20,  1921.    T.  De  Donder  is  president. 

In  June,  1921,  another  mathematical  society,  Les  Amis  des  Nombres, 
was  founded,  also  at  Brussels.  Its  aim  is  "  to  unite  those  who  are  primarily 
interested  in  numbers,  both  professional  mathematicians  and  amateurs." 
The  secretary  of  this  society  is  A.  GSrardin,  and  its  official  organ  is  the 
8pHiNX-(EnipE,  of  which  he  has  been  editor  for  many  years. 

The  Optical  Society  of  America  has  ariaoged  to  bring  out  an  English 
translation  of  Helmholti's  Handbueh  drr  physiologiKhen  Optik  as  a  memorial 
of  the  hundredth  anniversary  of  the  author.  Contributioiw  arc  solicited 
to  defray  the  expense  of  the  project,  and  should  be  sent  to  Adolph  Lomb, 
Treasurer  of  the  Optical  Society  of  America,  care  of  Bausch  and  Lomb 
Optical  Company,  Rochester,  N.  Y. 

In  connection  with  the  celebration  of  the  twcnty-hfth  anniversary  of  the 
Chicago  section  of  the  American  Mathematical  Society,  a  fund  has  been 
collected,  which  is  to  be  offered  for  trustceahip  to  the  Society  under  the 
name  of  the  Eliakim  Hastily  Moore  Fund.  It  is  proposed  that  the  income 
be  used  for  the  promotion  of  mathematical  research  by  the  publication 
of  important  books  and  memoirs,  and  ultimately  also  by  the  award  of 
prizes  for  important  contributions  to  mathematics. 

The  class  of  sciences  of  the  Royal  Academy  of  Belgium  has  awarded 
prixcs  to  P.  Monte]  for  his  memoir  iSur  Ua  familleg  quaainormale*  de  fonc- 
Hons  holontorphes  and  to  L.  Godeaux  for  his  memoir  Siir  lea  transformations 
rationneUea  de  Jonquiirea  de  I'eapace.  The  following  subjects  are  announced 
for  prises  to  be  awarded  in  1923:  An  important  eontrUrution  to  trtfinileaimal 
geometry,  and  A  contribuHon  to  Ihe  problem  of  bodie*  in  the  Einalein  theory. 

The  Paris  Academy  of  Sciences  announces  the  award  of  the  following 
prizes  in  mathematics:  the  Francicur  prize  to  Rem!  Baire,  for  his  work  in 
the  general  theory  of  functions;  the  Petit  d'Ormoy  prise  t«  the  late  Georges 
Humbert,  for  his  mathematical  work;  the  Saintour  prize  to  Pierre  Boutroux, 
for  his  work  in  the  theory  of  differential  equations  and  in  the  history  of 
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sciences.    The  Bordin  price  was  not  awarded  and  the  subject  (in  analysis 
aituB)  waa  withdrawn. 

l^e  Italian  Society  of  Sciences  (the  XL)  has  awarded  ita  price  in  mathe- 
matics for  1921  to  Profenor  O,  Tedone. 

The  Royal  Society  of  London  has  awarded  its  Copley  medal  to  Sir 
Joseph  Larmor  for  his  work  in  mathematical  physics,  and  its  Hughes 
medal  to  Profensor  Niels  Bohr,  of  the  University  of  Copenhagen,  for  his 
work  in  theoretical  physics,  especially  on  the  structure  of  the  atom. 

The  gold  medal  of  the  Royal  Astronomical  Society  has  been  awarded 
to  Dr.  J.  H.  Jeans  for  his  reaearches  in  stellar  cosmogony. 

A  price  for  an  enay  in  applied  mathematics,  the  Alan  Bodey  price, 
has  been  founded  at  Gonville  and  Caius  College,  Cambridge  University. 
The  annual  value  of  this  prize  is  £  10. 

The  Paris  Academy  of  Sciences  has  elected  Professor  J.  Andrade  a 
correspondent  in  the  section  of  mechanics.  Professor  M.  Brillouin  a  member 
in  the  section  of  general  physics,  and  Professor  M.  d'Ocagne  a  member  in 
the  section  of  "acad^miciens  libres." 

The  Accademia  del  Lincei,  Rome,  announces  the  election  of  Professor 
R.  Marcolongo  as  member  in  the  section  of  pure  and  applied  mathematics, 
and  of  Professor  G.  Armellini  as  corresponding  member  and  Professors  A. 
Einstein  and  C.  de  la  Valine  Poussin  as  foreign  associates  in  that  section. 

The  Italian  Society  of  Sdeneea  (the  XL)  has  elected  Professors  E. 
Almansi  and  G .  Ricci  to  membetahip. 

Professor  Niels  Bohr  has  been  elected  a  member  of  the  Royal  Institution, 
London. 

The  following  advanced  courses  are  announced  for  the  summer  session 
of  1822: 

University  of  Chicago:  First  term,  June  19-^uly  26;  second  tenn, 
July  27-September  1.  By  Professor  £.  H.  Moore:  Fundamental  number 
systems  of  analysis,  first  term;  Limits  and  series,  first  term.  By  Pro- 
fessor H.  E.  Slaught:  Elliptic  iaUgrals;  Differential  equations.  By 
Professor  G.  A.  Bliss:  Functions  of  a  complex  variable;  Calculus  of  varia- 
tions. By  Professor  E.  J.  Wilccynaki:  Metric  differential  geometry. 
By  Professor  J.  W.  A.  Yoimg:  Thec«7  of  equations.  By  Professor  F. 
R.  Moulton:  Celestial  mechanics.  By  Professor  A.  C.  Lunn:  Statistics 
and  probability;  vector  analysis.  By  Professor  R.  L.  Moore:  Foun- 
dations of  analysis  situs.    By  Mr.  H.  S.  Vandiver:  Theory  of  numbers. 

Professor  J.  Nielsen,  of  the  Breslau  Technical  School,  has  been  appointed 
to  a  professorship  at  the  Academy  of  Agriculture  at  Copenhagen. 

Dr.  R.  Wavre  has  been  admitted  as  privat-docent  at  the  University  of 
Geneva. 

Dr.  K.  Eisenmann  has  been  appointed  professor  of  technical  mechanics 
at  the  Braunschweig  Technical  School. 

In  the  faculty  of  sciences  of  the  University  of  Paris,  ProfeMor  J.  Drach 
has  been  transferred  from  the  chair  of  general  mathematics  to  that  of  the 
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application  of  tmalyaia  to  geometry,  and  Professor  E.  Cotton  from  the  chair 
of  theoretic&l  physics  to  that  of  general  physics  (as  xuccessor  to  the  late 
Professor  G.  Lippmsnn). 

The  following  appointments  to  profeasorahips  in  other  Ft«nch  univer- 
sities are  annoimcedi  Dr.  Darmob  (higher  anaJvsis)  at  the  University  of 
Nancy;  Dr.  Deltheil  (general  mathematics)  at  the  University  of  Toulouae; 
Dr.  G.  Giraud  (differential  and  integral  calculus)  at  the  University  of 
Clermont;  Dr.  P.  Humbert  (mathematics)  at  the  University  of  Mont* 
pellier;  Dr.  J.  Piria  (rational  mecLtnics)  at  the  University  of  MontpeUier; 
Dr.  E.  Turridre  (rational  mechanics)  at  the  University  of  Aix-Marseilles. 

At  the  University  of  Rome,  Professor  G.  Bagnera,  of  the  University  of 
Pnlermo,  has  been  appointed  professor  of  infinitesimal  analysis,  Professor 
F.  Severi,  of  the  X^niveraity  of  Pftdua,  profeBsor  of  algrtbraic  anal>-8is,  and 
Professor  F.  Euriques,  of  the  University  of  Bologna,  professor  of  mathe- 
matical methodology;  and  Dr.  Zondadari  has  been  admitted  as  privat- 
docent  in  descriptive  geometry. 

Professor  U.  Ciaotti,  of  the  University  of  Pavia,  has  been  appointed 
professor  of  mathematinal  phyaica  at  the  Milan  Technical  Institute. 

Dr.  J.  U.  Jeans,  aciretary  of  the  Royal  Society  of  London,  has  been 
appointed  Halley  lecturer  at  Oxford  University  for  1922. 

Mr.  W.  E.  H.  Berwick,  university  lecturer  at  Cambridge,  has  been 
appointed  to  a  fellowship  at  Clare  College. 

Mr.  H.  W.  Tumbull  has  been  appointed  regiuft  professor  of  mathematics 
at  the  University  of  St.  Andrews,  as  successor  to  Sir  P.  S.  Leng,  who  has 
reaped. 

Dr.  J.  W.  Nicholson,  formerly  of  the  University  of  I/>ndon,  has  been 
appointed  to  a  war  memorial  fellowship  as  tutor  in  mathematics  and 
phyaica  at  Balliol  College,  Oxford. 

Dr.  L.  L.  Dines  has  been  promoted  to  a  senior  professorship  of  mathe- 
matics at  the  University  of  Saskatchewan,  and  granted  leave  of  absence 
for  the  second  half  of  the  present  academic  year. 

Mr.  F.  W.  Winters  has  been  appointed  assistant  professor  of  mathe- 
matics at  Dalhousie  College,  Halifax,  Nova  Scotia. 

Professor  F.  S.  Nowlan,  of  Bowdoin  Collie,  has  been  appointed  lecturer 
in  mathematics  at  the  University  of  Manitoba. 

Dr.  J.  J.  Nassau  has  been  appointed  assistant  professor  of  mathematics 
and  aatronomy  at  the  Case  School  of  AppUed  Science. 

MiasEIaieM.  Plapp,  of  the  University  of  Wisconsin,  has  been  appoml«d 
adjunct  professor  of  mathematics  at  Hollins  College. 

Mrs.  H.  B.  NewBon,  formerly  assistant  professor  of  mathematics  at 
Washburn  College,  has  been  appoint«d  professor  of  mathematics  at 
Eureka  College. 

Associate  Professor  Emma  L.  Konantz  has  returned  to  Ohio  Wesleyan 
University  after  two  years  leave  of  absence  spent  in  teaching  at  Peking 
University. 
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At  the  University  of  Denver,  Mr.  B.  F.  Doatal,  of  Obcrlio  College,  has 
been  appointed  assistant  profeaaor  of  mathemati<». 

Mr.  Ralph  Beatley,  of  Horace  M&nn  School  nnd  Teachers  College, 
Columbia  University,  has  been  appointed  aanstant  professor  of  education 
at  Harvard  University;  his  work  will  lie  in  the  field  of  the  teachit^  of  mathe- 
matics, and  he  will  also  give  one  course  in  the  department  of  mathematics. 

Dr.  F.  C.  Touton  has  been  appointed  lecturer  in  secondary  education 
at  the  University  of  California. 

Mrs.  Ethelwynn  R.  Beckwith,  fomieHy  assistant  professor  of  mathe- 
matics at  the  Collie  for  Women,  Western  Reserve  University,  has  been 
appointed  acting  assistant  professor  of  mathematics  at  Vassar  College. 

Mr.  J.  C.  Funk  has  been  appointed  head  of  the  department  of  mathe- 
matics at  the  Santa  Maria  hi^  school  and  junior  coU^^e. 

At  the  U.  S.  Naval  Academy,  Mr.  G.  F.  Abrich,  Mr.  R.  P.  Johnson, 
Mr.  R.  C.  Lamb,  Mr.  E.  S.  Mayer,  and  Mr.  J.  B.  Scarborou^  have  been 
promoted  from  icstnictorships  to  asfdstant  professorships  of  mathematicn. 

Dr.  Philip  Franklin  has  been  appointed  Benjamin  Peirce  Instructor  at 
Harvard  Univerfiity  for  the  year  1022-23. 

Recent  appointments  as  instructor  in  mathematics  in  American  colleges 
and  universities  ate  as  follows:  Brown  University,  Mr.  H.  K.  Cummings; 
Syracuse  University,  Mr.  I.  S.  Canoil;  University  of  Colorado,  Dr.  Claribel 
Kendall  (returned  from  leave  of  absence);  University  of  Michigan,  Mr.  J. 
P.  Ballantine,  and  Mr.  W.  M.  Coates. 

The  death  of  Professor  Charles  Cailler  of  the  University  of  Geneva  is 
reported. 

Professor  Eduard  Gubter,  of  Zurich,  died  November  6, 1921,  at  the  ^ge 
of  seventy-six  years. 

Professor  H.  J.  Cotterill,  of  the  Royal  Naval  College,  Greenwich,  died 
January  8,  1022,  al  the  age  of  e^ty-six  years. 

Professor  W.  Foord-Kelcey,  of  the  Royal  Military  Academy,  Woolwich, 
died  January  3,  1922,  at  the  age  of  sixty-seven  years. 

Professor  C.  J.  Lambert,  of  the  Royal  Naval  College,  Greenwich,  died 
November  11,  1921,  at  the  age  of  seventy-seven  years. 

Rev.  J.  B.  Lock,  formerly  lecturer  on  mathematics  and  tutor  at  Caius 
College,  Cambridge,  died  September  8,  1921,  at  the  age  of  seventy-two 

Mr.  George  Wentworth,  co-ituthor  with  Professor  D.  E.  Smith  of  the 
Wentworth  and  Smith  series  of  mathematical  text-books,  died  August  26, 
1021,  at  the  age  of  fifty-three  years.  Mr.  Wentworth  had  been  a  member 
of  the  American  Mathematical  Society  since  1910. 

The  death  of  Professor  W.  W.  Beman,  previously  announced  in  this 
BoLLBTiH  (vol.  2S,  p.  S2)  occurred  on  January  18,  1922,  not  1921  as  there 
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NEW  PUBLICATIONS 
I.    HIGHER  MATHEMATICS 

Appell  (P.).    EKmentfl  de  la  th6orie  des  vecteurs  et  de  la  gfom^trie 

anatytique.    Paris,  Payot,  1921.     t6iiio.     147  [^.  Fr.  4.00 

Abwin  (A.).    Ueber  KongrueiueQ  von  den  fOnften  und  bOheren  Graden 

nach  einem  Prinuahl-modulus.    Stockholm,  1918.    Svo.    46  pp. 
Bachuann  (P.).    Gnindlehren  der  neueren  Zahlentheorie.    2te,  verbes- 

serte  Aufiage.    Berlin,  Vereinigung  wisaenBchaftlicber  Verleger,  1921. 

Svo.     16  +  252  pp. 
BuNCHi  (L.).    Lenoni  di  geometria  analitica.    Fiea,  Spoerri,  1920.    Svo. 

604  pp.  L.  40.00 

BiEBERBACB  (L.).    Lehrbut^  der  FunktiooeDtheorie.    Baod  1:  Elements 

der  Funktionenlehre.    Leipiig,  Teubner,  1921.    Svo,    6  +  314  pp. 

See  Enctklopadib. 

BoNOiiA  {R.).    Die  nichteuklidische  Geometric.    HiBtorisch-kntiBche  Dar- 

stelluDg  ihrer  Entwicklung.    Deutsche  Ausf^bung  ron  H.  Liebmanii. 

3te  Aufiage.    Leipiig,  1921. 
BuRKBARDT  (H.).    Funktioaentheoretischc  Vorlesungea.    Band  1,  Heft 

1:  Algebraische  Analysis,     3te  Auflftge.     Band!,  Heft  2:  Einfdhrung 

in  die  Thoorie  der  analytischen  Fiinktionen  einer  komplexen  Ver&nder- 

lieben.    Ste  Aufiage.    Band  2:  EUliptische  Funktionen.    3te  Aufiage. 

Berlin,  Vereinigung  wissenschaftLcher  Verleger,  1920-1921.    Svo. 
Cantor    (M.).    Vorlesungeo    fiber    Geschichte    der    Mathematik.    4ter 

Band.    Anastatischer  Neudrucb.    Leipzig,  1921. 
Cashuorb  (M.).    Fermat's  last  theorem:  proofs  by  elementary  algebra. 

3d  edition.    London,  Bell,  1921.    67  pp.  2b.  6d. 

CiANi  (E.).    Lexioni  di  geometria  proiettiva  ed  analitica.    2a  edizione. 

Pisa,  Spoerri,  1919.    Svo.    622  pp.  L.  40.00 

DoeivcH  (G.).    Eine  neue  Verallgemeinerung  der  BorelBchen  Summt^ili- 

tatstheorie  der  divei^nten  Relhen.     (Diss.)    Gdttingeo,  1920. 
Einstein  (A.).    La  g£om£trie  et  I'exp^ence.    Traduction  frangaise  par 

M.  Solovine.     Paris,  Gauthier-Villara,  1921.    Svo.    20  pp.    Fr.  3.00 
EnctklopXsie  der  mathematischen  Wissenschaften.    Band  II  3,  Heft  4: 

L-  Bieberbach,  Neueie  Unterauchungen  Qber  Funktionen  von  kom- 

plexen  Variabeln.    Leipsig,  Teubner,  1921. 
FiLON  (L.  N.  G,).    An  inUtxluction  to  projective  geometry.    3d  edition. 

London,  Arnold,  1921.    8  +  253  pp.  7s.  6d. 

FuHR   (H,).    Zur  Transformationstheorie  der  Fuchaaehen   Funktionen. 

(Diss.,  Giessen.)    (Mitteilungen  der  Mathematischen  Seminars  der 

UniveraitAt   Gienen,   Heft    1.)    Giessen,    Selbstverlag   des   Mathe- 

matiechen  Seminars,  1921. 
GciLEN  (V.).    Mathematik  und  Baukunst  als  Grundlagen  abendl&ndischer 

Kultur.    Wjedergeburt   der   Mathematik   aus   dem   Geiste   Kant4. 

(Sammlung  Vieweg,  Heft  B3.)    Braunschweig,  View«g,  1921. 
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HoNECKKR  (M.)-  Gegenstuidslogik  und  Denkl(%ik.  Berlin,  Ferd. 
DummleiB  Veriag,  1921.  M.  17.50 

LxoENDRB  (A.  M.}.  Tables  of  the  loguithma  of  the  completo  r-function 
to  twelve  figures.  (Tracte  for  Computers,  No.  4.)  Cambridge, 
Univetsity  Prese,  1921.    4to.     14  pp. 

LnBiuNM  (H.),    See  Bonola  (R.). 

Peabson  (K.).  On  the  coostruction  of  tables  and  on  interpolation. 
Part  1:  Uni-variate  Ubles.  Part  2:  Bi-variate  tables.  (Tracts  for 
Computers,  Noe.  2-3.)  Cambridge,  Univeisity  Press,  1920.  8vo. 
64+70  pp. 

Manninq  (H.  P-}.  The  fourth  dimension  mmply  explained.  A  coUectioa 
of  essays  selected  from  those  submitted  in  the  Scientific  American 
priie  oompetitioD.    London,  Metfauen,  1921.    251  pp.  7s.  6d. 

Naess  (A.).  Zur  Theorie  der  Triaden.  (Norsk  Matematisk  Forenings 
Skrift«r,  Serie  1,  Nr.  6.)    Kristiania,  Grondahl,  1921.     136  pp. 

Poincab£  (H.).  Des  fondements  de  la  gtem^trie.  (Biblioth^ue  de 
Synth^  Scientifique.)    Paris,  Chiron,  1921.    65  pp. 

Radkuacher  (H.).  Eindeutige  Abbildung  und  Messbarkeit.  (Diss., 
Gdttingen.)    Gdttingen,  1917.    2  +  109  pp. 

RouaiBR  (L.).  La  structure  des  theories  dMuctivee.  Paris,  Alcan,  1920. 
16mo.  Fr.  8.00 

ROhlbuann  (J.)-  Ueber  sphSrische  Kurveu.  (Diss.,  Halle.)  Halle,  E. 
Schneider,  1917.    104  pp. 

ScHOTTKT  (F.).    Thetafunktionen  vom  Geachlechte  4.    Berlin,  1920. 

SiEBL  (G.).  Zentralaffine  und  zentral&quiforme  Geometrie.  (Diss.) 
Freiburg  i.  Br.,  1921. 

SuiTH  (D.  E.).  Computus  jetons.  (Numismatic  Notes  and  Mono- 
graphs, No.  9.)  New  York,  American  Numismatic  Society,  1921. 
16mo.    70  pp.  +  4  plates. 

SoLovtNE  (M.).    See  Einstein  (A.). 

STorFAEa(E.).  Coura  de  tnath£matiques  sup£rieures.  4e  Edition.  Paris, 
Gauthier-Villars,  1921.    4to.    240  pp.  Fr.  20.00 

STtnrvAERT  (M.).  Alg^bre  k  deux  dimenaioos.  Paris,  GauUtier-Villars, 
1921.    Svo.    3  +  224  pp.  Fr.  12.50 

Thoufson  (A.  J.).  Table  of  the  coefficient!)  of  Everett's  (»ntral-differen(» 
interpolation  formula.  (Tracts  for  Computers,  No.  5.)  Cam- 
bridge University  Press,  1921.     16+20  pp.  3a.  9d. 

DE  LA  Vall£e  Poussin  (C).  Cours  d'analyse  infimUsimale.  Tome  1. 
4e  Edition.    Paris,  Gauthier-Villan,  1921.    Svo.     12  +  436  pp. 

Fr.  35.00 

II.    ELEMENTARY  MATHEMATICS 

Beckett  (T.  A.)  and  Robinson  (F.  E.).  Plane  geometry  for  schools. 
Part  1.    London,  Rivingtona,  1921.    8  +  240  +  5  pp.  5a. 

Bbanford  (B.).  A  study  of  mathematical  education,  including  the  teach- 
ing of  arithmetic.  New  edition,  enlarged  and  revised.  Oxford, 
Cbrendon  Press,  1921.     12  +  432  pp.  7s.  6d. 

Carver  (H.  C).    See  Gi.over  {J.  W.). 
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Ckaittz  (P.).    Lebrbuch  der  Mathematik  fOr  Mbere  Mftdchenbildungs- 

anstalten.    Ldpiig,  Teubner.    Teil  1,  fOr  Lyzeea  und  hAhere  M&d- 

cbenBchuIeii.    SteAuflage.    1S19.    Teil  3,  fOr  StudieDanstalten.    1920. 
Dakik    (A.).    Practical    mathematica.    Part    1.    Loodon,    Betl,    1B21. 

8  +  362  +  12  +  24  pp.  Be. 

VAN  Dalfsin  (W.  a.).    See  Walstra  (K.  W.). 
FoBTEB  (V.  L.  N.}.    Plane  geomeby:  [naotical  and  theoretical  pari  jkihu. 

2  volumea.    London,  Bell,  1921.  3s.  +  3s. 

Galle  (A.).    Tafein  ffir  die  Berechnung  der  geodfttiscbeD  Linie  und  der 

Additamente  fOr  den  Uebergai^  von  log  auf  log  sin  und  U^  tan. 

[VerOffentUchung  dos  Preuesischen  Geoditiscben  Institutes.)    Berlin, 

1920. 
G^iiAiiD  (L.).    See  Niewbmolowbki  (B.). 
Gloveb  (J.  W.)  and  Cabtir  (H.  C).    Tables  of  values  of  compound 

interest  functions  and  logBrithms  of  values  of  compound  interest 

functions.    Ann  Arbor,  George  Wahr,  1921.    77  [^.  $1.80 

Gbitfoi  (F.  L.}.    Intioduction  to  mathematical  analyeia.    Bosbin  and 

New  Yoric,  Houghton  Mifflin,  1021.    8  +  536  pp.  S2.76 

HXpner  (P.).    EinfOhmng  in  die  Differential-  und  Integralrechnung  for 

bchere  Techniker.    Mit  Anwendungen  aus  den  wichtigsten  Gehieten 

der  tecbnischen  Pnud?.    2te,  verbeaaerte  Auflage.    Stuttgart,  1921. 
HooBEN  (G.).    Four-figure  logarithms  and  other  tables.    New  edition. 

Christchurch,  New  Zealand,  Whitcombe  and  Tombs,  1921.    24  pp. 
Imboden  (A.).    Tratado  elemental  sobre  ecuaciones  de  segundo  grado. 

Paranil,  1921.    56  pp. 
Jackson  (C.  S.).    Examines  in  differential  and  intent]  calculus.    London 

and  New  Yoiic,  Longmans,  1021.    8vo.    8  +  142  pp.  S3.2S 

Jams  <A.  C).    A  geometry  for  achools.    In  three  parts.    London,  Arnold, 

1920.    8  +  96  +  8  +  128  +  7  +  104  pp.  2fl.  +  2e.  6d.  +  2e.  6d. 

Jones  (H.  S.).    Calculus  for  beginners.    A  textbook  for  schools  and  even- 
ing dasaes.    London,  Macmillao,  1921.    9  +  300  pp.  fie. 
KtMPKKi  (L.).    Gnmdrisa  der  Differentialrechnung.    Band  1:  Funktionen 

von  einer  unabhftnpgen  VerSnderlichen.     14te,  vollstAndig  umgear- 

beitete  und  vermehrte  Auflage.    Hannover,  Helwingsche  Verlaga- 

buchhandling,  1921. 
LixmtANN  (W.).    See  Sceusteb  (M.). 
MoBEUX  (T.).    Pour  comprendre  I'alg^bre.    Paris,  Doin,  1921.     16mo. 

252  pp. 
NiKWXNQLOWBKi  (B.)  et  GAsABD  (L.).     Lemons  de  gtom^trie  ^l^ment^re. 

Nottvelle  ^tioQ,  revue  et  augments.    Paris,  Gauthier-Villars,  1021. 

8to.    324  pp. 
Paiuxb  (A.  R.).    A  short  course  in  commercial  arithmetic  and  accounts. 

London.  BeU,  1921.  2s.  6d. 

Rasob  (S.  E.).    Mathematics  for  students  of  agriculture.    New  York, 

Macmillan,  1021.    8  +  290  pp. 
RoBOTBON  (F.  £.).    See  BECurrr  (T.  A.). 
Stone   (j.  C).    Junior  high  school  mathematics.    Book  3.    Chicago, 

Sanborn,  1921. 
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Waut&a  (K.  W.)  en  tan  Darexs  (W.  A.).  Leeiboek  der  plaaimetriQ 
teo  dienste  van  cmnaau,  l^cea  en  hoogere  burguracholeii.  Gioa* 
ingeo,  dea  Haag,  J.  B.  Woltera,  1921.    8to.     123  pp.  FL  I.OO 

III.    APPLIED  MATHEMATICS 
AsAHB  (O.  S.}.    See  Dun  (C.  H.). 
AHpfeBE  (A.  M.).    Mteioires  ma  I'filecbDnutgn^tiBnie  et  rtiectrodyii&m- 

ique.    (Lee  Maltna  de  la  Penafe  Sdentifique.)    Puis,  Gauthjer- 

ViUan,  1921.    16mo.     12  +  104  +  108  pp. 
AuERBACH  (P.).    Moderae  Mognetik.    Leipag,  Baith,  1921.    8  +  304  pp. 
Bairstow  (L.).    See  Pippard  (A.  J.  8.). 
Bolton   (L.J.    An  introduction  to  the  theory  of  relativity.    London, 

Methuen,  and  New  York,  Dutton,  1921.     12  +  177  pp.  $2.00 

BoHAflSK    (H.).    Thforie    des    recteura.      Cin&natique.      M^canismes. 

PariB,  DeUgrave,  1921.    8vo.    22  +  483  pp. 
BowLET  (A.  L.)-    Official  statistics:  what  they  contain  and  how  to  use 

them.    London,  Oxford  University  Press,  1921.    63  pp.  2s<6d. 

TrcHO  BsAHE.    Opera  omnia.    Tomi  quinti  fasciculus  piior.    Koben- 

ham,  Gyldendalake  Bo^iandel,  1921.    213  pp. 
Dalton  (J.  P.).    The  rudiments  of  relativity.    Leeturee  delivered  under 

the  auspices  of  the  University  College,  Johannesburg,  Scientific  Society. 

Witwateraraude,  Council  of  Education,  and  London,  Wheldon  and 

Wesley,  1921.     6  +  105  pp.  Ss. 

Dbbtz  (C.  H.)  and  Adams  (O.  S.}.    Elements  of  map  projection  with 

applicatiooa  to  map  and  chart  construction.     (U.  S.  Coast  and  Geo- 

detic  Surrey,  Special  Publication  No.  68.)    Washington,  Govemmeat 

Printing  Office,  1921.     164  pp.  +  8  jABtet^. 
Di  DoNDES  (T.).    LcQons  de  thermodynamique  et  de  chimie  physique, 

r^g&ee  par  F.  H.  van  den  Dungen  et  G.  van  Lerber^ie.    Ire  partie: 

Thiorie.    Paris,  Gauthier-Villars,  1920.    8vo.    4  +  152  pp.    Fr.  15.00 
TAN  DUN  DuNOEN  (F.  H.).    See  De  Donder  (T.). 

DcNK  (J.  L.).    HyperacouHtics.    Division  2:  Successive  tonality.    Lon- 
don, Dent,  and  New  York,  Dutton,  1921.     11  +  160  pp.  6a. 
EccLEB  (J.  R.).    Advanced  lecture  notes  on  heat.    Cambridge,  University 

Press,  1921.    4to.    8  +  178  pp. 
EuANAOD    (M.).    G^metrie  perspective.     Paris,    Doin,    1921.      16nio. 

440  pp. 
Ensign  (N.  E.).    See  Seelt  (F.  B.). 
BwiNo  (A.).  See  Hopkinson  (B.}. 
Finch  (J.  K.),    Topographic  maps  and  sketch  mapping.    New  York, 

Wiley,  1920.  11  +  175  pp. 
Fischer  (C).  See  Hahn  (H.). 
FdrPL  (A.).    Wiasenschaft  und  Technik.     MQnchen,  Veriag  der  Bayer- 

ischen  Akademie  der  WisseoschafteD,  1920.    34  pp. 
GEFFHor  (J.).    Traits  pratique  de  gfom6trie  descriptive.    Paris,  Colin, 

1921.     l&mo.     190  pp.  Ft.  5.00 

Gehrckb  (E.).    Physik  und  Erkenntnistbeorie.    (Wissensdiaft  und  Hypo- 

these.  Band  22.)    Leipzig,  Teubner,  1921. 
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GziHBLXB  (F.  J.  K.).    GemeioventAndliche  Widerlegung  des  formalen 

RelativiamuB  (von  Einatein  und  Verwaiidten)  und  lusanuDenh&iigende 

DorsteUung  einer  grundwiasenschaftlichea  Il«lativiULt.    Leiptig,  Otto 

HiUmaan,  1921. 
Goodwin  (H.  B.)-    The  alpha,  beta,  ganuna  navigation  tables.    London, 

J.  D.  Pott«r,  1921.    4  +  54  pp.  Be. 

Gruoiel  (R.).    Die  hydrodynamiaohen  Grundlagen  des  Fli^ea.    Braun- 
schweig, Vieweg,  1917.    4  +  136  pp. 
GcoLiEUio   (G.).    Intomo  ad  alouni  giudizi  ed  alcune  dimoatraiioni 

tennodinamiche  del  prof.  Guido  Giaasi  e  di  altri.    Cagliaii,  1921. 

Svo.    S8  pp. 
Haas  (A.).    Einfohnii^  in  die  theoretiscbe  Physik  mit  bemnderer  BerQcb- 

acbtigung  ihrer  modernen  Probleme.     lt«r  uud  2ter  Band.    Berlin, 

Vereinigung  wissenschafUicher  Verleger,  1921. 
H&HN  (H.)  und  FiBCHEH  (C).    Mitteilungen  der  preussiechen  Haupt8t«lle 

for  den  natuiwiasenschaftlichen  Unterricht,  Heft  4:    E.  Hahn,  Die 

Staire;  C.  Fischer,  Die  Schraubenfeder.    Leipiig,  Quelle  und  Meyer, 

1920.     186  pp. 
Hjuj>ane  (ViecocNT).    The  reign  of  relativity.    London,  J.  Murray,  1921. 

23  +  430  pp.  21a. 

HopxiKSON  (B.).    The  collected  scieiitific  papers  of  Bertram  HopkinsoD. 

Collected  and  arranged  by  Sii  Alfred  Ewing  and  Sir  Joeeph  Larmor. 

Cambridge,  University  Press,  1921.    Svo.    28  +  480  pp. 
VON  HoRVATH  (C).    Raum  und  Zeit  im  Lichte  der  epesiellen  Relativitftts- 

tbeorie.    Versuch  einee  synthetischm  Aufbaus  der  apeiiellen  Rela- 

tirit£tstheorie.    Berlin,  Springer,  1921.    6  +  68  pp. 
HOTOPP  tL.).    See  Keck  (W.). 
Jaqer  (G.).    Die  Fortscbritte  der  kineti»:ben  Gastheorie.    2te  verbesserte 

und  vermehrle  Auflage.    Braunschweig,  Vieweg,  1919.    8  +  15S  PP- 
Jones  (D.  C.)    A  first  course  in  sUtistics.    London,  Bell,  1921.    9  +  286 

pp.  16a. 

Keck  (W.).    Mechanik  starrer  KOrper.    file  Auflage,  bearbeitet  von  L. 

Hotopp.    Hannover,  1920. 
Klippibch  (E.).    Die  Cheopspyramide.    Ein  Denkmal  mathematischer 

Erkeimtnia.    MUnchen  und  Berlin,  Oldenbourg,  1921.    8+74  pp. 
EoHLBR  (K.  M.).    Das  Exzentriiit&taprinEip  als  KorreUt  Eur  Relativit&ts- 

theorie.    Versuch  lur  Postulierung  einee  Kriteriuina  der  absoluten 

Bew^ung  und  einer  Erklilnmg  des  Michelsooschea  Effektausfallea. 

Wien,  Deuticke,  1921.     10  +  70  pp. 
Lanoc  (D.  C.}.    Text-book  on  shades  and  shadows.    New  York,  Wiley, 

1921. 
Laplace  (P.  S.).    basai  philoeophique  aur  lea  probabiliUs.    2  volumea- 

(Lea  Maltres  de  la  Penade  Scientifique.)    Paria,  Gauthier-Villara,  1921. 

16mo.     12  +  104  +  108  pp. 
Larhor  (J.).    See  Hopkinson  (B.). 
VAN  Lerberohe  (G.).    See  Db  Dokder  (T.). 
Mach  (E.).    Die  Mechanik  in  ihrer  Entwicklung  hiatoriach-kritiech  dar> 

gestellt.    8te,  mit  der  7ten  gleichlautende  Auflago.    Mit  einem  An- 
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iuuig:  Das  VerfajUtois  der  Machachen  Gedankenwelt  nir  Relativitits- 

theoiie,  von  J.  PeUoldt.    Leipng,  Brockhaus,  1921. 
Matisse  (G.).    See  SiLBXBSTEtN  CL.)- 
MiCHEL  (E.).    HArsamkeit  grower  fUume.    Bnumschweig,  Vieweg,  1021. 

4to.    4  +  58  pp.  +  16  Tafeln. 
Petit   (F.   R.).    Manuel   de  conftructiooB  a^ronautiquca.     (Aviation. } 

Paris,  J.  B.  BaiUiire,  1921.     16mo.    246  pp.  Fr.  8.00 

Petojuit  CJ.).    See  Mach  (E.)- 
PiNEAO  (J.  G.).    M£moire  aur  I'^uation  de  la  diffractioa.    Paris,  Chalx, 

1920. 
PippABD  (A.  J.  S.)  and  PBtrcHABii  (J.  L.).    Aeroplane  structures.    With 

an  introduction  by   L.   Bairstow.    London,   Longmans,    1919.     13 

+  359  pp. 
PaXTCHABD  (J.  L.).    See  Pjppabo  (A.  J.  S.). 
VON  RoHB  (M.).    Die  binokularen  Instrument«:    nach  Quellen  und  bis 

mm  Ausgang  von  1910  bearbeitet.    2te,  vermehrte  und  verbesserte 

Auflage.    Berlin,  Springer,  1920.    17+303  pp.  M.  40.00 

RouGiKR  (L.).    La  mati^  et  I'fnergie  aelon  la  th^orie  de  la  relativity  et 

la  tbterie  dw  quanta.    Nouvelle  ^tion,  revue  et  augments.    Paris> 

Gauthier-VilUrs,  1921.    8vo.     10  +  112  pp.  Fr.  9.50 

Sauion  (E.  H.).    Columns.    A  treatise  on  the  strength  and  design  of 

oompreaaion  members.     (Oxford  Technical  Publications.)    London, 

H.  Frowde,  and  Uodder  and  Htoughlon,  1921.     16  +  279  pp.    31b.  6d. 
Schmidt  (H.).    Relativity  and  the  universe.    A  popular  introduction  to 

Einstein's  theory  of  space  and  time.    Authorized  translation  by  Dr. 

Karl  Wichmann.    London,  Methuen,  1921.     13  +  136  pp.  ds. 

Serlt  (F.  B.)  and  Ehsion  (N.  E.).    Analytical  mechanics  for  engineers. 

New  York,  Wiley,  1921. 
SiUEHSTEiN  (L.).    EKments  d'alg^bre  vectorielle  et  d'analyse  vectorielle. 

Traduit  de  I'anglais  par  G.  Matisse.    Paris,  Gauthier-Villars,  1921. 

16mo.    8  +  132  pp.  Fr.  8.00. 

Tbouas  (T.).    Notes  on  dynamics,  with  examples  and  experimental  work- 
London,  Crosby  Lockwood  and  Son,  1920.  6s. 
Valentiner  (S.).    Die  Grundlagen  der  Quant«ntbeorie  in  elementarer 

Darstellung.    3te  erwdterte  Auflage.    Braunschweig,  View^  1920. 

8  +  92  pp. 
Wall   (T.   P.).    Electrical   engineering.    London,   Methuen,    1921.     II 

+  491  pp.  21s. 

Wichmann  (K.).    See  Scmiinr  (H.). 
WiEN  (W.).    Die  Relativit&tstheorie  vom  Standpunkte  der  Physik  und 

Erkenntnislehre.    Leipi^,  Barth,  1921. 
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THE  FOURTEENTH  REGULAR  MEETING  OF  THE 
SOUTHWESTERN  SECTION 

The  fourteenth  regular  meeting  of  the  Southwestern  Section 
of  the  American  Mathematical  Society  was  held  at  Wash- 
ington University  on  Saturday,  November  26,  1921.  The 
attendance  included  the  following  twenty  members: 

Ammerman,  Ashton,  Dunkel,  W.  W.  Hart,  Hedrick,  Ingold, 
Lefschetz,  Luby,  Lytle,  McKelvey,  U.  G.  Mitchell,  Rider, 
Roever,  Slaught,  Edwin  R.  Smith,  Eugene  Stephens,  Stouffer, 
E.  A.  Weeks,  WestfaU,  J.  M.  Young. 

The  afternoon  session  was  a  joint  meeting  with  the  Missouri 
Section  of  the  Mathematical  Association  of  America.  Pro- 
fessor Hedrick  occupied  the  chair  during  the  morning  session 
and  was  relieved  during  the  afternoon  session  by  Professor 
Ingold,  chairman  of  the  Missouri  Section. 

It  was  voted  to  hold  the  next  meeting  of  the  Southwestern 
Section  at  the  University  of  Kansas.  The  following  program 
conmiittee  was  elected:  Professors  Ashton  (chairman),  Brenke, 
and  Stouffer  (secretary). 

The  titles  and  abstracts  of  the  papers  read  at  this  meeting 
follow  below.  The  papers  of  Dr.  Kendall  and  Professor 
Chittenden  were  read  by  title. 

1.  Dr.  Claribel  Kendall:  Certain  congruences  determined  by 
a  given  surface. 

In  this  paper  a  surface  is  considered  as  defined  by  a  pair  of 
partial  difi'erential  equations  of  the  second  order  as  is  done 
by  Professor  Wilezynski  in  his  first  memoir  on  the  projective 
differential  geometiy  of  curved  surfaces  (Transactions  of 
THIS  Society,  vol.  8).  A  line  I  is  determined  by  two  points 
which  are  defined  with  respect  to  a  local  tetrahedron  of  refer- 
ence and  in  terms  of  the  parameters  of  the  surface.  Thus  a 
line  is  given  for  every  point  on  the  surface  and  hence  a  con- 
gruence is  determined.  Relative  to  this  general  congruence, 
formulas  are  found  (1)  for  the  torsal  curves  on  the  surface,  i,e., 
the  curves  which  give  the  developables  of  the  congruence,  (2) 
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for  a  new  class  of  curves  which  are  called  the  guide  curves  of 
the  congruence,  (3)  for  the  focal  points  of  the  line  /.  These 
formulas  are  applied  to  special  congruences  and  various  rela- 
tions among  the  lines  generating  these  congruences  are  found. 

2.  Professor  Otto  Dunkel:  The  direct  determination  cf  the 
minimum  area  between  a  curve  and  its  caiatic. 

In  the  Washington  UNrvzRsrrr  Studies,  Scientific 
Series,  vol.  8,  no.  2,  pp.  183-194,  necessary  and  sufficient 
conditions  were  derived  for  the  existence  of  a  minimum  area 
by  methods  similar  to  the  usual  methods  of  the  calculus  of 
variations.  The  present  treatment  by  Professor  Dunkel  b 
similar  to  the  one  given  by  him  for  the  solution  of  Euler's 
problem  (American  Mathematical  Monthly,  vol.  28,  pp. 
15-19)  in  that  advantage  is  taken  of  the  fact  that  the  integrand 
may  be  reduced  to  a  square  and  that  the  problem  is  solved  by 
elementarj-  means  without  the  use  of  the  general  theory  of 
the  calculus  of  variations.  The  solution  of  this  problem  differs 
from  that  of  Euler's  problem,  notably  in  that  most  of  the 
results  are  obtained  by  reductions  to  complete  squares. 

3.  Professors  E.  R.  Hedrick,  Louis  Ingold,  and  W.  D.  A. 
Westfall :   Classification  of  non-analytic  functions. 

In  this  paper  Beltrami's  extensions  of  the  Cauchy-Riemann 
equations  are  made  the  basis  for  a  classification  of  all  non- 
analytic  functions.  Two  functions  belong  to  the  same  class 
if  the  fundamental  quantities  E,  F,  G,  for  the  two  functions 
are  proportional.  Some  properties  of  functions  belonging  to 
the  same  class  are  then  developed. 

4.  Professor  S.  Lefschetz:  A  topological  group  of  algebraic 
varieties. 

The  group  in  question  is  the  transformation  group  G  of  the 
{d—  1  )-dimensional  cycles  of  a  linear  pencil  of  hjpersurfaces 
of  a  d-dimensional  variety.  The  singularities  being  ordinary, 
the  operations  of  G  acting  upon  a  given  cycle  are  completely 
defined  by  means  of  Kronecker  characteristics  (the  algebraic 
number  of  intersections  of  cycles).  For  d  even  the  group  is 
of  the  same  t;T>e  as  the  Picard  group,  defined  by  him  for 
d  —  2,  For  d  odd  the  fundamental  substitutions  are  of  order 
two,  G  being  nevertheless  infinite. 
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5.  Professor  S.  Lefschetz:  On  mvUiply  periodic  functions. 
Given  a  period  matrix  for  2^ply  periodic  meromorpbic 

functions,  we  may  define*  for  the  variables  a  fundamental 
domain  in  the  form  of  a  2p-dimen3ioDal  generalized  ring.  The 
zeros  common  to  p  —  1  suitable  periodic  functions  define  a 
two-cycle  of  the  ring.  This  cycle  can  be  readily  expressed  in 
terms  of  those  of  a  fundamental  set.  Several  results  are 
obtained,  the  most  important  being  the  Picard-Poincarfe  exis- 
tence theorem  for  the  matrix,  and  the  classification  of  all 
intermediary  functions  in-terms  of  a  certain  fundamental  set. 

6.  Professor  W.  H.  Roever:  An  application  cf  the  theorem  of 
JaaAi. 

In  this  paper  Professor  Roever  applies  the  theorem  of 
Jacobi*  to  the  integration  of  the  differential  equations  of 
motion  of  a  particle  referred  to  a  rotating  frame  of  reference, 
when  a  constant  force  acts  parallel  to  the  axis  of  rotation. 

7.  Professor  E.  B.  Stouffer:  On  curves  on  singular  ruled 
surfaces. 

A  ruled  surface  in  a  space  of  five'  dimensions  is  said  to  be 
singular  if  every  set  of  three  consecutive  generators  lies  in  a 
space  of  four  dimensions.  On  every  such  singular  ruled  surface 
there  is  a  curve  along  which  tangents  to  the  surface  intersect 
three  consecutive  generators.  Moreover,  this  curve  is  unique 
unless  the  ruled  surface  lies  entirely  in  a  space  of  three  dimen- 
sions. A  system  of  three  linear  homogeneous  differential 
equations  is  used  for  the  study  of  these  forms, 

8.  Professor  E.  W.  Chittenden:  On  the  division  of  a  plane 
by  a  set  of  points. 

The  following  theorem  is  proved.  Suppose  X  is  a  plane 
point  set,  S  is  the  set  of  all  points  of  the  plane,  while 
S  —  K  =  Si+  Si,  where  Si  and  Sz  are  two  mutually  exclusive 
domains  such  that  every  point  of  X  is  a  common  limit  point 
of  Si  and  Sj.  Then  the  set  K  is  closed  and  connected.  That 
K  is  connected  was  shown  by  J.  R,  Kline  under  the  added 
restriction  that  K  be  connected  "im  kleinen"  (Transactions 
OF  THIS  SociETT,  vol.  21  (1920),  p.  452,  Lemma  B). 

E.  B.  Stouffer, 
Secretary  of  the  Section. 

*  For  a  Btfttement  of  this  theorem  see,  for  instance,  Appell,  Traiti  de 
Mieamque  RiitionnetU,  4th  edition,  vol.  I,  p.  560. 
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THE  TWENTY-EIGHTH  ANN'UAL  MEETING  OF  THE 
AMERICAN  MATHEMATICAL  SOCIETY 

The  twenty-eighth  annual  meeting  of  the  Society  and  the 
forty-eighth  regular  meeting  of  the  Chicago  Section  were  held 
at  the  University  of  Toronto  on  Wednesday  and  Thursday, 
December  28-29,  1921,  in  affiliation  with  the  Convocation 
week  meetings  of  the  American  Association  for  the  Advance- 
ment of  Science.  Dormitory  and  eating  accommodations  for 
the  mathematical  group  were  furnished  by  the  University  of 
Toronto,  Knox  College  being  almost  wholly  given  up  to  this 
purpose.  Hart  House  was  the  center  of  a  generous  hos- 
pitality which  filled  the  hours  outside  the  scientific  program 
with  a  delightful  and  varied  entertainment. 

On  Thursday  morning  there  was  a  joint  session  with  Sections 
B  and  C  of  the  American  Association  for  the  Advancement  of 
Science  and  with  the  American  Phj-sical  Society,  and  on 
Thursday  afternoon  a  joint  session  with  Section  A  and  the 
Mathematical  Association  of  America.  At  a  special  Con- 
vocation, the  University  of  Toronto  conferred  on  Professor 
E.  H.  Moore,  as  president  of  the  American  Association  for  the 
Advancement  of  Science,  the  degree  of  Doctor  of  Science, 
honoris  causa. 

The  attendance  included  the  following  eighty-three  members 
of  the  Society:  Archibald,  G.  N.  Armstrong,  Atchison,  Bacon, 
Beatty,  Beetle,  Bliss,  Bradshaw,  R.  W,  Burgess,  Cairns, 
H.  K.  Cummings,  L.  D.  Cummings,  Currier,  Curtiss,  Dadour- 
ian,  DeLury,  Denton,  L.  L.  Dines,  Dostal,  Dresden,  Peter 
Field,  Fields,  Findlay,  Finkel,  Focke,  W.  B.  Ford,  J.  L. 
Gibson,  Gillespie,  Glashan,  Glenn,  Glover,  Gummer,  Has- 
kins,  Hazlett,  E.  R.  Hedrick,  Howe,  Huntington,  Hupwitz,  In- 
graham,  Karpinski,  Kingston,  Lennes,  F.  P.  Lewis,  Marshall, 
T.  E.  Mason,  G.  A.  Miller,  Norman  Miller,  Mirick,  E.  H. 
Moore,  F.  R.  Moulton,  Newkirk,  Olson,  F.  W.  Owens,  H.  B. 
Owens,  Leigh  Page,  Pell,  Phillips,  Pitcher,  Pounder,  A.  V. 
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Richardson,  R.  G.  D.  Richardson,  H.  L.  Rietz,  Robison,  E. 
D.  Roe,  Roever,  Sheppard,  Sindair,  Slaught,  C.  E.  Smith, 
Edwin  R.  Smith,  P.  F.  Smith,  Synge,  Uhler,  Veblea,  Waddell, 
Watkeya,  Webster,  Wiener,  Wilder,  W.  L.  G.  Williams,  A. 
H.  Wilson,  E.  B.  Wilson,  J.  M.  Young. 

President  Bliss  occupied  the  chair  at  the  regular  meetings 
on  Wednesday,  being  relieved  at  the  morning  session  by  Pro- 
fessor P.  F.  Smith  and  at  the  afternoon  session  by  Professor 
C.  N.  Haskins.  The  joint  session  of  Thursday  morning  was 
presided  over  by  Professors  G.  W.  Stewart  and  W,  D.  Harkins, 
Vice-Presidents  of  Sections  B  and  C  respectively,  and  that  of 
Thursday  afternoon  by  Professor  Oswald  Veblen,  Vice-Presi- 
dent of  Section  A. 

The  Council  announced  the  election  of  the  following  sixty- 
two  persons  to  membership  in  the  Society: 

Profeaaor  William  Cyrus  Bartol,  Buoknell  University; 

Professor  William  John  Bauduit,  Howard  University; 

Mr.  BeDJamiD  Berman,  University  of  Maryland; 

Miaa  Florence  Lucile  Black,  tToiversity  of  Kansas; 

Professor  Edmond  Wesley  Bowler,  New  Hampshire  College; 

Professor  John  Wentworth  Clawson,  Ursinus  College; 

Professor  Robert  Cameron  Colwell,  Geneva  College; 

Professor  Charles  Winthrop  Crockett,  Rensselaer  Polytechnic  Institute; 

Mr.  Herbert  Kimball  Cummiogs,  Brown  Uoiversity; 

Professor  Lloyd  Sk>te  Dancey,  Carroll  Collie; 

Mr.  William  Whitfield  Elliott,  Cornell  University; 

Profeaaor  Joha  Thomas  Erwin,  George  WashingtAu  University; 

Professor  Earl  Frederick  Famau,  University  of  Cincinnati; 

Professor  Forest  Almos  Foraker,  University  of  Pittoburgh; 

Mr.  William  McKinley  Gafafer,  Columbia  University; 

Mr.  Harry  Merrill  Gehman,  University  of  Pennsylvania; 

Professor  Albert  Henry  Steward  Gillaon,  McGill  University ; 

Professor  J.  W.  Harrell,  Baylor  University; 

Professor  Geoi^  Abram  Harter,  University  of  Delaware; 

Miss  Eugenie  Caroline  Hausle,  Columbia  Univeraity; 

Professor  Ruby  Usher  Higbtower,  Shorter  College; 

Mr.  Van  Buren  Hinseh,  Missouri  School  of  Mines; 

Mr.  Frank  Adin  Joy,  New  Hampshire  College; 

Professor  Oscar  Godfrey  Lawless,  Talladega  College; 

Mr.  Maurice  Moses  Levita,  Temple  University; 

Mr.  Thomas  Richard  Long,  University  of  Rochester; 

Professor  Frederick  Milton  McGaw,  Cornell  College; 

Professor  James  McGiffert,  Renaselaer  Polytechnic  Institute; 
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Mrs.  Martha  (Macdonald)  McKelvey,  Iowa  State  College; 

Professor  Neil  Bruce  MacLe&n,  UniverHity  of  Manitoba; 

Misa  Ida  Caroline  MiUay,  New  Hampehire  College; 

Professor  Clifford  Newton  Mills,  Heidelberg  University; 

Professor  Eugenie  Maria  Morenos,  Sweet  Briar  College; 

Dr.  Hermance  Mullemeiater,  University  of  Washington; 

Dean  Albert  O'Brien,  O.  F.  M.,  St.  Bonaventure's  College; 

Mr.  Frederick  Allen  Parker,  West  Virginia  Collegiate  Institute; 

Professor  Annie  McKinnie  Pegcam,  Greensboro  College; 

Mr.  Cecil  Glenn  Phipps,  University  ot  Minnesota; 

Professor  Joseph  Romeo  Plante,  Viator  College; 

Mr.  Louis  Gordon  Pooler,  Columbia  University; 

Mr.  Abraham  Press,  Patent  Section,  Air  Service,  War  Department; 

Professor  George  Edwin  Ramsdell,  Bates  College; 

Dean  Otis  Everett  Randall,  Brown  University; 

Professor  Joseph  Marshall  Rankin,  College  of  Idaho; 

Mr.  George  Emil  Raynor,  Princeton  University; 

Professor  Arthur  Vernon  Richardson,  Biahop's  College; 

Professor  Tom  Gladstone  Rodgers,  New  Mesioo  Normal  Univeraty; 

Professor  Sidney  Archie  Rowland,  Jr.,  Union  College; 

Professor  Henry  Alford  Ruger,  Columbia  University; 

Professor  Joseph  Seidlin,  Alfred  University; 

Mr.  Leonard  Shaffer,  New  Hampshire  College; 

Professor  Rowland  Alfred  Sheets,  Denison  University; 

Professor  Wilfred  H.  Shirk,  University  of  Buffalo; 

Mr.  George  Yale  Sosnow,  Prudential  Insurance  Company; 

Professor  Guy  Greene  Speeker,  Michigan  Agricultural  College; 

Professor  Mary  Cass  Spencer,  Newcomb  College,  Tulane  University; 

Mr.  Joe  Ichino  Tanoue,  Columbia  University; 

Mr.  Louis  Weisner,  Columbia  University; 

Professor  John  Jefferson  Wheeler,  Univereity  of  Kansas; 

Mr.  Daniel  Everett  Whitford,  University  of  Rochester; 

Professor  Hugh  Carey  Willett,  University  of  Southern  California; 

Misa  Ruby  Willis,  Wellesley  College. 

The  invitation  extended  by  the  University  of  Rochester  to 
hold  the  summer  meeting  of  1922  at  that  institution  was 
accepted,  and  Professors  Gale  (chairman),  Hildebrandt,  Metz- 
ler,  Watlceys,  and  the  Secretary  were  constituted  a  committee 
on  arrangements.  Professor  0.  D.  Kellogg  and  the  Secretary 
were  appointed  as  representatives  of  the  Society  on  the 
Council  of  the  American  Association  for  the  Advancement  of 
Science  for  1922. 

The  Council  voted  to  request  that  the  space  occupied  in  the 
Bulletin  by  an  abstract  of  a  paper  presented  to  the  Society 
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should  be  limited  to  the  equivalent  of  two  hundred  words  of 
text,  and  that  display  tj-pography  be  avoided. 

The  total  membership  of  the  Society  is  now  1005,  including 
85  life  members.  The  total  attendance  of  members  at  all 
meetings,  including  sectional  meetings,  during  the  past  year 
was  420;  the  number  of  papers  read  was  175.  The  number  of 
members  attending  at  least  one  meeting  was  273.  At  the 
annual  election  169  votes  were  cast. 

The  reports  of  the  Treasurer  and  of  the  Auditors  (Mr.  S.  A. 
Joffe  and  Professor  P.  H.  Linehan)  were  received,  showing  a 
balance  of  $10,604.22,  including  the  Life  Membership  Fund, 
which  now  amounts  to  $7,528.87.  Sales  of  the  Society's 
publications  during  the  year  amounted  to  $3,222.16. 

The  Library  now  contains  6,014  volumes,  excluding  some 
500  unbound  dissertations,  now  being  catalogued. 

At  the  annual  election,  which  closed  on  Wednesday  morning, 
the  following  officers  and  other  members  of  the  Council  were 
chosen: 

Vice-Presidents,    Professor  R,  D.  Cahmichael, 

Professor  D.  E.  Smith. 
Secretary,  Professor  R.  G.  D.  Richahdson. 

Treasurer,  Professor  W.  B.  Fite. 

LU)rarian,  Professor  R.  C.  Ahchibald. 

Committee  cf  Publication 
Professors  E.  R.  Hedrick,  W.  A.  Hurwitz,  J.  W.  Young. 

Members  of  the  Council  to  serve  until  December,  1924 
Professor  J.  W.  ALEXANDER,  Professor  L.  L.  Dines, 

Professor  Henry  Blumbero,  Professor  F.  R.  Sharpe:. 

At  the  end  of  the  afternoon  session  of  Wednesday,  there  was 
a  business  meeting  of  the  Chicago  Section.  The  officers 
elected  for  the  next  biennium  are  Professor  A.  B.  Coble, 
Chairman;  Professor  Arnold  Dresden,  Secretary';  and  Pro- 
fessor E.  W.  Chittenden. 
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The  committee  on  the  symposium  for  April,  1922,  reported 
that  the  s^mposiwii  lecture  would  be  given  by  Professo'" 

A.  B,  Coble  on  Cremona  tranaformatipns  and  applicoHona  to 
algebra,  geometry,  and  modvlar  funcHona, 

The  meeting  of  the  Society  immediately  preceded  that  of 
the  Mathematical  Association  of  America.  A  very  pleasant 
occasion  was  the  joint  dinner,  on  Friday  evening,  of  the 
various  mathematical,  physical,  and  astronomical  associations. 
At  the  afternoon  session  of  Wednesday  it  was  voted  to  express 
the  thanks  of  the  Society  for  the  hospitality  of  the  Royal 
Canadian  Institution  and  the  University  of  Toronto,  and  for 
the  entertainment  furnished  by  the  local  committee  of  the 
American  Association  for  the  Advancement  of  Science. 

On  Thursday  morning  the  program  was  as  follows: 

I.  Atomic  nuclei  and  extra-nuclear  electronic  configuration, 
by  Professor  J.  C.  McLennan,  retiring  Vice-President  of  Sec- 
tion B. 

II.  Symposium  on  quantum  theory:    for  Section  C,  Dr. 

B.  C.  Tolman;  for  the  American  Mathematical  Society, 
Professor  H.  B.  Phillips;  for  the  American  Physical  Society, 
Dr.  Saul  Dushman. 

At  the  joint  session  on  Thursday  afternoon,  the  following 
addresses  were  given : 

I.  A  mechanical  analogy  in  the  theory  of  equations,  by  Pro- 
fessor D.  R.  Curtiss,  retiring  Vice-President  of  Section  A. 

II.  The  research  information  service  of  the  National  Research 
Council,  by  Professor  R,  M.  Yerkes,  of  the  National  Research 
Council. 

III.  Svbsidy  funds  for  mathematical  projects,  by  Professor 
H.  E.  Slaught. 

IV.  Algebraic  guides  to  transcendental  pnAlems,  by  Professor 
R.  D.  Carmiehael,  retiring  Chairman  of  the  Chicago  Section. 

In  the  absence  of  Professor  Carmiehael,  an  abstract  of  his 
paper  was  given  by  Professor  Dresden;  the  paper  appears  in 
full  in  this  number  of  the  Bulletin.  Professor  Slaught's 
paper  has  appeared  in  Scien'CE, 
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Titles  and  abstracts  of  the  papers  read  at  the  regular 
sessions  on  Wednesday  follow  below.  Professor  Schwatt's 
first  paper  was  read  by  Professor  Pounder.  The  papers  of 
Dr.  Zeldin,  Professors  Crum,  Forsyth,  and  Emch,  Dr.  Hille, 
Professors  Lipka,  MacNeish,  Everett,  Dodd,  Wilczynaki,  and 
Glenn,  Professor  Schwatt's  second  paper  and  that  of  Dr. 
Wiener  and  Dr.  Walsh  were  read  by  title. 

1.  Professor  C.  E.  Wilder:  Differential  geometry  of  an  m- 
dimensional  manifold  in  a  euclidean  space  of  n  dimensions. 

The  differential  geometrj-  of  (n  —  l)-dimensional  varieties 
in  an  n-dimensionaJ  space  has  long  been  developed.  More 
recently  several  authors  have  treated  the  two-dimensional 
manifold  in  n  dimensions. 

In  this  paper  Professor  Wilder  takes  up  the  theory  of  the 
intermediate  cases  and  generalizes  certain  theorems  and 
methods  of  ordinary  surface  theory.  The  method  used  is 
that  of  the  absolute  calculus  of  Eicci  combined  with  n-di- 
mensional  vector  analysis. 

2.  Professor  C.  E.  Wilder:  Differential  geometry  of  an  J?i- 
dimensional  manifold  in  a  euclidean  space  of  n  dimensions. 
Second  paper. 

The  m-dimensional  manifold  in  n  dimensions  not  only  has 
extension  in  different  directions  as  has  the  surface  in  ordinary 
space,  but  also  it  winds  its  tortuous  way  through  n  dimensions 
as  does  the  twisted  curve  in  three  dimensions.  In  this  paper 
certain  facts  of  curve  theory  are  generalized  to  an  m-dimen- 
sional  manifold  in  n  dimensions. 

3.  Mr.  M.  H.  Ingraham:  A  modification  cf  Peano's  postu- 
lates for  positive  integers. 

In  this  paper  is  studied  the  complete  independence  of 
Peano's  postulates  for  positive  integers,  and  of  Padoa's  modi- 
fication of  these  postulates.  This  study  is  made  by  means  of 
their  complete  existential  theory,  as  introduced  by  E.  H.  Moore 
in  his  New  Haven  Colloquium  Lectures,  1906.  It  is  proved 
that  these  postulates  are  not  completely  independent.  A 
modification  of  these  systems  of  postulates  is  given  which  is 
completely  independent. 
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4.  Professors  L.  P.  Eisenhart  and  Oswald  Veblen:  The  Rie- 
mann  geometry  and  Ub  generalizaiiona. 

The  authors  determine  the  conditions  under  which  the  n- 
dimensional  geometry  of  a  system  of  ■paiht  defined  by  the 
solution  of  a  system  of  differential  equations 

da^  '     da   da 

in  which  the  T's  are  functions  of  a:",  i*,  ■  -  ■ ,  ar"  subject  only  to 
the  condition  Tn'  =  Fkj'  reduces  to  the  Riemann  geometry 
determined  by  a  quadratic  form 

de'  =  ga  dx'  dx'. 

The  conditions  obtained  are  such  as  to  indicate  that  the  met- 
ric introduced  by  Weyl  as  the  basis  of  combined  electromag- 
netic and  gravitation  theorj'  is  next  to  the  Riemann  metric  in 
order  of  simplicity.  The  paper  appears  in  the  Proceedings 
OF  THE  National  Academy,  February,  1922. 

5.  Professor  R.  W,  Burgess:  The  probUm  of  apportionment. 
The  method  erf  the  weighted  geometric  mean. 

If  N  representatives  are  to  be  apportioned  among  several 
states  of  total  population  P,  the  true  quota  for  a  state  of 
population  ^  is  a  =  ANjP,  ordinarily  a  fraction.  The 
number  of  representatives  actually  assigned  the  state  must 
be  an  integer,  say  a.  The  ratio  r  =  a/a  or  aja,  whichever  is 
greater  than  unity,  is  fundamental  in  the  consideration  of  the 
problem.  Professor  Burgess  suggests  a  method  of  apportion- 
ment based  on  the  following  single  postulate:  That  apportion- 
ment is  most  satisfactory  for  which  the  continued  product  of 
terms  of  the  type  r^,  one  term  for  each  state,  is  smallest. 
This  in  effect  takes  the  ratio  for  each  inhabitant  of  each  state, 
and  uses  the  product  of  all  such  ratios  as  the  measure  of  un- 
fairness. If  the  exponents  of  the  r  were  in  each  case  unity, 
i.e.,  if  the  ratio  were  taken  once  for  each  state  rather  than  once 
for  each  individual,  this  method  would,  in  the  usual  case, 
become  equivalent  to  those  proposed  by  Dr.  Hill  and  Pro- 
fessor Huntington,  As  in  this  new  method  the  quantity 
[a/  Vo{a  +  1)]"*  plays  about  the  same  r6le  as  does  A/  Vo(o  +  1) 
in  Professor  Huntington's  method,  and  Al{a  +  1/2)  in  Pro- 
fessor Willcox's  method,  it  may  be  called  the  method  of  the 
weighted  geometric  mean. 
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6.  Professor  E.  V.  Huntington:  Necessary  and  sufficient 
conditions  in  the  problem  of  apportionment. 

The  present  paper  compares  the  method  of  major  fractions 
and  the  method  of  equal  proportions  by  analyzing  all  the 
known  conditions  or  tests  (including  several  new  ones)  which 
have  been  suggested  in  favor  of  either  of  them.* 

The  real  question  is  believed  to  be  one  of  simple  equality 
between  each  state  and  every  other  state,  here  and  now; 
and  the  tests  based  on  this  idea  point  clearly  to  the  method 
of  equal  proportions. 

Tests  which  attempt  to  compare  each  state  directly  with  a 
norm  for  the  whole  country  are  found  to  be,  in  general,  in- 
determinate or  unworkable.  Tests  based  on  the  idea  of  a 
total  or  average  deviation  from  the  norm  lead  to  so  many 
different  methods  that  a  choice  among  them  appears  di£Scult 
to  make,  especially  when  the  averaging  process  is  extended 
over  unlimited  time. 

7.  Dr.  S.  D.  Zeldin:  Commviatimty  of  ccmiact  transformations 
of  mechanics. 

It  is  well  known  that  with  every  conservative  dynamical 
s>-stem,  defined  by  its  potential  energy  (a  function  of  the 
generalized  coordinates)  and  its  kinetic  energy  (a  quadratic 
function  of  the  generalized  velocity  components),  an  infini- 
tesimal contact  transformation  is  associated  whose  character- 
btic  function  is  of  a  special  type.  In  this  paper  Dr.  Zeldin 
proves  that  if  two  contact  transformations  associated  with 
dynamical  systems,  defined  as  above,  are  independent,  they 
cannot  be  commutative. 

8.  Professor  G.  A.  Miller:  Svbstitutions  commutative  with 
every  svbstituHon  of  an  intransitive  group. 

This  paper  appears  in  full  in  this  number  of  the  Bulletin. 

*  For  full  bibUogrophy  up  to  the  middle  of  1921  (with  special  refereace 
to  the  work  of  J.  A.  Hill)  see  A  titw  method  of  apportionTnenl,  by  E.  V. 
HuntingtoD,  Quarterlt  PneucATioH'  or  the  American  Statistical 
AflBOCiATiON,  September,  1921.  See  also  Report  of  the  Advitorj/  Committee 
to  llie  Dirtctor  of  the  Ceruiu,  ibid.,  December,  1921,  and  a  forthcoming 
paper  by  F.  W.  Owens  in  the  same  journal.  Letters  from  E.  V.  Huntington 
and  W.  F.  Willcox  have  appeared  in  the  New  Yoke  Tiues  for  Oct.  18, 
Oct.  23,  Nov.  13,  and  Dec.  11,  1921.  Recent  papers  have  been  presented 
to  the  American  Mathematical  Society  by  E.  V.  Huntington,  Sept.  8, 
and  R.  W.  Burgess,  Dec.  28,  1921. 
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9.  I^fessor  G.  A.  Miller:  Seeming  contradietioni  in  the 
theory  <4  groups. 

There  are  at  least  three  distinct  definitloDs  of  the  term 
"same  group"  in  common  use  in  the  theory  of  groups  of 
finite  order:  (1)  two  substitution  groups  are  the  same  if  and 
only  if  one  can  be  transformed  into  the  other  by  a  substitu- 
tion; (2)  two  substitution  groups  or  two  abstract  groups  are 
the  same  if  and  only  if  a  simple  isomorphbm  can  be  established 
between  their  substitutions  or  operators;  (3)  two  groups  are 
the  same  if  and  only  if  one  is  obtained  from  the  other  by  an 
interchange  of  operators.  Various  seeming  contradictions  that 
arise  from  the  use  of  these  different  definitions  are  pointed  out. 

10.  Professor  W.  A.  Hm-witz;  Convergence-factors  in  Ceahro- 
tummable  series. 

Sufficient  conditions  for  the  theorem  on  convergence-factors 
for  Ces^ro-summable  series  have  been  given  by  C.  N,  Moore, 
Hardy,  Bromwich  and  Chapman.  Results  essentially  iden- 
tical with  part  of  the  theorem  have  been  proved  by  Schur, 
Carmichael  and  others.  By  means  of  a  slight  further  general- 
ization of  the  Silverman-Toeplitz  criterion  as  extended  by 
Hildebrandt  and  Carmichael,  the  author  establishes  necessary 
and  sufficient  conditions  for  the  convergence-factor  theorem 
in  the  case  of  Ces^ro-summability  of  any  order,  real  or  complex, 
with  positive  real  component. 

11.  Dr.W.L.Crum:  Note  on  the  determination  i^  the  redUin- 
ear  secular  trend  of  an  ordered  series  of  statistical  relatives. 

In  the  anah'sb  of  certain  historical  series,  the  question  arises 
whether,  in  determining  the  position  of  the  hue  by  the  method 
of  least  squares,  the  relative  deviations  should  not  be  used 
rather  than  the  absolute  deviations.  The  paper  determines 
the  line,  to  a  first  approximation,  by  using  relative  deviations, 
and  shows  that  the  divergence  from  the  line  as  ordinarily 
determined  is  not  likely  to  be  of  importance  for  practical  appli- 
cations; but  there  are  significant  theoretical  consequences, 

12.  Professor  C.  H.  Forsyth:  Proviaiom  for  depreeiaHon 
based  directly  upon  appraisal. 

Practically  all  methods  of  computing  the  depreciation  charge 
succeed  in  providing  a  fund  which  will  accumulate  and  ulti- 
mately meet  the  expense  of  replacing  the  property  at  the  end 
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of  its  lifetime,  but  do  definite  relatioD  is  maintained  between 
the  amount  in  the  fund  and  the  total  amount  of  depreciation 
at  any  intermediate  date.  A  method  of  computing  the  an- 
nual depreciation  charge  is  given  wherein  estimates  of  peri- 
odic depreciation  by  an  efficient  appraiser  are  the  foundation 
and  accumulations  of  interest  upon  the  fund  are  employed 
to  reduce  later  charges.  The  scheme  then  insures  a  constant 
equality  between  the  true  wearing  value  and  the  theoretical 
wearing  value  with  a  degree  of  accuracy  which  will  depend 
upon  t£e  reliability  of  the  appraiser's  estimates. 

13.  Professor  Arnold  Emch:  Platie  algebraic  curves  invariarU 
vtuler  a  given  quadratic  Cremona  tranaformation. 

The  transformation  which  the  author  chooses  in  this  paper 
has  the  well  known  simple  form  pxi'  =  zjXj,  pxz'  =  XiXi, 
pxi'  =  XiXi,  with  Alii,  0,  0),  Alio,  1,  0),  At  (0,  0,  1)  as  the 
base,  and  5(1, 1, 1),  Bi{-  1, 1, 1),  Bj{l,  -  1, 1),  Bi(l,  I,  -  1) 
as  the  invariant  points.  The  following  theorem  is  proved 
by  means  of  a  net  of  invariant  cubics:  Let  C^  be  an  invariant 
n-ic  under  the  given  transformation  with  ordinary  multiple 
points  of  possible  orders  ^i,  fn,  fit,  v,  v\,  vi,  vt  at  the  A's  and  5's 
respectively.  Then  fii  +  fij  +  Ms  =  n.  and  the  lines  joining 
corresponding  points  of  the  transformation  on  the  Cn  envel- 
ope a  curve  S„  of  class  m^n  —  }4{v  +  yi  +  Vi+  >-»).  Con- 
versely, the  locus  of  pairs  of  corresponding  points  on  the 
tangents  of  any  curve  ISn  is  a  certain  invariant  C,.  All 
invariant  Cn's  may  be  generated  in  this  manner.  When  the 
Sn  is  in  a  general  position,  then  Cn  is  of  order  n  =  3m.  In 
case  of  a  rational  Q-n,  the  €„  is,  in  general,  h^'perelliptic. 

A3  an  application  Professor  Emch  studies  hyperelliptic 
sextics,  and  rational  invariant  curves. 

14.  Professor  Joseph  Lipka:  Cajtonical  ayatevu  and  the 
general  problem  of  dynamics. 

In  this  paper,  Professor  Lipka  first  derives  the  most  general 
infinitesimal  homogeneous  contact  transformations  in  2n 
variables,  xi,  xj,  •  •  ■ ,  x„,  pi,  pi,  •  •  ■ ,  p»,  connected  by  a  relation 
if(xi,  ■••,  Xn>  Pi,  ■•■.  Pb)  =  constant,  which  leave  the 
Pfaffian  ^ip,iixi  invariant.  Interpreting  this  result  properly 
in  a  metric  space  defined  hy  ds^  =  'Sn^nidxtdxtt,  the  equations 
of  the  transformation  reduce  to  the  canonical  equations  of  the 
dynamical  trajectories  in  a  conservative  field  of  force  in  a 
curved  space  of  n  dimensions.    We  thus  get  a  very  elegant 
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and  very  brief  proof  of  the  characteristic  property  of  orthogo- 
nality of  a  system  of  d>-namical  trajectories  (or  of  any  natural 
family  of  curves) — including  both  the  direct  theorem  of  Lip- 
schitz*  and  its  converse  as  given  by  the  writer,  t 

15.  FiotessoT  H.  F.  MacNeish:  Eider  squares. 

Euler  proposed  the  following  problem  called  "the  problem 
of  the  36  officers":  Six  officers  of  different  rank  are  chosen 
from  each  of  six  different  regiments.  It  is  required  to  arrange 
them  in  a  solid  square  so  that  no  two  officers  of  the  same  rank 
or  of  the  same  regiment  shall  be  in  the  same  row  or  the  same 
column.  This  is  equivalent  to  the  problem  of  arranging  in 
a  square  array  -the  36  distinct  twoniigit  numbers  with  digits 
1,  2,  3,  ■  ■  -,  6  so  that  there  are  no  repetitions  in  the  colunms 
or  in  the  rows  either  in  the  units'  digits  or  in  the  tens'  digits. 
This  array  is  called  an  Euler  square  of  order  6,  degree  2 
and  index  6,  2.  Euler  stated  without  proof  that  the  solution 
is  impossible  for  order  n  =  2  (mod  4).  By  associating  the 
Euler  square  with  a  geometric  configuration,  the  author  gives 
a  proof  by  analysis  situs.  Methods  are  given  for  constructing 
Euler  squares  bj'  means  of  substitution  groups  and  by  com- 
bining those  of  lower  order,  Euler  squares  are  applied  to  the 
problem  of  making  schedules  for  tournaments. 

16.  Professor  H.  S.  Everett:  The  expression  of  general  forms 
as  determinants  whose  elements  are  forms.    Preliminary  report. 

The  author  obtains  the  following  theorems:  (1)  If  a 
general  form  of  degree  pr  in  n  ^  2  variables  has  more  than 
\n{n  +  1)  ■  ■  ■  (n  +  p  -  l)jp !  -  21r=  +  2  terms,  it  cannot  be 
expressed  as  a  determinant  of  order  r  S  2  whose  elements  are 
forms  of  degree  p  ^  2  in  the  n  variables.  (2)  A  general  form 
of  degree  pr  in  n  S  2  variables  cannot  be  so  expressed  if  n  >  3. 

These  theorems  are  extensions  of  similar  theorems  in  a 
paper  by  L.  E.  Dickson  (Transactions  of  this  Societt, 
April,  1921),  in  which  general  forms  expressible  as  a  deter- 
minant with  linear  elements  are  completely  determined. 

17.  Professor  E.  L.  Dodd:  The  arithmetic  mean  of  the  least 
and  greatest  of  n  measurements. 

Let  Pix)  be  the  probability  that  the  error  of  a  measurement 
will  be  algebraically  less  than  x,  with  P{b)  =  1,  i  finite  or 
•  Journal  fCr  Mathematie,  vol.  74  (1869). 
t  Proceedings  of  the  American  Acadeut,  vol.  55,  No.  7,  June,  1920. 
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+  «;  and  let  Fix)  have  a  continuous  derivative  ^(ar).  Let 
^(z)  be  the  prohabihty  density  of  the  error  z  of  the  arithmetic 
mean  of  the  least  and  greatest  of  n  measurementa;  i.e., 
^/izidz  is  the  probability  that  this  error  lies  between  z  and 
z+dz.    Then 

Hz)  =  2n(n  -  l)J^[Pix)  -  P(2z  -  ar)]-»0(x)*C22  -  x)dx. 

Suppose  that  the  error  curve  y  =  ^(i)  for  the  individual 
measurements  meets  the  X-axis  perpendicularly  at  d:  b,  like 
certain  Pearson  curves,  and  that  the  slope  of  this  curve  is 
numerically  greater  than  any  given  G  in  some  vicinity  of  ±  b. 
The  curve  y  ■"  ^(i),  however,  need  not  be  symmetrical. 
Then,  asymptotically  for  large  n,  the  probability  that  the 
arithmetic  mean  of  the  least  and  greatest  measurement  wdl 
differ  from  the  true  value  by  less  than  e  is  greater  than  the 
probability  that  the  arithmetic  mean  of  all  the  measurements 
will  so  differ.  Again,  if  ^(i)  =  e,  a  constant  in  (—  l/2c,  l/2c), 
the  arithmetic  mean  of  the  least  and  greatest  measurement  is 
better  than  the  arithmetic  mean  of  all  the  measurements, 

18.  Dr.  EinarHille:  Contex  distribution  of  the  zeros  of  Sturvj^ 
Liouville  functions. 

Dr.  Hille  considers  the  zeros  of  a  solution  of  a  differential 
equation  w"  +  G(z)w  =  0,  in  a  convex  region  B  in  which  G{z) 
is  analytic  and  t»i  g  arg  G(z)  ^  tfi,  (tfi  ~  tf j  <  2jr).  It  is 
shown  that  all  the  zeros  of  w(z)w'iz)  in  B,  where  w(z)  is  a 
solution,  can  be  joined  by  a  polygonal  line  po,  com- 
posed of  oriented  line-segments,  each  of  which  forms  an 
angle  $p  with  the  positive  real  axis  subject  to  the  condition 
—  iJi/2  <8p  <  ~  &i/2.  Furthermore,  let  the  zeros  aj,  oj, 
•  •  •,  a„  be  numbered  in  the  order  in  which  they  occur  on  po- 
If  arg  G(z)  is  never  increasing  along  a  certain  set  of  polygonal 
lines  of  the  same  type  as  po>  then  arg  (a^i  —  aJ  is  a  never- 
decreasing  set  of  angles.  In  this  case  the  points  (a,)  form  the 
vertices  of  a  convex  polygon.  Finally  a  zero-free  region  is 
detennined  for  a  given  particular  solution;  the  form  of  this 
region  depends  only  on  the  argument  of  G{z). 

19.  Professor  D.  R.  Curtiss:  On  Kellogg's  diophardine 
problem. 

Professor  Kellogg  has  proposed  the  problem  of  determining 
the  maximum  x  that  can  occur  in  a  solution  in  positive  integers 
of  the  equation 
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L+L+...  +  i.i. 

*I        Xi  Xn 

In  a  recent  paper  (American  Mathematical  Monthly,  vol. 
28,  p.  300)  he  gives  reasons  for  believing  that  the  maximum 
X  is  Uhi  where  «i  =  1,  and  Ui+i  =  "*{«*  +  !)•  Professor  Cur- 
tiss  proves  this  by  solving  the  above  equation  for  x.  and 
showing  that  the  maximum  value  of  the  resulting  expression 
for  integral  values  of  Xi,  Xj,  ■  ■■,  a:„_i  which  make  it  positive 
and  finite  but  not  necessarily  integral,  is  Un  as  defined  above. 

20.  Dr.  J.  S.  C.  Glashan:   The  isodyadic  quintw  equation. 
The  object  of  this  paper  is  to  enable  one  to  write  down  any 

number  of  isodyadic  quintics  independently  of  any  knowledge 
of  their  roots.  This  is  done  by  equating  to  zero  the  constant 
term  of  the  diacrinic  sextic  given  in  the  author's  paper,  On 
the  determination  and  solution  of  the  metacydic  quijitic  equatunw 
with  rational  coefficients,  American  Journal,  vol.  23,  p.  49. 

21.  Dr.  J.  S.  C,  Glashan:  On  the  isodyadic  septimic  equations. 
The  object  of  this  paper  is  to  determine  whether  any  given 

septimic  equation  is  isodyadic,  and,  if  it  be  so,  to  solve  it.  The 
general  discussion  is  followed  by  application  to  the  investiga- 
tion and  solution  of  four  equations  with  numerically  assigned 
coefficients.  Following  these  examples  there  are  given  the 
solutions  of  the  adyadic  septimics  and  De  Moivre  monodyadic 
septimic. 

22.  Professor  C.  F.  Gummer:  Criteria  for  relative  root  dia- 
tribviions. 

In  a  paper  presented  in  September,  1920,  the  author  de- 
veloped a  rational  method  to  determine  the  mutual  arrange- 
ment of  the  real  roots  of  a  system  of  real  polynomials.  In  the 
case  where  g(_x)  has  roots  ^i,  ft,  ■  ■  ■ ,  &,,  all  real  and  distinct, 
and  arranged  in  descending  order,  it  was  found,  under  reason- 
able restrictions,  that  the  number  of  roots  of /(i)  between  ft 
and  &T+\  could  be  evaluated  as  the  coefficient  of  r  in  a  generat- 
ing function  of  the  form  X)l=i  ^•(1  +  0'~'(1  -  0'-  The  con- 
stants P,  were  there  determined  by  means  of  the  Sturmian 
functions  of  g{x).  In  the  present  paper  it  is  shown  that  P, 
is  the  signature  of  a  certain  quadratic  form  whose  coefficients 
are  symmetric  functions  of  the  roots  of  each  of  the  polynomials 
/  and  g.  No  use  is  made  of  Sturmian  functions.  When  g 
has  k  pairs  of  imaginary  roots,  the  same  rule  will  determine  the 
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proper  generating  function  after  removal  of  a  certain  extra- 
neous factor.  A  modification  of  this  method  is  also  ^ven 
which,  while  depending  on  a  less  simple  quadratic  form,  is 
more  easily  connected  with  the  coefficients  of  /  and  g. 

23.  Professor  Samuel  Beatty:  The  algebraic  theory  of  alge- 
braic functiont. 

The  general  aim  kept  in  view  in  the  paper  is  to  attain  the 
simplicity  and  flexibility  of  treatment  implied  in  deriving 
properties  relative  to  a  given  basis  from  those  relative  to 
certain  appropriate  bases,  the  study  of  which  presents  less 
difficulty.  Use  is  made  of  order-numbers  of  a  certain  type 
of  adjointness  relative  to  a  given  value  of  the  variable.  A 
lower  bound  is  obtamed  for  the  number  of  linearly  independent 
reduced  forms  of  rational  functions  built  on  certain  bases 
relative  to  a  given  value  of  the  variable  and  containing  none 
but  negative  powers  of  the  element.  Upper  and  lower  bounds 
are  obtained  for  the  number  of  linearly  independent  reduced 
forms  of  rational  functions  built  on  a  basis, — in  the  latter 
case,  a  basis  of  a  certain  type.  The  proof  of  the  complemen- 
tary theorem  is  effected  by  noting  th&t  were  it  to  fail  in  any 
given  case  certain  of  the  numbers  obtamed  as  lower  bounds 
would  not  be  such.  The  complementary  theorem  is  used 
to  obtain  the  number  of  conditions  applicable  to  the  reduced 
form  of  a  rational  function  of  a  certain  general  type  to  build 
it  on  a  given  basis  relative  to  a  given  value  of  the  variable. 

24.  Professor  I.  R.  Pounder:  An  algebraic  procif  of  the 
existence  of  the  branchet  of  an  algebraic  function. 

Under  the  assumption  that  the  repeated  application  of 
Newton's  process  fails  to  separate  the  branches  of  an  algebraic 
function  y,  subject  to  the  relation  f{x,  y)  =  0,  this  paper  shows 
that  there  exists  an  expression  P{a^'^)  +  x"*y',  where  P  indi- 
cates a  polynomial,  which  when  substituted  for  y  in  /(ar,  y) 
and  fy{x,  y)  makes  both  the  resulting  expressions  divisible 
by  an  arbitrarily  high  power  of  x.  This  being  impossible  when 
fix,  y)  contains  no  repeated  factor  of  the  same  tjT>e  as  itself, 
the  validity  of  Newton's  process  is  established. 

25.  Professor  E.  H.  Moore:  On  the  determinant  of  an  her- 
mttian  matrix  qf  quatemiontc  elevtents. 

Consider  a  square  array  or  matrix   K,,  ^  ||<i/#||    of  n' 


ovGoogIc 


162  AMERICAN  MATHEMATICAL  SOCIETT     (^Apr.-May, 

quaternions  a/g,  (/,  ff  =  1,  •  ■  •,  n).    The  matrix  K„  is  her- 
mitian  in  case  d/g  =  a,/.    Here  for  a  quaternion 

q  =  co+  cii  +  Cij  +  ctk,  (co,  •  ■ ',  Cj  real  numbers) 
q  denotes  the  conjugate  quaternion.  In  view  of  the  non- 
commutativity  of  multiplication  of  quaternions  there  is  prob- 
ably no  very  useful  definition  of  the  determinant  of  an 
unconditioned  quaternionic  matrix  K„.  However,  for  an  ber- 
mitian  quaternionic  matrix  K„  a  useful  determinant,  det.  Kn, 
is  definable  as  follows,  by  suitable  determination  of  the  order 
of  the  n  factors  of  the  n !  terms  ( of  the  formal  classical  det.  ii„. 
Let  the  factors  of  a  term  (  be  arranged  in  closed  cycles 
(/i/i  ■■■  fk)  =  o/,ffi/,f,  ■  ■  •  0/./,  of  order  k  {I  ^k^n)  with 
distinct  indices  /i,  ■■■,/*  of  1,  ■  ■  ■,  n,  of  which  the  leading 
index  /i  is  the  smallest.  Let  the  cycles  of  the  term  t  be 
arranged  according  to  increasing  orders  k,  those  of  the  same 
order  it  being  arranged  according  to  increasing  initial  indices /i- 
Then  the  quaternionic  det.  Jf„  is  the  formal  det.  Kn  with  this 
arrangement  of  the  factors  of  each  term.  As  an  application 
of  this  definition,  consider  re  ire-partite  quaternions  or  m-ary 
quaternionic  vectors  fg  =  (big,  ■■•,  bmg)  ig  =  1.  ■■■,")  and 
set  Ofg^  Subig+  ■■■  +  Sm^e  (f,9=  1.  ■■■.")■  Then  the 
matrix  Kn=  Ha/nH  is  hermitian,  and  the  vanishing  of  det. 
K„  is  a  necessary  and  sufficient  condition  that  the  vectors 
f  I.  ■  ■  ■ .  f n  be  linearly  dependent  on  the  right,  that  is,  that 
fli,  ■■  ■,  On  not  all  0  exist  such  that  $iai  -|-  •  •  -  -H  f„a„  =  0. 

26.  Professor  E.  J.  Wilczynski;  Some  properties  t^  ike  sur- 
faces which  represent  the  real  and  imaffinary  components  of  a 
function  of  a  complex  variable. 

The  surfaces  obtained  by  plotting  separately  the  real  and 
imaginary  components,  u{x,  y)  and  t{x,  y),  of  a  function 
■w  =  «  +  io  of  a  complex  variable  z=  x+  iy,  possess  notable 
geometric  properties  which  seem  to  have  escaped  notice  so  far. 
Professor  Wilczynski  calls  attention  to  some  of  these:  they 
are  connected  with  the  (imaginary)  conjugate  nets  correspond- 
ing, on  the  u-surface  and  the  v-surface,  to  the  null-lines  of  the 
x^-plane,  the  (real)  associate  conjugate  nets,  and  the  (real) 
asymptotic  nets  of  the  two  surfaces,  where  the  term  associate 
conjugate  net  is  used  in  the  sense  of  Green;  i,e.,  at  any  surface 
point  the  tangents  of  two  associate  conjugate  nets  divide 
each  other  harmonically.  The  asymptotic  net  of  the  u-surface 
projects  into  an  orthogonal  isothermal  net  in  the  arj/-plane 
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which  is  at  the  same  time  the  projection  of  the  above-men- 
tioDed  real  conjugate  net  of  the  v-surface,  and  similarly  for 
the  asjinptotic  net  of  the  v-surface.  The  two  orthogonal  nets 
obtained  in  this  way  in  the  x^-plane  are  so  related  that  each 
bisects  the  angles  determined  by  the  other, 

27.  Professor  O.  E.  Glenn :   Note  on  dtffererUial  invananUi. 
This  note  relates  to  differential  parameters  for  a  quaternary 

differential  form,  with  the  condition 

dx^  +  dx^  +  dx^  —  dx^  —  dxi"  +  dxi''  +  dzt''  —  dxt", 

and  the  case  where  the  characteristic  equation  determining 
a  set  of  covariant  differentials  is  a  reciprocal  equation. 

28.  Professor  Louise  D.  Cummings:  Hesse's  a^aocialed  poinia 
and  the  Weddle  surface. 

The  theorj'  of  eight  associated  points  from  the  geometric 
standpoint  is  already  classic.  The  purpose  of  the  present 
paper  is  to  define  a  point  by  a  symmetric  covariant  of  seven 
other  points,  to  establish  from  this  equation  its  geometric 
properties,  and  eventually  to  show  the  point  to  be  identical 
with  Hesse's  eighth  point. 

29.  Professor  I,  J.  Schwatt :  Some  of  the  principles  of  the 
operation  with  series  applied  to  a  partial  fraction  problem. 

By  means  of  some  of  the  principles  of  the  operation  with 
series  Professor  Schwatt  has  obtained  the  partial  fractions  of 

(22*=;  mta;"-*)/(a;  +  o)p,  n  ^  p, 
and 

(2:t=S  m»a:-*)/(i*  +ax+  b)",  n  S  2p. 

The  coefficients  of  the  first  are  expressed  as  single  summations 
and  those  of  the  second  as  double  summations.  The  literature 
on  the  subject  shows  that  heretofore  the  coefficients  have 
been  expressed  as  determinants. 

30.  Professor  I.  J.  Schwatt:  Expansion  qf  powers  of  infinite 
series. 

If  the  series  to  be  expanded  to  the  pth  power  is  not  sum- 
mable,  the  coefficient  of  the  general  term  of  the  expansion  is 
the  product  of  p  —  1  summations.  If  the  series  is  summable 
the  work  is  reduced  to  the  evaluation  of  the  general  derivative 
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of  a  function  of  a  function  for  the  vanishing  primary  variable. 
The  methods  employed  are  believed  to  be  new, 

31.  Professor  Olive  C.  Hazlett:  A  symbolic  theory  c^  formal 
modular  invariants. 

At  the  meeting  in  connection  with  the  Chicago  Colloquium, 
Professor  Hazlett  introduced  a  symbolic  notation  for  the 
formal  modular  invariants  of  a  binary  form/  of  degree  m  with 
respect  to  the  general  Galois  field  C/'lp"]  of  order  p".  To  this 
end,  the  form  /  was  expressed  as  the  product  of  m  sj-mbolically 
distinct  factors  ««  =  aiXi  +  ajii,  0^  =  (9ia:i  +  /3jii,  ■  -  ■ .  It 
was  there  shown  that  all  formal  modular  invariants  of  /  are 
expressible  as  polynomials  in  a  finite  number  of  symbolic 
expressions  which  behave  like  invariants.  These  invariant 
symbols  include  determinantal  symbols  of  the  type 

which  arise  in  the  theory  of  ordinary  invariants  of/,  and  more 
complicated  ones  which  are  peculiar  to  the  theory  of  modular 
invariants.  In  the  present  paper,  it  is  shown  that,  if  a  formal 
modular  invariant  /  is  isobaric,  it  is  necessarily  congruent 
(modulo  p)  to  a  polynomial  in  determinantal  symbols  of  type 
(aff)  and  hence  is  an  ordinary  invariant  of  /,  though  not 
necessarily  a  rational  one.  In  case  /  is  not  isobaric,  then  it 
is  congruent  (modulo  p)  to  an  ordinary  invariant  (rational  or 
irrational)  of  /  and  certain  related  forms.  Similar  theorems 
hold  for  formal  modular  covariants  of /■ 

32.  Dr.  Norbert  Wiener  and  Dr.  J.  L.  Walsh:  The  equiva- 
lence c^  expansions  in  orthogonal  functions. 

The  authors  develop  necessary  and  sufficient  conditions  for 
the  identity  of  the  convergence  properties  of  different  expan- 
sions in  orthogonal  functions.  They  apply  these  notions  to 
various  related  problems.  The  chief  theorem  is  that  two 
closed  sets  of  normal  orthogonal  functions  {ip„\  and  {if-nl 
have  identical  convergence  properties  when  and  only  when  the 
V^eries  for  the  if-'s  converge  uniformly,  while 


X'? 


['Pn{x)vM  -  ■i'nix)^i..m\'dy 


is  uniformly  bounded  in  n  and  a:, 
Arnold  Dresden,  R.  G.  D.  Richardson, 

Secretary  of  Chicago  Section.  Secretary. 
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THE  MOMENT  OF  INERTIA  IN  THE  PROBLEM  OF 
N  BODIES' 

BT  PBOraaSOR  W.  D.  MACMILUUf 

The  differential  equations  of  the  problem  of  n  bodies  are 
„      dV  „      dV 

ID  which  the  potential  function  is 
The  kinetic  energy  of  the  system  is 


'  '"*'"  =  ^, '  "''='•"  =  ^ '  (i  =  1.  •  ■  • .  n) 


The  moment  of  inertia  of  the  n  bodies  considered  as  point 
masses  with  respect  to  the  origin  is 

On  differentiating  this  expression  for  the  moment  of  inertia 
twice  with  respect  to  the  time,  we  find 

\l"  =  Yj^'ii.XiXi"  +  y(yi"  +  ZiZi")  +  "^rndx^  +  yf  +  Zi''). 

The  last  term  of  this  expression  is  twice  the  kinetic  energy 
of  the  system,  2T.  The  first  term  of  the  right  member,  in 
virtue  of  the  differential  equations  of  motion,  may  be  written 
in  the  form 


Since  F  is  a  homogeneous  function  of  degree  —  1  of  the 
quantities  i,-,  y,-,  Zi,  we  have 

Consequently  the  differential  equation  for  the  moment  of 


*  PreBerited  to  the  Society,  April  10, 1 
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inertia  may  be  written  in  the  form 

J7"=  -V+2T. 

Since  T  —  V  =  S  is  the  total  energy  of  the  system,  and  is 
therefore  constant,  we  can  eliminate  the  kinetic  energy  from 
the  preceding  equation,  and  we  obtain 
U"  =V+28. 
This  equation  was  derived  by  Jacobi  and  discussed  by  him 
in  considerable  detail  in  his  Vorhsungen  iiber  Dynamik. 

Since  the  moment  of  inertia  is  homogeneous  of  degree  +  2 
with  respect  to  the  quantities  x,-,  j,-,  and  z,-,  and  since  V  is 
homogeneous  of  degree  —  1,  it  follows  that  the  product 

VP'"  =  C 
is  a  homogeneous  function  of  degree  zero,  which  in  certain 
cases  is  an  actual  constant  with  respect  to  the  time.  In  any 
event,  C  is  a  function  which  is  always  positive  and  which 
depends  only  upon  the  masses  and  their  relative  distributions, 
if  we  choose  the  center  of  mass  as  the  origin,  and  not  at  all  upon 
the  size  of  the  configuration.  Eliminating  V  from  the  differ- 
ential  equation  by  the  introduction  of  the  function  C,  we  have 

/"  =  2CI-"'+U. 
As  Jacobi  pointed  out,  this  equation  shows  that  if  S  b  a 
positive  constant  at  least  one  of  the  bodies  must  recede  to 
infinity,  and  therefore  if  the  system  is  to  be  a  permanent 
one,  S  must  be  negative.  To  exhibit  this  fact,  we  shall  take 
S  =  —  E,  and  we  shall  suppose  that  we  are  dealing  with  a 
permanent  system,  so  that  E  is  positive.    Then 

I"  =  2C/-"*  -  4£. 
If  C  is  a  constant,  this  equation  can  be  integrated.    The  first 
integral  is 

/■'*  =  |[C,»-  (C-2EP'^n 

the  constant  of  integration  being  taken  to  be  2[Ci*  —  C*]^'. 
Evidently  the  new  constant  Ci*  cannot  be  negative.  If  it  is 
zero,  /"*  has  the  constant  value  P''  =  C/(2E). 
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The  second  integral  is 
C       .     ,f2EI'i'-C\ 


1 


■  (C  -  2EI'i')'  -  t-l,, 


which  shows  that  /"*  is  a  periodic  function  of  /  with  the  period 

and  that  it  oscillates  about  the  mean  value  C/(2E),  the  ampli- 
tude of  the  oscillation  having  the  value  Ci.  It  is  worthy  of 
note  that  the  period  of  the  oscillation  is  independent  of  the 
amplitude.  It  depends  only  upon  the  energy  of  the  system 
and  upon  the  nature  of  the  configuration.* 

In  the  problem  of  two  bodies,  the  function  C  is  necessarily 
a  constant  and  has  the  value  (mitnj)*'*/ Vmi  +  mj.  In  the 
problem  of  three  bodies  it  is  a  constant  for  the  equilateral 
triangular  solution  and  for  the  straight  line  solution  of  La- 
grange. It  is  constant  for  Longley's  parallelogram  solution 
of  the  problem  of  four  bodies,  and  for  Moulton's  straight  line 
solution  of  the  problem  of  n  bodies.  In  short  it  is  constant 
for  every  solution  of  the  problem  of  n  bodies  for  which  a 
definite  geometric  configuration  is  preserved  throughout  the 
motion,  i.e.,  one  in  which  the  ratios  of  the  mutual  distances 
are  constants. 

This  condition  is  sufficient,  but  there  is  nothing  to  indicate 
that  it  is  necessary.    In  the  globular  star  clusters  we  have  a 

*  If  we  replace  /'"  ia  this  integral  by  the  radiuB  of  ByiatioD,  p,  by 
means  of  the  relatioo  /"*  ••  pVM  where  M  —  Zir^;  and  make  the  further 
substitutions 

it  reduces  to  Kepler's  Equation  #>  —  e  wn  *>  -  t,  with 

Theae  equations  are  familiar  in  the  problem  of  two  bodies. 
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type  of  organization  in  which  a  steady  state  has  apparently 
been  reached.  In  such  an  aggregation,  the  function  C  must  be 
very  nearly  constant  over  extraordinarily  long  intervals  of 
time.  K  our  galaxy  is  such  a  star  cluster,  it  is  oblate  rather 
than  globular.  Assuming  that  it  is  composed  of  1.5  X  10" 
stars  such  as  our  sun  with  an  equatorial  radius  of  2000  parseca 
(6,600  light  years)  and  a  polar  radius  of  600  parsecs,  and  that 
the  mean  velocity  of  the  stars  is  25  kilometers  per  second, 
the  period  of  oscillation  (if  any  exists)  is  25,600,000  years 
and  the  period  of  a  circular  orbit  about  its  equator  is  74,300,000 
years.  If  we  assume  a  stellar  density  only  one-fifth  as  great 
and  a  stellar  velocity  of  40  kilometers  per  second  instead  of 
25  kilometers  per  second,  the  period  of  oscillation  is  97,000,000 
years,  and  the  period  of  the  circular  orbit  about  the  equator  is 
166,000,000  years.  It  should  be  added,  however,  that  even 
though  the  function  C  is  a  constant  (or  nearly  constant)  for 
the  galaxy,  it  is  not  necessary  that  there  should  be  any  oscil- 
lation. The  moment  of  inertia  may  be  s  constant. 
Tax  UmvEBaiTT  of  Chicago. 


SUBSTITUTIONS     COMMUTATIVE     WITH     EVERY 
SUBSTITUTION  OF  AN  INTRANSITIVE  GROUP* 


It  13  well  known  how  to  find  all  the  substitutions  which  are 
separately  commutative  with  every  substitution  of  a  transitive 
group  G  of  degree  n  and  which  involve  no  letter  except  such 
a3  are  found  in  G,  If  Gi  is  composed  of  all  the  substitutions 
of  G  which  omit  a  given  letter  of  G,  and  if  the  degree  of  (?i 
is  n  —  a,  then  all  the  substitutions  on  the  letters  of  G  which 
are  separately  conamutative  with  every  substitution  of  G 
constitute  a  subgroup  K  of  order  a,  and  all  the  substitutions 
of  K  besides  the  identity  are  regular  and  of  degree  n, 

When  G  is  intransitive,  the  results  are  not  quite  so  elegant, 
but  as  they  are  often  useful  it  seems  desirable  to  state  them 

*  Presented  to  the  Society,  Dee.  28, 1921. 
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explicitly.  It  is  evident  that  the  direct  product  of  the  groups 
composed  separately  of  the  substitutions  on  the  letters  of  the 
various  transitive  constituents  of  0  which  are  commutative 
with  all  the  substitutions  of  these  constituents  is  a  group  Ko 
composed  of  substitutions  which  are  separately  commutative 
with  every  substitution  of  G.  A  necessary  and  sufficient  con- 
dition  that  Ko  include  aU  the  substitutions  on  the  letters  of  G 
which  are  commutative  with  every  substitution  of  G,  is  that  G 
have  no  two  transitive  constituents  which  are  simply  isomor- 
phic with  each  other  and  in  which  the  subgroups  composed  of 
all  the  substitutions  which  omit  a  letter  correspond  to  such 
sub-groups.    This  results  directly  from  the  following  theorem: 

Theorem.  A  necessary  and  tufficieni  condition  that  there 
exist  a  siibsHtvtion  which  interchanges  h  systems  qf  iniransitimty 
and  is  commvtaiive  with  every  subsHiviion  of  the  intransUiiie 
group  involving  these  systems,  is  that  there  be  a  simph  wo- 
morpkism  between  the  h  transitive  groups  which  constitute  these 
systems,  such  that  a  subgroup  composed  of  all  the  substitutions 
which  omit  a  letter  of  one  cf  these  h  transitive  groups  corresponds 
to  such  a  subgroup  of  the  other. 

This  theorem  results  almost  du^ctly  from  the  fact  that 
every  automorphism  of  a  transitive  group  in  which  a  subgroup 
composed  of  all  the  substitutions  which  omit  a  given  letter 
corresponds  to  such  a  subgroup,  can  be  obtained  by  ti-ans- 
fonning  the  transitive  group  by  substitutions  involving  only 
the  letters  of  this  group.  In  fact,  it  is  evident  that  we  can 
establish  an  automorphism  of  a  transitive  group  in  such  a 
way  that  a  substitution  t  on  the  letters  of  the  two  transitive 
constituents  thus  obtained  interchanges  these  constituents 
and  is  commutative  with  every  substitution  of  the  intransitive 
group  formed  by  them.  By  transforming  one  of  these  con- 
stituents by  a  substitution  on  its  own  letters  which  transforms 
it  into  itself  the  isomorphism  mentioned  in  the  theorem  is 
obtained,  and  t  is  transformed  thereby  into  a  substitution  which 
is  commutative  with  every  substitution  of  the  intransitive 
group  obtained  in  this  way. 

If  G  involves  h  transitive  constituents  which  can  be  trans- 
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formed  transitively  by  means  of  substitutions  which  are  com- 
mutative with  every  substitution  of  the  group  formed  by 
these  constituents,  then  these  constituents  can  be  trans- 
formed into  each  other  according  to  the  symmetric  group  of 
degree  h.  The  total  number  of  such  substitutions  on  the 
letters  of  the  k  constituents  can  therefore  be  obtained  by 
extending  the  part  of  the  direct  product  Ko  which  relates  to 
these  constituents  by  means  of  the  substitutions  of  this  sym- 
metric group  of  degree  A.  As  a  very  spedal  case  of  this 
theorem  we  have  that  all  the  substitutions  which  are  com- 
mutative with  every  substitution  of  the  intransitive  group 
obtained  by  establishing  a  simple  isomorphism  between  n 
symmetric  groups  of  degree  n  >  2  and  n  +  6  constitute  a 
group  which  is  a  conjugate  of  this  intransitive  group.* 

From  the  preceding  developments  it  results  that  al!  the 
substitutions  which  are  commutative  with  every  substitution 
of  an  intransitive  group  can  be  found  by  first  constructing  Ko 
and  then  extending  this  Ko  successively  by  means  of  the 
symmetric  groups  on  A  transitive  constituents  if  any  exist, 
where  A  is  always  taken  as  large  as  possible.  If  one  such  A 
is  not  equal  to  the  number  of  transitive  constituents  involved 
in  G,  then  the  group  composed  of  all  the  substitutions  which 
are  commutative  with  every  substitution  of  6  is  a  direct 
product  of  the  groups  relating  to  the  constituents  which  are 
transitively  connected.  While  the  order  of  each  of  the  con- 
stituents of  G  which  can  be  transitively  connected  must  be 
the  same,  those  which  can  not  be  thus  connected  may  evi- 
dently have  different  orders. 
Tna  Umivkbsitt  or  Ilukois 

'Miller,  Blichfeldt,  Dickson,  Finite  Groups,  1916,  p.  41.  It  may  be 
noted  that  the  coDditioD  n  if  6  should  have  been  added  there  since  tb« 
Bymmetric  group  of  degree  6  admits  outer  isomorphisms. 
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SUMMABLE  INFINITE  DETERMINANTS' 

BT  WILLUH  h.  HABT 

1.  Introduction.  It  has  been  customary  to  define  the  value 
of  the  infinite  determinant 

(1)  D=  |a,y!.-,,_,,j,... 
by  the  equation 

(2)  D=    limD,         (Z>„=  |aoIi,,.  i,  t,  ...,«), 

in  case  the  limit  exists.    Supposing  that  the  a^  are  any 
complex  quantities,  we  may  state 

Dekinition.  The  determinant  (1)  is  aumTnable  to  the  wUue 
D  in  case  the  sequence  (Z)„)  is  summable  to  D. 

In  this  definition  the  term  summable  may  be  understood 
in  any  one  of  the  various  senses  which  have  been  given|  to 
that  term.  It  is  easily  seen  that  if  D  is  summable,  its  value 
remains  unchanged  if  we  interchange  its  rows  and  columns. 
The  sign  of  Z)  is  changed  if  two  contiguous  rows  or  columns  are 
interchanged.  If  all  the  elements  of  a  row,  or  column,  are 
multiplied  by  a  constant  K,  the  new  determinant  obtained 
has  the  value  KD. 

It  is  the  purpose  of  this  note  to  present  certain  types  of 
infinite  determinants  which  are  summable  in  the  sense  of  the 
Cestlro  first  mean  and,  in  the  future,  the  unqualified  word 
summ<Ale  will  be  applied  to  determinants  of  this  variety.  In 
§  2,  there  will  be  given  a  proof  of  the  summability  and  a  dis- 
cussion of  certain  properties  of  a  class  of  determinants  anal- 
ogous to  the  Von  Koch  normal|  infinite  determinants.  In 
§  3  the  summability  of  a  somewhat  different  type  of  deter- 
minants will  be  established. 

2.  A  Certain  Class  of  Determinants.  A  simple  example  of 
an  infinite  determinant  which  is  summable  to  the  value  1/2  is 

*  Presented  to  the  Society  at  Chicago,  March  26,  1921. 

t  E.  Borel,  Z>es  Siries  diveryentt,  p.  87;  Eurwitz,  Report  on  divergeat 
aeries,  this  Bulletin,  vol.  28,  1922,  pp.  17-36. 

t  Cf.  Kowalewekd,  DeUrminanienlJtMrie,  p.  372. 


ovGoogIc 


W.   L.   HABT 


0  1 

-  1      ±  1 


QApr.-May, 


where  all  elements  are  zero  except  for  those  in  the  main 
diagonal  minors  of  order  2,  which  are  displayed,  and  where  the 
±  signs  in  the  main  diagonal  may  be  selected  at  wilt. 

For  (3),  we  find  that  D,t  =  1  and  D,t-i  =  0  for  i  =  1,  2, 
■•■.  The  determinant  (3)  would  remain  summable  to  the 
value  1/2  if  arbitrary  elements  bij  were  substituted  for  the 
zero  elements  situated  above  the  elements  +  1,  in  the  columns 
of  even  index,  and  to  the  left  of  the  elements  —  1,  in  the  rows 
of  even  index. 

Let  the  arbitrary  quantities  bij  of  the  preceding  paragraph 
be  chosen  as  either  +  1,-1,  or  0,  and,  after  this  selection, 
let  the  element  of  (3)  in  row  i  and  column  j  be  denoted  by  etj. 

Theorem  I,    In  (1)  suppose  that  ay  =  cy  +  cy,  where 
2^=1 1  cy[  converges.     Then  the  determinant  D  of  (1)  w  tum- 
mabte  and 
(4)    2D=  Dt+iDt-  Di)+  ■■■  +  (Z>,A  -  DiH-i)  +  •  ■  -. 

First  let  us  consider  certain  properties  of  the  infinite  matrix 

A  =  (Cy)y.,,  2.  .... 

By  a  minor  of  A  of  order  p  we  shall  mean  a  determinant  of 
order  p  formed  by  those  elements  of  a  certain  set  of  p  rows  of 
A  which  are  located  in  a  certain  set  of  p  columns.  Let  / 
represent  the  sum  of  the  absolute  values  of  all  terms  which 
enter  in  the  expansions  of  all  minors,  of  all  orders,  of  the 
matrix  A.    Then  it  is  well  known  that  /  converges.^ 

In  order  to  establish  the  theorem,  we  note  that  the  deter- 
minants Dn  in  the  present  case  have  the  following  properties 
when  expanded  in  terms  of  the  quantities  c,j: 

(a)  For  every  n,  Z)„  is  equal  to  the  sum  of  certain  terms  from 

•  Cf.  Kowalewaki,  loc  cit.,  p.  374. 
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I,  vith  positive  or  negative  signs  attached,  plus  1,  if  n  is 
even,  and  plus  zero,  if  n  is  an  odd  integer. 

(6)  For  every  value  of  A  >  1,  I)i\  contains  all  terms  of 
I^ih-%,  and,  moreover,  the  new  terms  occurring  in  D^a  do  not 
occur  in  any  i);*  if  i  <  A. 

(c)  For  every  value  of  A,  D^t^i  consists  of  terms  which 
are  not  found,  even  with  a  change  of  sign,  in  any  other  deter- 
minant Djj^i  {k  ^  A). 

The  property  (a)  results  from  the  fact  that  the  elements  6^ 
are  ±  1  or  0.  One  verifies  Q>)  by  expanding  Z>jj^  according  to 
the  elements 

(5)  ci,  n-i,  ci,  ifc_i,  — ,  cjfc_i,  sfc_i,  Cj*,  s*_i  —  1, 

in  its  C2i  —  l)-th  column.  We  establish  (c)  by  expanding 
Dth~i  according  to  the  elements  of  its  last  column,  which 
consists  of  all  the  quantities  (5)  except  the  last. 

To  establish  the  summability  of  D,  we  must  show  the  exis- 
tence of  Iiin,^^S„  where 

(6)  &-^-+-  +  ^-. 

n 

Trtlien  n=  2k  let  us  write 

o      _  fii*  _|_  T%k 


J!,.  -  D,  +  Z).  +  ■  ■  •  +  D,»_i 
and 

r,»  -  D,  +  fl,  +  ■  ■  ■  +  Du- 
In  view  of  properties   (o)   and   (c)  above  it  follows  that 
|ilit|  S  /.    Consequently, 


limM. 


.A. 
It  follows  from  properties  (a)  and  (i)  that  each  bracket  in  the 


K=  Z),+  •••  +  (7)„-a».,)+  ••■, 
when  written  in  tenns  of  the  quantities  c,,-,  consists  of  terms 
from  /  with  various  signs  attached.    Since  no  term  occurs  in 
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more  than  one  bracket,  it  is  seen  that  K  converges.    Therefore, 

lim  ^  =  K  =  lim  2)„, 

and  it  follows  that  Iimt--Si*  =  Kl2.  As  a  consequence  of  the 
simple  identity 

it  is  verified  that  lim«_S„  =  K/2,  which  completes  the  proof 
of  the  theorem. 

It  is  evident  that  the  algebraic  complement*  An  of  each 
element  o,,  in  the  determinant  of  Theorem  I  is  itself  a  deter- 
minant of  the  same  type.  For  the  complement  is  obtained 
by  replacing  o„  by  +  1,  or  —  1,  as  the  case  may  be,  and  by 
substituting  zero  for  all  other  elements  in  the  ith  row  or  in  the 
jih  column. 

If  we  consider  the  determinant  D'  resulting  from  (3)  by 
the  addition  of  e,-j  to  the  element  in  the  tth  row  and  ^th  column, 
for  every  t  and  j,  it  follows  from  Theorem  I  that  D'  is  sum- 
mable.  Let  E  represent  a  determinant  obtained  from  D'  by 
replacing  a  finite  number  of  its  rows  (or  of  its  columns)  by  a 
bounded  set  of  numbers.  Then  we  could  prove  that  E  is 
summable  by  the  method  used  in  establishing  Theorem  I. 

Let  us  consider  the  sequence  (tn;  n  =  1,  2,  ■  ■  -)  defined  by 
(7)  hk-i=2k,        t,t=2k-\     (it=  1, 2,  ■-■), 

as  the  normal  order  for  the  arrangement  of  the  positive  in- 
tegers. Then  a  sequence  p  =  0»!  i  =  1,  2,  •  ■  •),  containing 
all  the  positive  integers,  will  be  called  an  aUeration  of  the  order 

(7)  if,  for  all  values  of  A  sufl5ciently  large,  j*  =  (*.  Thus,  for 
every  alteration  p,  there  exists  a  smallest  even  index  k  =  2m 
such  that  jjt  =  (t  if  A:  S  2m  —  1.  Consider  the  first  (2m  —  2) 
terms  o'  p, 

(8)  ju  ■■■,J2«-t, 

which  give  a  permutation  of  the  numbers  (1,  2,  •  ■  •,  2m  —  2). 
Let  us  call  p  an  eixn  or  odd  alteration  according  as  (8)  is 
obtainable  from  the  order  (!.  -  ■  •,  2m  —  2)  by  an  even  or  by 
~^Cf.  Kowalewski,  loo.  cit.,  pp.  378,  382. 
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an  odd  Dumber  of  successive  interchanges  of  neighboring  num- 
bers.    It  is  well  known*  that  the  evenness  or  oddness  of  p  is 
independent  of  the  way  in  which  these  interchanges  were  made. 
To  each  alteration  p  let  us  make  correspond  the  term 

where  the  +  sign  is  selected  if  p  is  even  and  the  minus  if  p 
is  odd.  Suppose  that  (1)  is  a  determinant  of  the  type  E 
mentioned  above.    Then  it  can  be  proved  that 

(9)  2E.T,P„ 

where  the  summation  is  extended  over  all  alterations  p  of  the 
s}-stem  of  positive  integers.  On  the  basis  of  this  result,  it  can 
then  be  shown  that,  for  every  j  and  for  every  k, 

(10)  E^^aaAii'  Jaw^w, 

where  Aij  is  the  algebraic  complement  of  the  element  a^  in  (1). 
The  proofs  of  (9)  and  (10)  will  not  be  given  since  the  reasoning 
would  be  practically  identical  with  that  used  in  the  derivation 
of  similar  results  in  the  theory  of  normal  infinite  determinants. f 
By  use  of  (9)  and  (10),  it  would  be  possible  to  develop  a  theory 
for  the  solution  of  the  infinite  system  of  equations 

(11)  Ijaoa:i  =  i.-,  (i=l,2,  ■■■), 

provided  that  the  determinant  (1)  formed  by  the  coefficients 
oy  ia  of  the  type  D'  defined  above.  A  very  casual  inspection, 
however,  shows  that  system  (11)  could  easily  be  transformed 
into  a  system  of  a  well  known  type  whose  solution  could  be 
obtained  in  terms  of  normal  infinite  determinants. 

The  determinants  we  have  considered  were  obtained  from 
(3)  by  simple  transformations.  If  we  should  take  more  com- 
plicated determinants  than  (3)  as  our  points  of  departure  we 
could  obtain  results  similar  to  those  derived  above.  For 
example,  consider  the  determinant  of  order  q  given  by 

*  Cf.  Kowaleweki,  loc.  cit.,  p.  9. 

t  a.  Kowalewaki,  loc.  cit.,  ES  154,  155. 
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.(12) 


10  • 
10 


(pth  row) , 


10  (sth  row) 
where  all  elements  not  explicitly  indicated  are  zero  and  where 
the  ambiguous  sign  in  the  last  column  is  selected  m  such  s 
way  that  the  determinant  has  the  value  +  1.  In  the  infinite 
determinant  D  of  (1)  let  the  elements  a,-y  in  the  rows  of  index 
mq  +  1,  mq  +  2,  ■  •  ■ ,  mq  +  q,  tor  all  values  m  =  1,  2,  ■  ■-, 
be  selected  as  zero,  except  for  those  in  the  columns  m^  +  1, 
mq+  2,  ■  ••,  mq+  q.  Choose  these  tf  elements  as  those  of 
the  determinant  (12).  It  is  easily  verified  that  D  is  summable 
to  the  value  plq.  With  this  determinant  i)  as  a  starting  point 
instead  of  the  determinant  (3) ,  the  same  methods  that  were  used 
above  suffice  to  establbh  a  theorem  analogous  to  Theorem  I. 

The  results  stated  after  Theorem  I  would  abo  have  their 
analogies  in  the  present  case.  Once  more  it  should  be  noted 
that  the  determinants  considered  in  this  paragraph  would  not 
enable  one  to  solve  any  problem  in  connection  with  infinite 
systems  of  linear  equations  which  could  not  equally  well  be 
solved  by  the  known  theory  of  normal  infinite  determinants. 

3.  Another  Type.  An  example  of  the  type*  of  determinants 
to  be  considered  in  the  present  section  is  given  by  (1)  in  case 
(13)  a.,  =  0,  (i+i);  a„=(-l)'-,  (i=l,2,  ■•■). 
Then  D  is  summable  to  the  value  zero  and  satisfies  the  equation 


(14) 


1/1 


i  +  lim   Dtn). 


;  a0  =  1). 


Another  example  of  this  type  is  given  by  (1)  if 

^  '  a,i-i.  ti-i  =  a,  (a,i, «  =  /9,  t  =  1,  2,  ■ 
In  this  case  D  satisfies  (14),  where  the  first  limit  is  a  and  the 
second  b  1,  so  that  Z)  —  (a  +  l)/2.  It  is  obvious  that  (15) 
may  be  generalized  to  the  case  where  the  main  diagonal 

*  The  author  acknowledges  his  iodebtednesa  to  Frofesaor  L.  L.  SUrennan 
for  fluggesting  the  oonaideration  of  the  determinants  treated  in  this  aectioo. 
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elements  ore  oii,  oit,  ■-■,  octi  di,  •■•,  Oi,  ••■  and  where  aU 
other  elements  are  zero,  under  the  supposition  that 

(16)  «!  ai  ■  •■  Oi  =-  1. 

If,  under  conditions  (13),  we  should  add  Cij  to  the  element 
atj  of  D,  for  all  (t,  j),  the  resulting  determinant  would  be 
summable  and  its  value  would  be  given  by  (14)  in  case  the 
(Cij)  satisfied  the  condition  of  Theorem  I.  The  proof  of  this 
statement  would  be  almost  a  repetition  of  that  of  Theorem  I. 

Let  D'  represent  the  determinant  resulting  from  (1),  under 
conditions  (15),  by  the  addition  of  c,y  to  atj. 

Theorem  II.  In  the  turn  I  of  Theorem  lletpk  represetU  tiu 
turn  of  att  terms  eoniainingexacUifkfactort  Cij,  In  (15)  tuppou 
that  [aj  >  land  that 

(17)  S^*'"!' 

eonvergea.     Then,  D'  w  sum7n<J>le  and  taHsfies  the  relation 

(18)  ^'  "=  ^  fe  ^^'■'  ^  ^i"  ^*-'^- 

The  properties  of  summable  sequences  make  it  clear  that 
the  theorem  wiU  be  completely  established  if  we  can  show  that 
the  two  limits  in  (18)  exist.  Let  us  consider  the  convergence 
of  the  sequence  {Di^i').    The  last  two  rows  of  ZJjb+i'  are: 

/lOI         ''*"■  '  '  '^*""  '    '  '  ■  ■'  ''*"■  *"  "I"  ^'     "="•  *"+! 

In  expanding  Z>j^i'  by  Laplace's  Rule,*  according  to  the 
minors  of  the  last  two  rows,  it  is  verified  that  we  obtaiii 
(20)  Z),^i'  =  Dt^i'  +  P,^., 

where  P^n+i  consists  of  terms  containing  a,  /3  and  factors  dj. 
Let  the  expression /ramc  qf  a  term  of  Pin+i  refer  to  the  absolute 
value  of  the  product  of  those  factors  dj  entering  in  the  term. 
The  expression  Pm+i  has  the  following  properties: 

(a)  All  terms  contain  at  least  one  dj  from  those  in  (19)  and 
hence  the  frames  of  terms  of  Pjn+i  are  distinct  from  those  of 
Pim-i  for  h  <n. 

(6)  There  are  no  repetitions  among  the  frames  of  the  terms 
of  Pi^i. 

*  Cf.  BAcber,  IntrodwUkn  to  Higher  Alfebra,  p.  24. 
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(c)  After  the  relation  aff  =  1  has  been  used,  the  power  of 
a  entering  in  a  term  of  Pjn+i  is  at  most  one  unit  greater 
than  the  number  of  factors  ca  in  that  term.  If  a  power  of 
0  remains  after  use  oi  aff  =  1,  the  absolute  value  of  the  term 
is  increased  by  neglecting  the  power  of  0  because  \0\  <  1, 

It  is  seen  that  the  convergence  of  the  sequence  (Dt^)  is 
equivalent  to  that  of  the  series 

(21)  7)i'+P,+  P.+  ...  +  p,^,+  .... 

Let  Pi»+i  represent  Pjih-i  with  all  of  its  terms  replaced  by  their 
absolute  values.  As  a  consequence  of  the  properties  (a), 
(b)  and  (c)  it  follows  that  the  convergence  of  (17)  implies 

thatof  (21)  because  Pa +P6H S  |a]E'-i|a|*pf    Hence 

the  sequence  (Din+i)  converges.  A  proof  of  the  same  nature 
as  that  just  given  would  establish  the  coavergeoce  of  the 
sequence  (Dtn)-  Therefore,  Theorem  II  may  be  considered 
completely  proved.  If  we  had  supposed  |(3|  >  1,  an  anal- 
ogous proof  would  have  shown  D'  to  be  summable  under  the 
same  assumption  as  was  made  in  Theorem  II. 

Let  E  represent  the  determinant  associated  with  (16)  after 
Cij  has  been  added  to  the  element  in  row  i,  column  j,  for  all 
{i,  j).  The  determinant  E  is  summable  if  condition  (17)  is 
satisfied,  where  we  understand  |ar|  to  represent  the  absolute 
value  of  the  product  of  all  factors  oa  from  (16)  which  satisfy 
\ak\  >  1.  The  proof  of  this  statement  would  be  similar  to 
that  given  for  Theorem  II.    E  would  satisfy  the  equation 

(22)  E=l(Um  E*n  +  lira  £*m-i  +  ■  •  •  +  lira  £*„+,^,). 

Certain  interesting  questions  regarding  summable  deter- 
minants remain  unanswered  in  this  note.  It  may  be  that 
Theorem  II  and  its  generalization,  in  connection  with  deter- 
minant E,  are  true  under  hypotheses  less  restrictive  than  those 
of  this  paper.  More  generally,  it  would  be  of  interest  to 
know  whether  a  determinant  (1),  which  is  summable,  remains 
so  if  quantities  (cij)  are  added  to  its  elements,  where  the  Ctf 
satisfy  the  condition  of  Theorem  I. 
The  University  op  Minnesota 
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ALGEBRAIC  GUIDES  TO  TRANSCENDENTAL 
PROBLEMS* 

BT   B.    D.   CABMICRAZL 

1.  IiUrodtidion  and  HisUmcal  Sketch.  Up  to  the  present 
time  algebraic  guides  to  transcendental  problems  have  been 
employed  extensively  through  only  a  small  part  of  the  range 
of  subject  matter  to  which  they  are  so  adapted  as  to  yield 
important  characteristic  values  in  suggested  theorems  and  in 
methods  of  proving  them.  This  interaction  between  algebraic 
and  transcendental  analysis  has  attracted  greater  attention 
in  the  theory  of  integral  equations  than  elsewhere.  The  rela- 
tion between  the  theory  of  integral  and  of  algebraic  equations 
seemS  tto  have  been  first  noticed  by  Volterra,  who  pointed  out 
(Torino  Am,  1896,  pp.  311-323)  that  a  Volterra  integral 
equation  of  the  first  kind  may  be  regarded  as  in  a  certain 
sense  a  limiting  form  of  a  system  of  n  linear  algebraic  equations 
in  n  variables  as  n  becomes  infinite.  It  is  clear  from  Voltcrra's 
remarks  in  1896  that  the  same  is  true  of  the  Volterra  equation 
of  the  second  kind,  though  this  fact  was  not  then  mentioned 
explicitly.  In  1913  in  his  Lemons  aur  les  Equations  Intigrahs 
et  les  Equations  IntSgro-diffirentielles,  Volterra  brings  out  in 
detail  (pp.  30-33,  40-52)  the  connection  between  the  algebraic 
theory  and  his  equation  of  the  second  kind,  and  less  fully 
(pp.  56  ff.)  the  connection  between  the  algebraic  theory  and 
his  equation  of  the  first  kind.  He  indicates  (pp.  71  ff.) 
extensions  of  the  method  to  s>-stems  of  integral  equations  and 
to  equations  and  systems  with  multiple  integrals,  and  also 
(pp.  138  ff.)  to  the  theory  of  permutable  functions.  (See  also 
the  preface  and  pp.  33,  102,  117  for  remarks  on  the  history  of 
the  subject  and  for  references.)  We  shall  set  forth  the  char- 
acter of  the  method  by  a  brief  indication  of  the  nature  of 
Voltcrra's  treatment  of  the  equation  of  the  second  kind. 

*  AddRM  aa  retioog  ChEtinnaD  of  the  Chicago  SectioD  of  this  Society, 
Toronto,  December  27,  1921.  Read  for  the  author  by  Profesaor  Arnold 
Dresden. 
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If  in  the  equation 

p(ar)  =  u(x)  +  JZK(x,  t)««)d{ 
we  replace  the  integral  by  the  limit  to  which  it  is  equal  by 
definition,  we  have  the  relation 

V{x)  =  «(x)  +  ^  g  Kfe  f.)«(l.)(ti  -  f*-i). 

where  the  points  Jo  =  0,  f  i,  Ji,  •  •  • ,  {■_!,  {■  =  ar  of  the  interval 
(0,  a:)  are  so  distributed  that  the  greatest  difference  {,-  —  f*-i 
approaches  zero  with  1/n.  Approximating  to  the  latter 
equation  is  the  following: 

v{x)  =  uix)  +  g  K{x.  fi)u(f.-)(f.-  -  {(_,); 

and  in  particular  the  system 

*>«.)  =  «(W  +  5^..-««0,    (»  =  1,  2,  .  ■ .,  n), 

where  o„-  =  K{^„  |()(?<  ~  fi-i)-  Now  this  algebraic  system 
has  a  solution  in  the  form 

«CW=  P«.)+g «..*'«.■).    («=  1.2,  ••-,»); 

and  reciprocally  the  former  system  affords  the  solution  of  the 
latter  for  the  p(f,)  in  terms  of  the  «{fi)-  By  analyzing  these 
two  systems  Volterra  obtains  several  fundamental  relations 
between  them.  Then  he  proceeds  hem-istically  to  the  limiting 
forms  of  these  relations  after  the  manner  of  forming  an  integral 
as  the  limit  of  a  sum,  thus  obtaining  the  main  principles  upon 
which  rests  his  solution  of  the  given  integral  equation — these 
principles  then  being  established  de  now  by  methods  suggested 
by  the  algebraic  analysis. 

The  methods  of  Volterra  may  be  extended  to  the  case  of  the 
Fredholm  equation;  but  an  added  difficulty  arises  in  the  new 
situation  from  the  fact  that  the  basic  algebraic  system  has 
now  a  general  determinant  depending  upon  the  kernel  K 
rather  than  the  much  simpler  determinants  of  the  Volterra 
treatment.  It  was  Fredbolm's  achievement  to  see  how  the 
method  of  Volterra  could  be  extended  so  as  to  pass  from  the 
solution  of  a  system  of  linear  algebraic  equations  to  the  solution 
of  the  Fredholm  integral  equation  of  the  second  kind.    Again 
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in  the  case  of  Fredholm,  the  method  was  used  merely  as  a 
heurbttc  guide  for  discovering  the  facts  and  suitable  methods 
for  their  proof.  With  Hilbert  arose  for  integral  equations  a 
marked  extension  of  the  method  through  his  plan  of  deducing 
the  results  by  limiting  processes  from  algebraic  propositions 
as  the  number  of  variables  becomes  infinite. 

But  the  better-known  applications  to  integral  equations  do 
not  afford  the  earliest  important  uses  of  algebraic  guides  to 
transcendental  problems.  A  limiting  process  having  certain 
points  in  common  with  that  of  Volterra  was  employed  by 
Cauchy  in  his  proof  of  the  existence  of  integrab  of  a  system  of 
differential  equations,  and  has  been  preserved  in  the  lectures 
of  Moigno  published  in  1844.  Considerably  simplified  and 
clarified  by  Lipsciiitz  it  stands  today  under  the  name  of  the 
Cauchy-Lipschitz  method  (with  the  extensions  of  Picard 
and  Painlev6)  as  one  of  the  principal  means  for  estabUshing 
the  existence  of  integrals  of  differential  equations.  (See,  for 
instance,  Goursat-Hedrick,  Mathematical  Analyna,  vol.  2, 
part  2,  pp.  68-74.) 

In  some  respects  a  closer  but  still  a  rather  remote  analogy 
with  the  work  of  Volterra  is  afforded  by  the  unpublished 
method  by  which  Sturm  was  led  to  many  of  the  results  of  his 
great  memoirs  of  1836.  On  page  186  of  the  first  volume  of 
Liouville's  Journal,  Sturm  tells  us  that  it  was  from  the 
solutions  of  the  difference  equation 

LiUi+i  +  M,-Ui  +  N.-Ui^i  =  0,    (i  =  0,  1,  2,  •  •  ■ ), 

which  is  nothing  more  than  a  somewhat  disguised  special  form 
of  a  system  of  linear  algebraic  equations,  that  he  was  led  to 
the  subject  of  his  first  memoir  of  1836,  the  memoir  in  which  his 
more  characterbtic  results  for  differential  equations  are  to  be 
found;  and  that  the  method  by  which  the  latter  were  obtained 
from  the  former  was  one  of  passing  by  a  limiting  process  from 
finite  to  infinitely  small  differences.  He  adds  that  he  had 
also  found  for  the  difference  equation  properties  which  are  not 
susceptible  of  being  carried  over  to  differer^tial  equations. 
From  these  remarks,  which  he  seems  never  to  have  elaborated 
anywhere  in  his  pubUshed  writings,  it  b  clear  that  Sturm  was 
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led  to  many  of  his  classic  results  by  a  fundamental  algebraic 
guide  to  the  transcendental  problems  treated. 

If  one  has  in  mind  the  suggestive  remark  of  Sturm  and  the 
limiting  process  of  Cauchy's  existence  proof,  there  is  no  longer 
any  difficulty  in  canying  through  the  limiting  process  from 
the  difference  to  the  differential  equation  and  of  obtaining 
properties  of  the  solution  of  the  latter  directly  from  those  of 
the  former.  This  was  done  in  an  interesting  case  by  Porter  in 
1902  (Annals  of  Mathematics  (2),  vol.  3  (1902),  pp.  55-70) 
more  than  two  years  before  Hilbert  in  1904  took  a  similar  step 
for  integral  equations.  If  we  remember  that  the  difference 
equations  used  in  this  analysis  are  but  condensed  forms  of  cer- 
tain systems  of  linear  algebraic  equations,  we  shall  see  that  the 
processes  which  we  have  usually  associated  principally  with 
the  theory  of  integral  equations  were  used  heuristically  in 
the  theory  of  differential  equations  long  before  they  were 
similarly  employed  for  integral  equations,  and  that  they  were 
used  some  years  earlier  in  the  former  than  in  the  latter  in  the 
way  of  a  rigorous  passage  to  the  limit. 

In  Bficher's  Fifth  International  Congress  address  and  in  bis 
Les  MHhodes  de  Sturm  (see  especially  chapter  2,  pp.  14r-42) 
there  is  brought  out  more  clearly  and  more  fully  than  by  any 
of  his  predecessors  the  intimate  relation  that  exists  between 
the  theory  of  systems  of  linear  algebraic  equations  and  dif- 
ferential equations,  particularly  with  boundarj'  conditions. 
Several  important  theorems  for  differential  systems  are  ob- 
tained as  immediate  analogues  of  well  known  fundamental 
theorems  for  algebraic  systems,  and  several  intimately  related 
aspects  of  the  two  problems  are  brought  out  forcibly  by  the 
statement  of  theorems  common  to  the  two  and  identical  in 
their  principal  characteristics. 

It  will  be  observed  that  all  the  problems  treated  in  these 
cases  (with  the  exception  of  that  of  Cauchy)  are  linear  in 
character.  This  is  not  accidental;  it  arises  from  two  facts. 
Many  of  the  profound  phenomena  of  nature  are  subject  to 
laws  whose  expression  in  mathematical  form  gives  rbe  to 
fundamental  linear  problems  of  several  kinds.    Logically  the 
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simplest  and  historically  the  first  to  be  treated  in  detail  of 
the  linear  problems  of  pure  mathematics  are  those  having  to 
do  with  systems  of  linear  algebraic  equations.  And  these 
hold  the  place  of  greatest  importance,  both  on  account  of  their 
simplicity  and  relatively  complete  development  and  on  account 
of  their  suggestiveness  in  leading  the  way  to  transcendental 
linear  problems  which  emerge  from  a  direct  consideration  of 
the  natural  limiting  cases  -of  algebraic  systems  under  the 
guidance  of  current  problems  of  transcendental  analysis. 

My  principal  purpose  in  this  address  is  to  discuss  two  types 
of  algebraic  theorems  and  the  transcendental  problems  to 
whose  solution  they  lead  the  way.  In  the  one  class  we  shall 
have  oscillation  and  comparison  theorems,  and  in  the  other 
theorems  of  expansion  in  orthogonal  functions  and  their 
generalizations.  To  one  acquainted  with  the  relevant  theory 
of  differential  and  integral  equations,  it  is  clear  that  there  is 
abeady  at  hand  a  large  body  of  doctrine  having  to  do  with 
certain  transcendental  problems  in  each  of  these  domains, 
namely,  the  classic  oscillation  and  comparison  theorems  of 
Sturm  for  differential  equations  of  the  second  order,  the 
Sturm-Liouville  expansions,  expansions  by  means  of  the  bi- 
orthogonal  functions  arising  from  Birkhoff's  theory  of  differ- 
ential systems  and  their  adjoints,  and  the  expansion  theorems 
arising  in  the  theory  of  integral  equations. 

The  principal  algebraic  theorems  to  which  I  shall  direct 
yctur  attention  were  conceived  in  the  first  place  by  considering 
what  properties  of  certain  approximating  algebraic  systems 
correspond  to  the  properties  already  established  for  the  tran- 
scendental problems  which  have  been  treated.  It  was  not 
difficult  to  arrive  at  the  corresponding  theorems  for  the  special 
algebraic  systems  which  were  involved  in  certain  of  these 
cases;  and  the  theorems  once  in  hand  for  the  special  systems 
were  readily  extended  to  fairly  general  classes  of  algebraic 
systems.  With  this  much  accomplished,  one  is  in  possession 
of  algebraic  facts  suitable  to  serve  as  a  guide  to  a  large  class 
of  transcendental  problems  having  certain  analogies  with  the 
problems  which  suggested  the  algebraic  theorems  in  the  first 
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place.  The  interactioD  thus  set  up  between  the  algebraic  and 
the  transceDdeatal  problems  has  a  useful  power  of  leading 
forward  to  the  discovery  of  important  results. 

In  order  to  have  clearly  in  mind  the  nature  of  the  connection 
between  a  differential  equation  and  a  system  of  algebraic 
equations,  we  shall  set  up  the  relation  in  one  of  the  simplest 
important  cases.  A  differential  equation,  with  or  without 
boundary  conditions,  may  be  resized  in  an  infinite  number  of 
ways  as  the  limiting  form  of  an  algebraic  system,  so  that  there 
is  always  room  for  choice  in  setting  up  the  system,  and  in  fact 
need  for  care  that  it  shall  be  done  in  a  convenient  way.  In 
connectioD  with  the  equation  of  second  order 

u"{x)  +  >pix)u(x)  =  0, 
it  is  often  convenient  to  employ  the  approximating  equation 

u(x+2S)'2u{z+S)  +  u{x)  ,      ,,,,,,,,      „ 

which  reduces  to  the  differential  equation  when  6  approaches 
zero,  provided  that  u  and  ip  are  subject  to  appropriate  condi- 
tions.   This  equation  reduces  to 

u{x)  +  {5V(x  +  «)  -  2Mx  +  &)  +  u(x  +  28)  =  0. 
If  we  are  concerned  with  the  original  differential  equation 
when  X  ranges  over  an  interval  (ab).  we  may  take  S  =  (b—  a)/n 
where  n  is  an  integer.  Then,  giving  to  x  in  the  last  equation 
the  values  a,  a  +  S,  a  +  26,  ■  •  ■ ,  o  +  (n  —  2)i,  we  have  an 
algebraic  s>-stem  of  n  —  1  equations  of  the  form 
«Co  +  i8)  +  aMa  +  i'+~U)  +  w(a  +  i+2S}  =  0, 

(t=  0,  1,  ••■,«-  2), 
from  which  to  find  the  n+  1  unknown  quantities  it{a), 
«(o  +6),  ■  ■  •,  u{a  +  nS).  From  properties  of  the  solutions 
of  this  algebraic  system  one  can  pass  back  heuristically  to 
properties  of  the  solutions  of  the  differential  equation  and 
then  can  establish  these  properties  hy  a  de  novo  argument 
suggested  by  the  methods  for  dealing  with  the  algebraic 
system.  This  special  case  may  suggest  certain  principal 
characteristics  of  the  general  method  as  applied  to  differential 
equations. 
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The  two  institnces  {^veD,  the  one  just  developed  and  that  of 
Volterra,  do  not  by  themselves  afford  an  adequate  suggestion 
of  the  range  of  applicability  of  the  method.  From  these 
cases  one  can  see  in  part  how  it  works  for  integral  equations 
and  ordinary  differential  equations.  In  a  similar  way  it 
may  be  brought  to  bear  upon  the  theory  of  difference  and  q- 
difference  equations,  both  ordinary  and  partial,  and  the  theory 
of  partial  differential  equations.  Moreover,  if  we  pass  from 
'  any  of  these  cases  by  another  limiting  process  of  Volterra  to 
such  limiting  forms  as  his  linear  integroniifferential  equations, 
or  to  linear  integro-difference  and  integro-9-difference  equa- 
tions, or  to  various  linear  systems  combining  the  properties 
of  these  mentioned  types  of  transcendental  equations,  we 
^shall  be  able  to  look  upon  any  one  of  these  directly  as  a  limiting 
case  of  an  algebraic  system  under  some  appropriate  method 
of  passing  to  the  limit.  In  fact,  it  is  probable  that  certain 
essential  elements  of  these  algebraic  guides  to  transcendental 
problems  can  be  realized  in  the  case  of  any  transcendental 
linear  problem  to  which  one  may  be  led  naturally. 

2.  Algebraic  OtdUation  and  Comparison  Tkeoremt.  Let  us 
consider  a  graphical  representation  of  the  set  of  real  constants 
■Vi,  wj,  ■■  ■,  u„  obtained  in  the  following  manner  (cf.  M.  B. 
Porter,  Annals  of  Mathematics  (2),  vol.  3  (1901),  p.  56). 
On  any  convenient  horizontal  straight  line  segment,  say  the 
points  t  such  that  a  S  «  ^  b,  let  us  erect  n  perpendiculars,  two 
of  which  are  at  the  ends  of  the  segment,  while  the  other  n  —  2 
are  evenly  or  unevenly  distributed  on  the  interior  of  the  seg- 
ment. Let  these  be  marked  from  left  to  right  by  the  numbers 
1,2,  ■•■,n;  and  consider  them  as  analogous  to  then  coordinate 
axes  of  a  space  of  n  dimensions.  Let  the  greatest  distance 
between  two  consecutive  axes  be  called  the  norm  of  the 
system  of  axes.  On  the  ith  axis  let  us  take  a  point  at  a 
distance  [  u,  |  from  the  original  segment,  and  above  it  or  below 
it  according  as  u,-  is  positive  or  negative.  Having  done  this 
for  each  value  i  of  the  set  1,  2,  ■■■,»,  join  by  straight  line 
segments  the  point  on  each  axis  but  the  last  to  the  point  on 
the  adjacent  axis  to  the  right.    We  thus  obtain  a  broken  line 
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which  we  shall  call  the  graphic  representation  of  the  point 
(ui.  ut,  ■  ■  -,  u,.)  in  space  of  n  dimensions,  or  of  the  set  of  con- 
stants Ul,  Uj,  •  ■  •,  Un. 

This  broken  line  may  be  taken  also  as  the  graph  of  a  con- 
tinuous function  u(a)  of  the  real  variable  a  on  the  interval 
a  S9  Sb.  We  shall  say  that  this  function  v{s)  has  been 
obtained  from  the  set  of  constants  ui,  ui,  ■  -  ■ , «,  by  linear  inter- 
polation with  respect  to  the  given  n  axes.  The  points  at  which 
(values  of  s  for  which)  this  broken  line  cuts  the  original  line 
segment  (viewed  as  the  axis  of  s)  we  shall  call  indifferently 
the  zeros  of  the  set  of  constants  or  of  the  function  u(s). 

Let  us  now  suppose  that  we  have  a  given  real-valued  single- 
valued  function  v{s)  of  the  real  variable  a,  continuous  and 
having  a  finite  number  of  maxima  and  minima  on  a  ^  a  ^  b, 
and  a  set  of  n  axes  formed  in  the  manner  already  indicated. 
The  graph  of  this  function  will  cut  the  n  axes  in  points  by 
means  of  which  we  may  define  as  above  a  linearly  interpolated 
function  E(«),  If  the  given  function  v(s)  is  held  the  same, 
and  the  system  of  axes  is  subjected  to  successive  changes, 
so  that  the  norm  of  the  system  decreases  and  approaches 
zero,  it  is  clear  that  the  resulting  sequence  of  linearly  inter- 
polated functions  via)  approaches  as  a  limit  the  function  e($). 
The  situation  thus  briefly  described  is  typical  of  the  character 
of  the  limiting  process  by  which  we  shall  repeatedly  pass 
from  an  algebraic  system  to  the  corresponding  transcendental 
equation  or  system. 

The  most  interesting  known  oscillation  and  comparison 
theorems  are  those  which  arise  in  connection  with  linear 
homogeneous  differential  equations  of  the  second  order.  Cer- 
tain of  the  most  fundamental  properties  of  such  an  equation, 
namely,  linearity,  homogeneity,  and  that  property  in  virtue 
of  which  the  general  solution  may  be  expressed  linearly  in 
terms  of  two  linearly  independent  particular  solutions,  are 
also  fundamental  properties  of  the  algebraic  system  of  n 
equations 

(1)  "£  ai,«;  =  0,  (/=  1,2,  ■•-,«), 
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in  the  n  +  2  unknown  quantities  xi,  Xt,  •••,  avt-j,  the  matrix 
of  the  coefEcients  of  this  system  being  of  rank  n.  Such  a 
system  possesses  two  linearly  independent  solutions  Ui,  ti; 
and  in  terms  of  these  the  general  solution  may  be  written  in 
the  form  Xt  ~  cUi  +  dvi,  where  c  and  d  are  arbitrary  constants. 
From  the  known  theory  of  the  differential  equation,  and  by 
means  of  its  relation  to  a  particular  form  of  system  (1)  as 
exhibited  in  the  first  section,  we  are  led  to  certain  properties 
of  the  solutions  of  this  general  system.  We  shall  now  state 
a  few  of  these  properties. 

If  we  denote  by  Ati  the  determinant  of  the  matrix  obtained 
from  the  matrix  of  coeflScients  in  (1)  by  striking  out  the  fcth 
and  Ith  columns,  it  may  be  shown  without  difficulty  that  An 
and  the  determinant  wntj  —  um  are  both  zero  or  neither 
zero,  provided  that  when  An  =  0  we  do  not  have  the  excep- 
tional case  in  which  ^i  =  0  =  A^r  for  every  m  of  the  set 
1,  2,  ■•■,  n+2  except  k  and  I.  A  fairly  straightforward 
argument,  based  on  this  elementary  result,  leads  to  a  proof  of 
the  following  fundamental  theorem. 

Theorem.  Let  Ai,  i+i  for  a  given  range  R  of  consecvtive 
valves  of  the  integer  ibecf  one  sign  and  let  I  denote  the  interval 
<4  the  t-axia  corresponding  to  this  range  of  i  in  the  sense  of  the 
treaiment  in  the  first  paragraph  of  this  section.  Let  u;  and  ti 
be  tvx)  linearly  independent  solvtions  of  the  system  (I)  the 
mairix  of  whose  coefficients  is  of  rank  n;  and  let  these  soltUions 
be  exteTided,  by  the  method  cf  linear  interpohiion  employed 
above,  to  the  functions  u(j)  and  v(a).  Then  on  the  interval  I 
the  zeros  of  u(*)  and  v(s)  separate  each  other. 

If  one  examines  the  proof  (see  American  Journal,  vol. 
43  (1921),  p.  84)  by  which  the  foregoing  theorem  b  established, 
he  will  see  that  it  depends  intimately  upon  the  fact  that  the 
determinant  Uf+i?,-  —  Uiti+i  is  of  one  sign  on  R.  If  one  under- 
takes to  formulate  a  corresponding  theorem  for  the  more 
general  system 

(2)  T,aiiXi  =  0,  (i=  1, 2,  ■•■,n), 

in  then  +  A  unknown  quantities  Xi,a:j,  •  ■  • ,  x^+h,  vhen  h  S  2, 
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the  matrix  of  coefficients  being  again  of  rank  n,  he  will  find 
the  situation  in  some  respects  the  same  as  before,  but  in  other 
(and  perhaps  more  important)  respects  he  will  find  it  far 
different.  If  we  let  Di  denote  the  determinant  of  the  nth 
order  matrix  obtained  from  the  matrix  of  coefficients  in  (2) 
by  striking  out  k  consecutive  columns  be^nning  with  the  ith, 
and  if  we  denote  by  Wi  the  determinant  of  order  k, 
■>     x^i<»     -■-     i^*^.<^- 


formed  by  means  of  a  fundamental  system  of  solutions  z,"', 
Zi™,  . .  ■ ,  i/*'  of  (2),  we  shall  find  that  for  a  range  R  of  values 
of  t  on  which  Z>,-  is  of  one  sign  it  is  true  that  u>i  b  of  one  sign; 
so  that  in  this  respect  the  situation  b  the  same  for  all  values 
of  A. 

But  if  we  undertake  to  proceed  further  in  the  direction  of  a 
generalization  of  the  theorem  stated  above,  we  find,  not 
indeed  that  our  steps  are  arrested,  but  that  the  theorem  begins 
to  lose  its  elegance  and  simplicity  as  soon  as  A  is  greater  than  2, 
and  that  the  complexity  increases  rapidly  with  increase  of  A. 
The  marked  simplicity  for  the  case  A  =  2  is  due  in  large 
measure  to  the  fact  that  the  expanded  determinant  Wi  has 
but  two  terms  when  A  =  2.  It  is  possible  to  put  in  a  variety 
of  forms  the  complete  generalization  which  emerges,  but  there 
seems  to  be  no  way  in  which  we  can  proceed  directly  to  the 
goal  without  a  surrender ,of  the  elegance  and  simplicity  of  the 
theorem.  The  results  which  emerge  are,  however,  not  entirely 
without  interest;  in  particular,  they  appear  to  point  in  the 
direction  of  theorems  for  differential  equations  (for  instance) 
of  general  order  A;  but  these  will  necessarily  be  rather  com- 
plicated. We  shall  make  no  attempt  to  state  any  of  the  results 
here  for  general  h,  either  for  the  case  of  the  algebraic  system 
or  that  of  any  of  its  limiting  forms. 

If  the  way  of  progress  by  such  direct  generalization  is 
barred,  we  shall  naturally  seek  the  goal  by  some  other  means. 
Since  the  difficulty  arises  primarily  from  the  fact  that  we  have 
too  many  linearly  independent  solutions  of  (2),  that  is,  too 
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many  arbitrary  constants  in  the  general  solution  of  (2),  let 
us  restrict  attention  to  a  particular  class  of  solutions  in  which 
the  number  of  arbitrary  elements  is  2.  For  the  case  of 
the  algebraic  system  (2)  the  simplest  way  to  do  this  is  to 
adjoin  h  —  2  additional  independent  equations  of  the  same 
type;  and  this  brings  us  back  to  the  case  of  system  (1).  But 
in  the  case  of  a  differential  or  difference  equation,  for  instance, 
such  a  means  is  not  directly  open  to  us.  However,  it  is  true 
that  the  boundary  conditions  in  the  transcendental  cases  are 
represented  in  the  algebraic  system  by  linear  equations  (see 
Bficher's  Le»  MWwdea  de  Sturm,  loc.  cit.).  The  suggestion 
then  is  to  employ,  for  a  difference  or  differential  equation  of 
order  k,  boundary  conditions  (usually  A  —  2  in  number)  so  that 
there  shall  be  but  two  arbitrary  elements  in  the  general  solution 
subject  to  these  boundary  conditions.  In  §  5,  we  shall  exhibit 
certain  results  suggested  by  these  considerations. 

In  what  follows  in  this  section,  we  shall  suppose  that  the 
notation  in  (1)  is  so  chosen  that  the  determinants  of  the  square 
matrices  of  orders  1,  2,  3,  •  ■  ■,  n  in  the  lower  right-hand  corner 
of  the  matrix  |  |a<,|  |  are  all  different  from  zero.  Without 
loss  of  generality,  they  may  be  taken  to  be  positive,  since,  if 
they  were  not  so,  this  could  be  brought  about  by  changing 
the  sign  of  every  coefficient  in  certain  of  the  equations  in  (1); 
and  therefore  we  take  them  to  be  positive.  We  asauine 
further  that  the  determinants  of  the  square  matrices  of  orders 
1,  2,  3,  •••,  n  in  the  upper  left-hand  corner  of  the  matrix 
I  |aj/|  I  are  all  different  from  zero.  Then  it  is  possible  to 
reduce  system  (1)  to  a  new  system 

Xi+2  +  ociXi+i  +  ffiXi  =0,  (i  =  1,  2,  •  •  •,  n), 
where  an  and  0t  are  determinate  functions  of  the  original 
coefficients  Oi,,  and  ^,- is  positive  for  all  values  i  =  1,2,  ■•■,n. 
On  writing  Xi  =  yiUt,  where  j/i  and  y^  are  positive  quantities 
and 
yiH-\  =  ftf-Ai-i  •  • '  ^iPiVi,  yii  —  /3si-iftv_4  *  -  •  ^i^iUti 
we  obtain  for  the  U{  the  relations 

(3)  u^fi  +  v.-Wvfi  +  "i  =  0,         ¥>i  =  "',7^^' 
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There  ^,-  is  a  detenninate  function  of  the  a^,-  in  (1).    A  second 
system  of  the  form  (1),  under  such  hypotheses  as  we  have 
just  employed,  would  reduce  to  the  normal  form 
(4)  ii^t+^iV^i  +  Vi  =  0,    Ci=  1,2,  ...,n). 

Comparison  theorems  for  the  distribution  of  the  zeros  of  the 
functions  «{*)  and  v(s),  obtained  from  the  constants  «i  and  V{ 
by  linear  interpolation,  yield  corresponding  theorems  for  the 
two  original  systems  of  form  (1).  We  state  a  few  of  the 
results  for  the  normal  forms  (3)  and  (4). 

Theorem.  Let  m  and  tii  be  aolvtions  qf  equations  (3)  avd  (4), 
respectively,  and  let  u{a)  and  ii(a)  dejiote  the  functions  into  wkiek 
they  interpolate  linearly  with  respect  to  a  given  system  of  co- 
ordinates. If  u{3)  has  consecutive  zeros  on  the  fith  and  (m  +  1)(A 
intervals,  n<  m,  then  v(s)  has  a  zero  between  these  zeros  of  u{s) 
provided  that  either 

(a)  <pi  Sif'i,  (t  =  ju,  ^  +  1,  ■  •  -,  m),  the  equality  sign  not 
holding  for  all  these  valTies;  or 

(b)  ipi  =  ^„  (i  =  fi,  ^  +-1,  •  ■  •,  m),  and  the  sets  of  constants 
Ui  and  Vi,  for  i  =  n,  ii+  I,  ■  •  •,  m,  are  linearly  independent* 

From  this  several  further  properties  of  comparbon  are 
readily  derived.     We  state  two  of  them. 

Suppose  that  «i  +  0,  ci  +  0,  (fit  ^  ipt,  (i  =  1,  2,  ■  ■  -,  v), 
and  that  wi/ui  >  vtlvi.  Then,  if  u(s)  has  k  zeros  on  the  first 
V  intervals  of  the  coordinate  system,  v(s)  has  at  least  k  zeros 
on  these  intervals  and  the  jth  of  these  zeros  (in  Increasing 
order)  of  v(s)  is  to  the  left  of  the  jth  one  of  u{s) . 

Let  «i,  ci,  «itfi,  Pi+i  be  all  different  from  zero  and  let 
Wi/wi  >  Vii'vi.  Let  u(s)  and  t(«)  have  the  same  number  (which 
may  be  zero)  of  roots  on  the  first  k  intervals.    Then  we  have 

provided  that  p,-  S  ^t  for  i  =  1,  2,  ■  ■  -,  k.  Other  similar 
theorems  may  be  stated  by  modifying  in  certain  respects  the 
inequalities  in  the  hypothesis  and  the  conclusion.  . 

*  Compare  the  related  theorem  due  to  M.  B.  Porter,  ArmALfl  of  Mathb- 
MATics,  (2),  vol.  3  (1902),  p.  65. 
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3.  Algebraic  Expansion  Problems.  The  r  homogeneous  lin- 
ear algebr^c  systems  in  the  unknown  quantities  x, 

(5)  £     (OOii)  +  XlflU.;  +  XjOjti,  + h  \arkij)XM  =  0, 

(t=l,2,  ■•■.nO, 
a  s^arate  system  being  formed  for  each  value  k  of  the  set 
1,  2,  •  •  ■,  f.  and  the  r  adjoint  systems 

(6)  2^     (flow*  +  XiCuyj  + h  XrOrWi)?*/  =  0, 

(i=  1,2,  •■-,«»), 
are  consistent  (in  the  sense  that  each  system  in  each  set  of  r 
systems  has  a  solution  not  identically  zero)  for  precisely  the 
same  values  of  the  parameters  Xi,  Xi,  ■  ■  ■,  X,,  namely,  those 
values  which  satisfy  the  characteristic  system  of  r  deter- 
minantal  equations 

(7)  I  flo*V>  +  XlflUij  +    ■  ■  •  +  KOrMi  I    =  0, 

(A=  1,2,  •■■,r), 
where  for  a  given  value  of  h  the  first  member  is  the  determinant 
of  order  w*  whose  element  in  ith  row  and  jth  column  is  that 
which  is  written  out  explicitly. 

The  sets  of  characteristic  values  of  Xi,  Xa,  ■■  ■,  K  for  (5) 
and  (6),  namely,  the  sets  of  solutions  of  (7),  necessarily  finite 
in  number  if  certain  exceptional  cases  are  avoided  (as  we 
intend  they  shall  be),  we  shall  denote  by 

Xi^Wt'^K  ■-■,x,<" 

for  varying  values  of  p,  the  two  ordered  sets  being  dbtinct 
for  two  distinct  values  of  p.  The  corresponding  solutions  of 
(5)  and  (6)  we  shall  then  denote  by 

Xa/^',  W',  (j  =  1,  2,  ■ .  -,  7u;  a  =  I,  2,  .  ■  -,  r). 

If  we  avoid  certain  exceptional  cases,  readily  described  in 
terms  of  the  coefl'icients  a  in  (5)  and  (6),  we  then  have  (for 
varying  p  and  a)  the  following  relations  expressing  the  funda- 
mental conjugate  character  of  the  solutions  of  (5)  and  (6), 
namely: 

"TT-'-TT  />. ,. ... . .  TT  X.-  .w«..  <"  I  ^  J ![''  *  *"' 


(8)    gg;  ■  •  g,r.^^..  -  .;.;  {T_  :r.-,*<"yAn<- 
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In  what  follows  we  shall  assume  that  the  mentioned  excep- 
tional cases  are  avoided,  so  that  we  shall  have  situations  in 
which  relations  (8)  are  valid. 

In  order  to  bring  out  clearly  the  nature  of  these  conditions 
of  conjugacy,  let  us  consider  the  case  when  r  =  1.  Systems 
(5)  and  (6)  then  take  the  form 

(9)  i;  (c« + xM*>  =  0,    i:  fe. + xMi/i  =  0, 

^  ^  ii=  1,2,  .--,«). 

The  conditions  of  conjugacy  reduce  to 

,,..l„,,.,  f-oifp  +  <'. 


("»         S5 


biiXi^' 


I  +  0  if  p  =  ff. 


In  the  more  special  case  when  ba  =  6*,  bij  =  0  if  j  4=  *>  these 
become 

(u)      p-'"y.">{ii',:t:: 

When  6(  =  1  for  every  i  these  become  merely  the  usual  condi- 
tions of  biorthogonality;  and  these  in  turn  reduce  to  the 
usual  conditions  of  orthogonality  in  case  we  have  cu  =  ca 
and  the  same  solutions  x  and  y  are  taken  for  the  two  systems 
in  (9).  '  Thus  we  see  that  (8)  affords  an  extensive  generaliza- 
tion of  a  classic  elementary  relation  of  wide  usefulness. 

If  m  is  the  number  of  sets  of  characteristic  values  for  (5) 
and  (6),  and  if  the  set  of  constants  z,,,-, ... ,,,  fort*  varying  from 
1  to  n*  for  each  h,  may  be  "expanded"  in  the  form 

(12)  2,..-. ...  i,  =  E  c*ii.-,<«a-j,.'*'  ■  -  ■  *,./*', 

where  the  e*  are  independent  of  the  subscripts  ij,,  the  foregoing 
properties  of  conjugacy  are  available  for  an  immediate  deter- 
mination of  the  c*  in  the  form 
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E  £  ■  •  ■  f  i:  D«,  -  u^-A  -  -.ri  w 

(13)  e.-'g?    x.' ^ — - — • 

|;,  ;£,  ■  ■  •  5,5  a^,  -  «.n  ^..,"w» 

It  is  easy  to  obtain,  in  terms  of  the  coefficients  a  of  (5)  and  (6), 
broad  sufficient  conditions  for  the  validity  of  the  "expansion" 
in  (12).  The  essential  simplicity  of  these  formulas  is  more 
readily  apparent  from  the  special  case  involved  in  equations 
(9)  to  (11).  We  assume  that  for  this  case  m  has  its  usual 
value  n.    Then  if 

(14)  8*  =  ^c*x/*',  (T=  1,2,  ...,n). 

we  have  for  c*  one  or  the  other  of  the  values 

(15)  4L|l p , 

according  as  we  have  the  case  of  (10)  or  (11).  If  6.-  =  1  the 
latter  reaches  the  maximum  of  elegance,  at  least  if  equations 
(9)  are  then  self-adjoint  and  the  same  solutions  x  and  y  of  the 
two  systems  are  taken. 

In  the  foregoing  expansion  formulas  the  number  of  subscripts 
on  the  "function"  to  be  expanded  in  terms  of  the  "functions," 
X  is  equal  to  the  number  of  parameters  X  involved  in  the 
original  system  of  algebraic  equations.  When  we  proceed  to 
the  transcendental  limiting  cases  we  shall  see  that  these 
algebraic  results  are  in  the  fonn  best  suited  to  applications 
to  equations  involving  functions  of  one  variable.  In  order  to 
obtain  a  form  suitable  as  the  heuristic  guide  in  problems 
involving  functions  of  more  than  one  variable  in  the  original 
equations,  it  is  desirable  to  look  upon  our  expansion  formulas 
in  a  way  slightly  dififerent  from  that  in  evidence  in  the  fore- 
going work.  We  can  best  bring  out  what  is  needful  by  con- 
sidering expansion  (14).  Let  us  suppose  that  n  is  the  product 
nv  of  two  integers.  Let  us  replace  the  subscript  i,  running 
over  the  set  1,  2,  ■  ■  ■,  n,  by  the  double  subscript  ij  where  i 
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runs  over  the  set  1,  2,  ■■-,  ii  and  j  over  the  set  1,  2,  ■  ■  •,  v. 
Then  equations  (14)  become 

(16)  Zi^=  fictco**',  (t=  1,  2,  ••.,;x;  j=  1,2,  .-.,1'). 

The  coefficients  ct,  are  of  course  determined  by  the  same 
methods  as  before  but  the  formulas  are  modified  through  the 
replacing  of  single  summations  by  double  summations.  It  is 
clear  that  we  may  pass  in  a  similar  way  to  multipartite  instead 
of  bipartite  subscripts.  This  obvious  remark  concerning  a 
change  from  one  subscript  to  more  than  one  subscript  entails 
important  consequences  in  a  great  variety  of  expansion 
problems. 

With  a  pven  set  of  n  axes  on  an  interval  a  S  *  ^  6,  as  in 
the  opening  paragraphs  of  §  2,  let  us  extend  by  linear  inter- 
polation the  n  sets  x;**',  t  =  1,  2,  ■••,?!,  and  the  set  2.-  of 
equation  (14);  and  let  a:'*>(3),  4=1,  2,  ■-■,  n,  and  2(3) 
denote  the  functions  of  the  continuous  variable  t  so  obtained. 
Then  it  is  easy  to  prove  that 

(17)  2(s)  =  ^  c*a:'*>(s), 

where  the  coefficients  Ck  have  the  same  values  as  in  (14). 
Thus  we  pass  from  "expansions"  of  sets  of  constants  to  inter- 
esting expansions  of  a  particular  class  of  functions  of  a  con- 
tinuous variable. 

Let  us  consider  the  like  matter  for  functions  of  two  subscripts 
and  expansions  of  the  form  (16).  For  the  representation  of  ity 
for  i  =  \,2,  •■■,  II  and  j  =  1,  2,  ■  ■  ■,  v,  we  shaU  start  from  v 
parallel  planes,  one  for  each  value  of  3.  In  each  of  these 
we  use  for  s  the  same  range  a  ^  s  ^h  and  place  the  planes 
in  order  1,  2,  ■■  ■,  i*  for ^',  each  directly  in  front  of  the  preceding 
one  and  arrange  the  vertical  axes,  so  that  the  vertical  axes 
in  any  one  plane  are  (point  for  point)  the  orthogonal  projec- 
tions on  that  plane  of  the  axes  in  any  other  plane.  Next,  for 
fixed  3  we  extend  the  ua  to  Uj{s)  by  linear  interpolation  as 
before.  Then  for  each  value  of  a  we  connect  the  points  u,(a), 
j  =  1,2,  ■  ■  ■ ,  !<,  by  straight-line  segments  joining  the  consecu- 
tive points.     We  thus  get  a  sort  of  broken  surface  affording 
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the  graphical  representation  of  a  fuaction  u(s,  t),  gotten  (we 
may  say)  by  linear  interpolation  from  the  points  Uij.  We  call 
this  the  graphical  representation  of  the  set  of  constants  u,/ 
with  respect  to  the  given  system  of  axes.  Let  c  Si  ^d 
denote  the  range  of  (  m  this  representation,  this  range  evidently 
depending  on  the  positions  of  the  v  planes  employed  in  setting 
up  the  graphical  representation. 

I^t  us  replace  the  subscripts  t,  j  in  the  functions  in  (16) 
by  the  continuous  variables  s,  t  in  accordance  with  the  method 
just  indicated.    Then  it  is  easy  to  prove  that  we  have 

(18)  z(s.  0  =  1!  cta:f*'{j,  i).         {a  ^  s  ^b,  c  St  ^  d), 

where  the  coefficients  c*  have  the  same  values  as  in  (16). 
Similar  (but  more  complicated)  extensions  may  be  associated 
with  (12)  30  that  we  come  through  to  a  relation  of  the  form 

(19)  2{Su  Si,   ■  ■  ;  Sr)  =    E  C*X.(*'(«Ols<*'(*0   ■  ■  ■  Xr^'KSr), 

where  the  coefficients  c*  have  the  same  values  as  in  (12)  and 
the  functions  involved  depend  on  continuous  variables.  Fur- 
ther generalizations  may  also  be  made  in  (12)  and  in  the  last 
formula  by  replacing  one  or  more  of  the  subscripts  u  in  (12) 
by  multipartite  subscripts  and  by  linear  interpolation  in  the 
resulting  relations. 

In  the  case  of  the  prindpal  transcendental  expansion  prob- 
lems the  foregoing  expansions  in  a  finite  number  of  terms 
are  replaced  by  expansions  in  an  infinite  number  of  terms 
so  that  difficult  questions  of  convergence  arise.  In  one  of  the 
most  important  of  these  transcendental  problems,  namely, 
that  treated  by  Birkhoff  (Transactions  of  this  Societt,  vol.  ■ 
9  (1908),  pp.  373-395),  the  convergence  questions  are  dealt 
with  by  the  aid  of  a  contour  integral  by  means  of  which  the  sum 
of  any  finite  number  of  terms  of  the  series  is  readily  expressed. 
Similar  contour  integrals  exist  for  representing  the  sum  of  a 
finite  number  of  terms  of  the  series  in  (12)  or  (14).  Let  us  con- 
sider the  general  case.  For  any  given  value  of  h  let  Aa(Xi,  Xi, 
■  -  •,  Xr)  denote  the  determinant  in  the  first  member  of  (7)  and 
let  Aa,7(Xi,  X2,  *  ■■,  Xr)  denote  the  cofactor  of  the  element  in  the 
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ith  row  and  jth  column  of  this  determinaBt.    We  assume  for 
the  present  purpose  that  systems  (5)  and  (6)  are  so  restricted 
that  the  solutions  of  each  for  characteristic  values  of  the  X's 
is  unique  (except  for  a  constant  factor)  and  that  for  each  h 
Imi  Aa(Xi,  \i,  ■  •  • ,  Xr) 

exists'and  is  finite,  where  Xi'*',  ■  ■  -,  X,'*'  is  any  set  of  char- 
acteristic values  for  (5)  and  (6).  Then,  if  we  avoid  a  certain 
exceptional  condition  not  arising  in  the  (most  important) 
case  r  =  I,  we  have  for  the  kth  term  of  the  expansion  of 
2(,i, ...  (,  afforded  by  (12)  the  value 

where  T^t  (h  =  1,  2,  •  ■  -,  r)  is  a  contour  in  the  X^-plane  about 
the  point  X),^*',  containing  in  its  interior  no  other  char- 
acteristic value  of  Xfc,  and  where 

G  =  TT  ^*J'''^''  ^*'  "  ' '  ^) 

^'''■■■^'''      iJi    A*(Xi,X,.  ■■■.\r) 

If  we  replace  the  contours  Pit  (A  =  1,  2,  ■  ■  ■,  r)  by  T*,  a 
contour  which  includes  within  it  all  the  characteristic  values 
of  Xa,  and  perform  the  same  multiple  integration  about  such 
contours,  we  shall  have  the  value  of  the  function  Zt^i,  ■■■  (,. 
It  is  clear  that  we  may  form  similarly  the  contour  integral 
for  any  given  partial  sum  of  the  series  for  Z(,f,  •  ■  ■  <,  in  (12). 
For  the  case  of  systems  (9)  we  have  the  equations 

':^!iWl,,^         ((=1,2,  •■•,n), 

where  F  is  a  contour  in  the  X-plane  inclosing  all  the  character- 
istic values  for  (9),  and  where  A(X)  is  the  determinant  of  the 
coefficients  in  the  first  member  of  (9)  and  Aji(X)  is  the  co- 
factor  of  the  element  in  the  jth  row  and  (th  column  of  A(X). 
For  use  in  connection  with  expansion  problems  involving 
difference  equations,  it  is  desirable  to  observe  that  several  of 
the  important  formal  properties  of  (5)  and  (6)  are  preserved 
in  the  case  of  infinite  systems  in  which  appropriate  conditions 
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of  convergence  are  realized.  Thus  in  (5)  and  (6)  we  may 
allow  some  or  all  of  the  numbers  ni,  •  -  ■ ,  Rr  to  become  infinite ; 
for  the  sake  of  simplicity  we  suppose  that  all  of  them  become 
infinite.  The  system  (7)  is  replaced  by  a  transcendental 
system  having,  in  the  cases  which  interest  us,  an  infinite 
number  of  solutions.  Subject  to  suitable  limitations  for  pro- 
curing convergence,  we  may  proceed  as  before  and  thus  derive 
a  new  form  of  (8)  in  which  the  change  is  that  of  replacing 
each  of  the  numbers  ni,  ■  ■  -,  n,  by  «,  and  a  new  form  of  (12) 
in  which  m  is  replaced  by  °o  and  the  relations  are  to  be  valid 
for  each  ii,  ranging  over  the  set  1,  2,  3,  -  ■  ■ ,  the  expressions 
for  the  coefficients  c*  {k  =  1,  2,  3,  ■■■)  having  the  form 
which  results  from  that  in  (13)  on  replacing  ni,  •  ■  ■,  ti,  each 
by  oo .  Analogues  of  many  of  the  additional  foregoing  results 
persist.  In  the  formulas  thus  obtained  we  have  a  useful 
heuristic  guide  to  certain  expansion  problems  in  the  theory 
of  difference  equations,  a  part  of  which  we  shall  presently 
indicate. 

4.  TranacendeTUal  Expansion  Problems.  Let  us  consider  a 
fixed  interval  a  SaS,b  of  the  real  ^axis,  and  let  us  associate 
with  certain  points  of  this  interval  the  discrete  values  of  t 
and  j  in  equations  (5)  and  (6).  For  the  Ath  system  in  either 
(5)  or  (6),  we  take  on  (at)  a  set  of  points  n*  in  number  including 
the  points  a  and  b;  and  we  interpolate  ar*,  into  a  function 
Xkis)  by  the  method  of  linear  interpolation  described  above, 
SimUarly  auij  is  interpoUted  into  a  function  fl*A(s,  ().  Equa- 
tions (5)  and  (6)  may  now  be  looked  upon  as  establishing 
relations  among  the  functional  values  of  these  functions  of  s 
and  t  at  certain  points  only  of  the  axes  of  s  and  t;  and  so  of 
defining  the  solution  functions  at  these  points  and  these  alone, 
their  definitions  being  completed  by  the  methods  of  interpola- 
tion agreed  upon. 

To  these  systems  we  now  apply  certain  limiting  processes, 
allowing  the  numbers  n\  (or  at  least  a  part  of  them)  to  increase 
indefinitely.  As  they  increase,  the  functions  xa(«)  and  «»*(«,  0 
pass  through  a  corresponding  sequence  of  changes.  If  the 
processes  involved  lead  to  replacing  the  original  equations  by 


ovGoogIc 


198  R.  D.  CARMiCHAEL  [Apr.-May, 

well-defined  limiting  equations  and  their  solutions  by  well- 
defined  functions,  we  have  in  the  process  a  suggestion  of  a 
heuristic  guide  to  probable  solutions  of  the  limiting  problems 
and  to  certain  probable  fundamental  properties  of  theae, 
together  with  intimations  as  to  how  they  shall  be  established. 
Usually  we  shal!  require  that  the  distribution  of  basic  points 
on  the  interval  (ab)  of  the  s-atos  shall  undergo  change  in  such 
way  that  the  norm  of  the  distribution  shall  approach  zero. 
By  such  processes  one  may  realize,  for  instance,  integral 
equations  and  differential  equations  as  limiting  cases.  Among 
the  characteristic  resiilts,  for  the  finite  ease,  which  persist 
after  certain  limiting  operations  of  this  type  have  been  per- 
formed are  those  relating  to  conjugacy,  expansions,  and 
representation  of  the  latter  by  contour  integrals.  Without 
going  into  details,  we  may  state  the  general  limiting  forms  of 
certain  equations,  special  cases  of  which  we  shall  have  occasion 
to  consider.  Equations  (8),  (12),  (13)  pass  into  the  following 
limiting  forms: 

<20)  J:r.<'"(,.)W'>('*)d*idii  ■■■  -fo^fjoifpi'; 

(21)  2(s.,  at,  ■  ■  -,  Br)  =  g  Ctf:,<*'(»,)zi<*'(*,)  •  •  •  ;r/*>(5.), 

f^  fa    ■  ■  ■  Xt  <3l,St,  ■  ■  ■  ,»r)D{Si,tl,  ■  •  ■  ,8r,U) 
Ja   Ja    fa   i^C'l,  h,  '  '  ■,  »r,  U) 


j\  :r^^''^(3K)yH**\tH)<Uidli  ■  ■  ■  dSrdir 


Corresponding  to  (10),  (11),  (14),  (15)  we  have  special  cases 
of  importance  which  indicate  more  clearly  the  essential  sim- 
plicity of  the  formulas,  namely, 

(23)  /.'  r.'  K(,  s)x">(s)y"KD'hdl{-  I'^ltl] 

(24)  y-.'  Hs)x"'Wy'"i')ds  I'lf/^tl] 
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(25)  zW  =  t,  c*:r<*'W,  (a  S  *  ^  b). 


(26) 


or 

If  for  the  last  form  of  c*  we  have  c(a,  ()  =  c{t,  a),  so  that 
y<*'(3)  may  be  taken  equal  to  i'*'{«),  and  if  6(a)  =  1,  we  have 
in  (25)  and  the  latter  form  of  ct  in  (26)  formulas  for  the  formal 
expansion  of  an  "arbitraiy"  function  of  a  single  variable  in 
terms  of  orthogonal  functions  of  that  variable;  so  that  all  the 
formulas  (20)  to  (26)  are  generalizations  of  classic  relations  in 
the  expansion  of  functions. 

In  these  formulas  the  number  of  variables  in  the  function  s 
to  be  expanded  is  equal  to  the  number  of  parameters  involved 
m  the  problem.  This  correspondence  b  not  essential.  The 
desired  extension  can  best  be  brought  out  by  starting  from  the 
particular  expansion  (16).  By  linear  interpolation  we  first 
obtain  (IS).  Then  we  may  proceed  to  the  limiting  case  in 
such  wise  that  ii  and  v  simultaneously  approach  infinity,  the 
norm  of  the  corresponding  distributions  of  points  on  the 
^axis  and. the  t-axis  approaching  zero.  We  are  thus  led  beur-> 
istically  to  an  expansion  of  the  form 

(27)  3(»,o  =  |;c*i<*'(»,o. 

where  the  x'a  are  now  solutions  of  the  limiting  problem.  It 
13  easy  to  see  that  the  properties  of  conjugacy  are  maintained 
formally  and  that  we  may  therefore  readily  determine  the 
coefficients  c*.  We  may  also  proceed  from  (18)  to  the  limit 
in  another  way,  namely,  by  holding  ;*  fixed  and  allowing  c  to 
become  infinite  as  before;  we  are  thus  ted  to  expansions  of  the 
form 

(28)  Zi{a)  =  g  ctr,'«(»),      (i  =  1,  2,  -  ■ ,  ju), 

for  expanding  a  system  of  ft  given  functions  in  terms  of  ^  sets 
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of  functions,  the  coefficients  ct  of  the  expansion  being  the 
same  for  each  of  the  given  functions.  This  remarkable  type 
of  expansion  I  saw  first  in  the  manuscript  of  Dr.  C.  C.  Camp's 
dissertation  which  he  was  kind  enough  to  allow  me  to  read; 
it  occurred  there  in  connection  with  a  particular  system  of 
two  linear  differential  equations  of  the  first  order.*  In  (27) 
we  have  an  expansion  of  the  type  which  arises  in  the  theory 
of  partial  differential  equations  in  two  independent  variables. 
In  (28)  we  have  the  type  of  expansions  which  arises  in  the 
theory  of  n  linear  differential  equations  of  the  first  order. 
It  is  clear  that  the  type  of  extension  employed  in  thb  paragraph 
for  the  case  of  one  parameter  may  be  jitilized  in  a  variety  of 
ways  in  connection  with  problems  involving  r  parameters. 

Let  us  consider  the  results  to  which  thb  heuristic  guide 
leads  us  in  the  case  of  the  adjoint  differential  systems 

(29)  p^^ij  (avy  +  XaoOS/.  (i  =  1,  2,  ■  •  ■,  n), 

ax       j.i 

(30)  p=t.  (-  an  -  •Kaii)Zi,  (i  =  1,  2,  ■  ■  -,  n). 
ax      ,„i 

If  for  fixed  t  we  multiply  these  respectively  by  Zi  and  yt, 

add  the  resulting  equations  member  by  member,  sum  as  to 

t  from  1  to  n,  and  then  integrate  from  a  to  6  (a  range  in  which 

the  coefficients  are  assumed  to  be  continuous)  we  have 

(31)  lyiZi  +  yiZa  + h  i/«2,.i;=!;  =  0. 

The  first  member  of  this  relation  is  a  non-singular  bilinear 
form  in  the  two  sets  of  2n  variables  each, 

(32)  y,{a),  y^ia),  ■  ■  ■,  y«(a),  yi(6),  ■  •  -,  y„(6); 

zi(a),  ■  ■  -,  Zn(a),  zi(6),  ■  ■  •,  2n(fe). 
It  can  be  written  in  an  infinite  number  of  ways  in  the  form 

(33)  U/,Zi  +  ■  ■  ■  +  y.z^-m'L  =  g  yAy)Zi{z), 

where  Yi{y)[Zi{z)]  is  a  set  of  2n  linearly  independent  homor 
*  Since  this  was  written  a  paper  by  A.  Schur  has  appeared  dealing  with 
this  problem;  aee  Matrehatische  Annalbh,  vol.  82  (1921),  pp.  213-236. 
It  contains  {p.  214)  a  reference  to  a  special  case  of  the  problem  treated  by 
Hilbert  (GamNOER  Nacbrichten,  1906,  pp.  474-^80).    This  I  had  not 
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geneous  linear  functions  of  the  2n  variables  y[z]  of  (32). 
With  (29)  and  (30),  respectively,  we  associate  the  boundary 
conditions 

(34)  Yi(y)^0,  (i=  1,2,  ■■-,«), 

(35)  Zi{z)  =  0,  (i=n+l,  ■■■,  2n). 
Then  the  characteristic  values  X  for  problem  (29),  (34)  are 
the  same  as  those  for  problem  (30),  (35).  We  suppose  that 
the  conditions  are  set  up  in  such  a  way  that  the  number  of 
these  characteristic  values  is  infinite.  We  denote  the  char- 
acteristic values  and  the  corresponding  solutions  by  X^*^ 
yi<*^2i'*^  (fc=  1,2,3,  •■■)-  Correspondiagto(20),  (21),  (22) 
we  now  have  the  relations 

X  Mh  '^'   '   i  +  oiffc  =  /, 

A(x}  =  |;ctyi<*',  (i=  1,2,  ■■■,n). 


(k  =  1,  2,  3,  ■  ■  ■). 


i.i  j-i 

H  we  apply  to  systems  (29)  and  (30)  a  limiting  process 
often  employed  by  Volterra  we  are  led  to  adjoint  integro- 
differential  equations  of  the  form 

^^^  =  J*  {u{x,  a,  t)  +  Mx.  B,  t)\yix.  t)di, 

^?(^  =    r  I  -  uix,  t,  a)  -  Xr(z,  (,  a)  \  z(x,  t)dt, 
ox  J^ 

where  the  range  of  variation  of  x  is  from  a  to  i  while  that  of 
a  and  t  is  from  a  to  &.  Corresponding  to  the  last  three  equa- 
tions of  the  preceding  paragraph  we  now  have  the  following: 

/.'  f.'  /.'  •(»,  I, .)  s»fc  .)  2,fc  0  <i»  <i  Oil  {  J  J  |{  t  f  \ 

fix,  3)  =  £c*3/jt(x,  a), 

■/•.'  /.'  /.'  '(-t.  '.  »)/(»,  »)«>(-t.  Ddadtdx  ^ 
"  ~  y.'  /.»  j:'  .(i,  I, »)  !(i(i,  j)  zt(i,  t)d3dtdi' 

»-l,2,..-), 


D,Googlc 


202  B.  D.  CARMiCHAEL  CApr.-May, 

where  pk(x,  a),  Zk(x,  s)  denote  the  solutions  corresponding  to 
the  diaracteristic  value  X»  of  the  set  Xi,  Xs.  ■  ■  ■ '  of  distinct 
characteristic  values. 

The  same  procedure  may  be  applied  with  equal  facility  to 
the  adjoint  systems  of  integro-differential  equations 

^^^  -  !;(«</ +x<,„)!,xi,.) + 

J,  J=l 

—~- Z  (-  ":'  -  ^"Jl)  2,&,  S)  + 


rp 


■  paix,  t,  s)  -  \aii{x,  t, »)]  zy(x,  0  dt, 

tot  i  =  1,  2,  •■•,  n,  and  to  various  generalizations  and  exten- 
sions of  them.  Id  this  way  emerge  formal  properties  of 
various  types  of  expansions  arising  in  connection  with  differ- 
ential and  integro-differential  equations.  The  problems  may 
likewise  be  set  up  with  equal  facility  for  the  case  of  an  equation 
or  system  of  equations  of  any  order  with  respect  to  differen- 
tiation instead  of  merely  for  the  first  order  as  in  the  foregoing 
problems.  Fmthermore,  one  can  treat  equally  well  a  system 
with  r  parameters  X  involved  in  a  way  analogous  to  that 
observed  in  connection  with  the  algebraic  problem  defined  at 
the  beginning  of  §  3.  The  fonnulas  necessarily  become  more 
complicated,  but  the  fundamental  guiding  ideas  are  un- 
modified; the  algebraic  theory  indicates  the  whole  procedure 
and  suggests  the  principal  results  as  limiting  cases  of  the 
algebraic  propositions. 

The  way  in  which  the  corresponding  problem  may  be  set 
up  for  the  difference  equation  will  be  indicated  by  a  very  brief  ' 
statement.  Let~us  consider  the  adjoint  systems  of  difference 
equations 

(36)  Ui(x  +1)-  mix)  =  E  {ipis  +  Xf  o)  u^ix), 

(i  =  1.  2,  ■  -  ■,  n), 

(37)  vM  -  ".(x  +  1)  =  S  iVii  +  Ma)  ^i(.x  +  1), 

(t=  1,2,  ■••,«), 
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where  tpij  and  if-,/  are  functions  of  x  which  are  analytic  at 
infinity  and  vanish  there  to  an  order  at  least  as  high  as  the 
second.  We  confine  attention  to  those  solutions  alone  which 
have  the  property  that  each  function  in  a  solution  approaches 
a  (finite)  limiting  value  as  x  approaches  infinity  along  any  ray 
from  the  origin  exclusive  of  the  negative  axis  of  imaginaries  or 
along  any  line  proceeding  to  the  right  parallel  to  the  axis  of 
reals. 

If  we  multiply  (36)  through  by  ii,(x  +  1)  and  (37)  through 
by  —  tti{x),  add  the  resulting  equations  member  by  member, 
and  sum  as  to  i  from  1  to  n,  we  have 

(38)  |;i|!^W.,(i)i.O. 

If  the  real  part  of  a  is  sufficiently  large  we  have  u,-  and  v,- 
analytic  at  every  point  x  whose  real  part  is  not  less  than  the 
real  part  of  a.  Hence  in  (38)  we  may  sum  as  to  :>:  from  a  to 
infinity,  where  x  runs  over  the  values  o,  o  +  I,  a  -|-  2,  ■  ■  • ; 
thus  we  have 

(39)  g  {«((«)«,(«.)  -  Ui(a)ti(a)\  =  0. 

Let  us  now  suppose  that  adjoint  homogeneous  linear  boun- 
dary conditions,  implying  (39),  are  set  up  on  the  «.(»), 
u,(a)  and  on  the  Vi{<*>),  Vi{a)  similar  to  conditions  (34)  and 
(35)  in  a  similar  problem  above  and  let  us  suppose  that  we 
have  the  infinite  set  of  characteristic  values  and  corresponding 
solutions  X<*',  Ui<*',  Bi<*',  (i  =  1,  2,  3,  ■  ■  ■ ).  The  fundamental 
formulas  for  the  expansion  problem  thus  arising  are  the  follow- 
ing; 

J  =  0  if  it  +  /, 
1  +  0  if  it  =  /, 

Si{x)  =  g  c*t.(<*'W,  (i  =  1,  2,  ■  -  ■,  n), 

I;  E  E  hi{a  +  t)Si{a  +  0  «,t«(o  +1  +  0 

tj\i^  M«+ 0  «*<"(« + 0  V*'(«  +  I  +0 

(A=  1,2,3,  ■■•). 
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If  a  classic  limiting  process  of  Volterra  is  applied  to  systems 
(36)  and  (37),  they  go  over  into  adjoint  integro-difference 
equations  analogous  to  the  integro-differential  equations 
treated  above;  and  these  may  be  generalized  to  related 
systems  just  as  we  generalized  the  corresponding  problem  for 
integro-differential  equations.  In  all  these  cases  the  properties 
of  conjugacy  and  the  formal  results  for  expansions  persist  in 
the  form  naturally  to  be  expected.  Moreover,  corresponding 
and  closely  similar  theories  exist  for  indifference  and  integro- 
9-differeDce  equations. 

In  view  of  the  basic  algebraic  theory  and  the  transcendental 
problems  already  treated  it  is  clear  that  there  must  exist  in 
the  theory  of  integral  equations  expansion  problems  involving 
r  parameters  not  only  in  the  classic  case  when  r  =  1  but  also 
in  the  general  case  when  r  is  any  positive  integer.  Moreover, 
if  we  think  of  the  several  types  of  expansion  problems — those 
for  differential,  difference,  j-d  iff  ere  nee,  integral,  integro- 
differential,  integro-difference,  and  integro-^-difference  equa- 
tions— in  intimate  connection  with  the  basic  algebraic  theory, 
it  becomes  apparent  that  the  case  of  r  parameters  (for  r  >  1) 
is  not  confined  to  a  set  of  r  equations  of  the  same  sort.  There 
is  nothing  to  prevent  one  subset  of  the  basic  algebraic  equations 
from  proceeding  to  differential  equations  as  limiting  forms, 
another  to  difference  equations,  another  to  integral  equations, 
another  to  ^^ifference  equations,  and  so  on.  Thus  we  can 
see  beforehand  that  we  may  formulate  the  expansion  problem 
for  a  variety  of  mixed  systems.  One  is  in  fact  led  naturally  to 
such  systems  in  the  consideration  of  certain  integro-differential, 
integro-difference,  and  integro-^-difference  equations.  We 
shall  not  take  space  to  treat  any  of  these  mixed  systems,  pre- 
ferring rather  to  exhibit  briefly  the  nature  of  the  problem  for 
partial  differential  equations.  From  these  one  may  proceed 
naturally  to  related  integro-difffirential  equations.  Similar 
problems  may  be  formulated  for  partial  difference  and  integro- 
difference  equations. 

Let  us  consider  the  adjoint  partial  differential  equations 
i(u)  +  Xii(w)  =  0,        M{v)  +  \MM  =  0, 
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where 

»,  ,         Shi  .  „,  dhi    .     dhi  .      du  .    ^du  . 

i<")  -  «35+  26|^+  «a7+  ««;+  ^a];+  w 

du         du 

the  symbols  u,  r,  a,  6,  c,  a,  0,  y,  p,  q,  r  denoting  functions  of 
the  independent  variables  x  and  y  continuous  and  suitably 
difTerentiable  in  the  square  0^x^1,0^^^!.  It  is  easy 
to  show  the  existence  of  an  identity  of  the  form 

X'>'J'o'[e{Liu)+\Li(u)\—u{M(v)+\Mi(v)\]dxdysJVBdt, 
where  £  is  a  sort  of  bilinear  form  in  the  functions  u  and  s 
and  their  first  derivatives,  the  arguments  of  the  functions  being 
suitably  restricted.  If  suitable  boundary  conditions  are  set 
up  for  the  u-problem  and  for  the  p-problem  so  that  B  =  0  in 
virtue  of  the  boundary  conditions  and  so  that  we  have  the 
infinite  set  of  characteristic  values  and  corresponding  solutions 
Xi>  u*>  Vk,  (A  =  1,  2, 3,  ■  ■  ■ ),  then  we  have  the  following  funda- 
mental formulas: 


A'A'uiM^{ti)dxdy 


■=  Oifi+i, 
.  +  0  if  1  =  i, 


/(«.  y)=%  CkUkix,  y), 

,  _  f^So'Si=^,y)My{v,)dxdy  ,._,„„  . 
*  A'A'ukix,  y)  M,{n)  dx  dy  ^*  ''  ^' '^' "  ''• 
These  results  are  readily  carried  over  to  partial  difiFerential 
equations  of  other  forms  and  to  the  case  of  much  more  general 
regions  than  the  square  over  which  we  ha^-e  integrated  in  this 
particular  instance. 

5.  TraTiacendental  Oscillation  and  Comparison  Theorems. 
The  fundamental  algebraic  oscillation  theorem  in  the  earlier 
part  of  §  2  has  several  limiting  forms  of  interest.  We  consider 
first  those  for  homogeneous  linear  differential  equations.  The 
result  is  classic  for  equations  of  the  second  order:  the  zeros 
of  two  linearly  independent  solutions  of  such  an  equation 
separate  each  other  throughout  any  interval  containing  no 
singular  point  of  the  equation.    We  shall  now  state  one 
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extension  of  this  result  to  equations  of  order  n,  n  >  2.  Such 
an  equation  we  write  in  the  general  form 

(40)  «t»'  +  piu'»-»»  + h  p„_iu'  +  p„u  =  0, 

where  the  superscripts  refer  to  differentiation  and  where  the 
coefficients  p  are  real-valued,  single-valued,  continuous  func- 
tions of  the  real  variable  x  on  the  interval  (a  b).  Since  this 
involves  an  ?i-foId  infinitude  of  solutions  we  shall  require 
boundary-  conditions  to  restrict  the  permissible  solutions  to  a 
two-fold  infinitude  linearly  dependent  on  two  linearly  inde- 
pendent solutions  (this  being  done  so  that  the  new  theorem 
shall  indeed  be  a  direct  limiting  form  of  the  algebraic  theorem 
referred  to).  Suitable  boundary  conditions  may  be  expressed 
by  means  of  Stieltjes  integrals  in  the  form 

(41)  i.J?Luiu)d4'ii(x)  =  (i, 

(i  =  1,  2,  ■  •  •,  n  —  2;  *  =  positive  integer), 
where  the  ^i,-(x)  are  functions  of  bounded  variation  on  (oi) 
and  the  Laiu)  denote  homogeneous  linear  expressions  in  u, 
u',  -■■,  «'""".  As  a  special  case  we  have  conditions  which 
reduce  to  the  following:  «(a)  =  0,u'(a)  —  0,  ■- ■,«'''~"(i)  =  0. 
By  aid  of  a  fundamental  system  Hi,  ik,  -  ■  *,  iii>  of  solutions 
of  (40)  we  define  constants  X  through  the  formulas 

|:y,'i,.(%)*.M=x,.    (■:;;2;:::;r'). 

and  then  the  determinant  D(x), 


D{x)^ 


«i 


Xit 

x» 


Xn— 2,  1      Xn— !i  J       ' "  ■       Xn—j,  n 

The  zeros  of  D(x)  are  independent  of  the  choice  of  the  funda- 
mental system  by  means  of  which  they  are  defined;  that  is, 
they  depend  only  on  (40)  and  (41).  These  zeros  we  shall 
call  the  special  poinU  of  (oA)  for  the  problem  (40),  (41). 
Then  we  have  the  following  theorem: 
On  any  iiUerv^  of  (ab)  containing  Jio  specud  poinia  for  the 
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problem  (40),  (41)  the  zeros  of  any  two  linearly  independent 
golviione  of  (40),  (41)  separate  each  other. 

The  foregoing  result  may  be  applied  to  the  case  of  any  two 
linearly  independent  solutions  of  (40)  without  reference  to  any 
preaiaigned  boundary  conditions.  For  this  purpose  we  asso- 
ciate with  any  two  linearly  independent  solutions  Ui,  Uj  of 
(40)  a  set  of  boundary  conditions  capable  of  representation  in 
the  form  (41)  and  having  the  property  that  the  solutions  of  (40) 
and  the  determined  conditions  (41)  are  those  functions  and 
those  alone  which  are  linearly  dependent  upon  Ui  and  Uj. 
As  a  simple  example  of  such  associated  boundary  conditions 
we  have  those  determined  as  follows:  Let  the  initial  constants 
for  «i  and  «i  at  a  point  a:  =  a  of  (ab)  be 

«,(*'(«)  =  pa,         (fc  =  0,  1,  2,  ■  -  ■,  n  -  1;  t  =  1,  2). 
Let  the  coefficients  ffa  be  so  chosen  that  the  equations 
ffiow(a)  +  <r.ia'(o:)  +  <t«u"(c()  +  •  ■  ■  +  ffi,  »_iu'"~"(«)  =  0, 

(i=  1,2,  -■■,»- 2), 
have  those  solutions  and  those  alone  which  may  be  written 
in  the  form  «**'(«)  =  aipn  +  a2Pn,  (i  =  0,  1,  ■  ■■,  n  —  1), 
where  ai  and  oj  are  arbitrary  constants.  Having  thus  intro- 
duced suitable  boundary  conditions  restricted  by  means  of  the 
given  solutions  Ui  and  uj,  we  may  define  the  determinant  D{x), 
and  hence  the  special  points,  in  the  way  indicated  for  the 
preceding  case.  By  means  of  these  points  we  may  divide  the 
interval  (ab)  into  segments  on  the  interior  of  each  of  which 
the  zeros  of  Ui  and  u^  separate  each  other  in  accordance  with 
the  foregoing  theorem. 

As  a  second  case,  let  us  consider  the  difference  equation 
L{x)  u(x)  +  M(x)  u(x  +1)  +  N(x)  u(x  +  2)  =  0 
in  which  all  the  indicated  functions  are  real-valued,  single- 
valued,  continuous  functions  of  the  real  variable  z  for  x  ^  a, 
and  L(x)  and  N{x)  are  both  of  one  and  the  same  sign  for 
x^a.  Let  ui(a;)  and  zi^ix)  be  a  fundamental  system  of 
solutions  of  this  equation  and  let  a  (a  ^  or)  be  a  point  for  which 
iii(a)  +  0  where  w{x)  —  ui(x)  u^ix  -|-  1)  —  ai(z  +  1)  uj(a:). 
Let  fi,(x)  be  the  function  obtained  by  linear  interpolation 
from  the  set  of  constants  Ui{a),  Ui(a+  1),  «i(o-|-2),  ■■•, 
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with  respect  to  a  system  of  coordinate  axes  obtained  by 
drawing  lines  perpendicular  to  the  avaxis  through  the  points 
a,  a+  \,  a+  2,  •••.  Let  the  zeros  of  «,Cx)  on  the  range 
o  S  *  <  «  be  called  the  characteristic  points  of  «i(ar)  with 
respect  to  a.  Then  we  have  the  following  theorem  analogous 
to  that  of  Sturm  for  a  second  order  differential  equation: 
The  ckaracterigtic  points  of  ui{x)  and  titCar)  with  respect  to  a 
separate  each  other. 

This  result  admits  of  extension  to  a  system  formed  of  a 
difference  equation  of  order  n,  n  >  2,  and  n  —  2  boundary 
conditions  of  a  certain  general  sort  restricting  the  simultaneous 
solutions  to  a  two-fold  infinitude.  Similar  results  may  also 
be  obtained  for  y-difference  equations.  In  fact,  those  for 
difference  and  ^-difference  equations  are  both  special  cases  of 
like  results  for  a  rather  general  class  of  functional  equations 
including  difference  and  ^^ifference  equations  as  special 
cases;  but  we  shaU  not  here  take  the  space  necessary  to  set 
forth  these  more  general  results.  The  comparison  theorems 
which  follow  suggest  their  nature.  The  second  theorem  of 
§  2  has  as  a  limiting  case  a  theorem  which  is  essentially  equiva- 
lent to  the  following  classic  Sturmian  theorem  of  comparison. 

Let  us  consider  the  two  differential  equations 

(42)  ^{Kiu')-Giu    =0, 

(43)  ^iKtu')  -  Giiu)  =  0, 

in  which  JiTi,  Kj,  Gi,  (?t  are  functions  which  are  continuous 
throughout  the  interval  ((A)  defined  by  the  inequalities 
aS  X  Sb  and  in  this  interval  satisfy  the  relations 

(44)  Q<Kt^  Ku        Gi  ^  (?,. 

Moreover,  let  Ui  and  uj  be  solutions  of  (42)  and  (43),  respec- 
tively, neither  of  which  is  identically  zero  in  (oi).  Then  Uxi 
and  Xi  are  any  two  consecutive  zeros  of  Ui  in  (oi)  there  is  at 
least  one  zero  of  Uj  in  the  interior  of  the  interval  (xixi)  pro- 
vided either  that  at  least  one  equality  sign  in  (44)  fails  to 
hold  at  every  point  of  the  interval  (xiXi),  or  that  ui  and  Uj 
are  linearly  independent  in  (xiij). 
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The  two  results  stated  in  the  paragraphs  following  the 
theorem  referred  to  in  §  2  have  as  limiting  cases  two  theorems 
which  are  also  classic  in  the  theory  of  Stm^m.  The  algebraic 
theorems  were  indeed  suggested  hy  these  Sturmian  theorems. 
The  latter,  with  considerable  loss  of  elegance,  have  been 
extended  to  homt^neous  linear  differential  equations  of 
general  order  k  (Annals  of  Mathematics  (2),  vol.  19  (1918), 
pp.  159-171).  It  is  possible  to  extend  the  general  algebraic 
results  of  the  latter  part  of  §  2  to  the  analogous  algebraic  case, 
namely,  the  case  of  algebraic  systems  with  k  linearly  indepen- 
dent solutions;  but  the  results  lack  (in  some  respects)  the 
desired  elegance.  From  them  one  may  in  turn  obtain  corre- 
sponding properties  of  a  certain  class  of  functional  equations. 
We  content  ourselves  with  giving  some  of  these  results  for  the 
most  interesting  case,  namely,  that  in  which  the  equations  have 
just  two  independent  solutions. 

Let  us  consider  the  substitution  x'  =  Sx,  denoting  its  nth 
power  by  x'  =  Si"-  Let  it  be  such  that  there  exists  an  open 
interval  /  of  the  real  ar-axis,  such  that  Urn  &,"  =  fi  for 
every  zo  of  /,  0  being  an  end-point  of  I  and  the  limit  being 
approached  monotonically.  Then  consider  the  functional 
equations 

(46)  u(S/)  +  <p(xMS,)  +  uix)  =  0, 

(46)  r(5,=)  +  yf'{x)v{S.)  +  v(x)  =  0, 

in  which  ^(ar)  and  ^(x)  are  real-valued,  single-valued,  continu- 
ous functions  of  the  real  variable  x  on  the  interior  of  the 
interval  /.  Suppose,  furthermore,  that  Sx  is  such  that  each 
of  these  equations  has  a  fundamental  system  of  solutions 
consisting  of  two  functions  which  are  real-valued,  single-valued, 
and  continuous  on  the  open  interval  /.  (In  case  Sj  =  a;  -J-  1 
and  I  is  the  interval  o  <  i  <  » ,  our  equations  are  ordinary 
difference  equations;  in  case  Sz  =  qx,  q  being  real  and  greater 
than  unity,  and  /  is  the  interval  0  S  a  <  x  <  w ,  our  equa- 
tions are  ^-difference-equations.)  If  a  is  an  interior  point 
of  the  interval  /,  we  define  the  characteristic  points  of  a  func- 
tion t{x)  with  respect  to  o  to  be  the  zeros  on  the  interval 
a^x  <  &  (or  a  ^  I  >  /9)  of  the  function  ((x)  derived  from 
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the  constants  t(a),  ({jSJ,  tiS/),  ■■-  by  linear  interpolation 
with  respect  to  the  system  of  coordinate  axes  obtained  by 
drawing  lines  perpendicular  to  the  x-axis  through  the  points 
a,  Sa,  SJ,  ■■■.  Let  u and  v be  real-valued,  single-valued,  con- 
tinuous solutions  of  equations  (45)  and  (46),  respectively. 
Then  we  have  the  following  three  theorems: 

If  u{x)  has  two  consecutive  characteristic  points  with  respect 
to  a  on  the  ^th  and  (m  +  l)th  intervals  (fi  <  m)  of  the  set 
of  intervals  whose  end-points  are  the  consecutive  pairs  of  the 
sequence  a,  Sa,  SJ,  S,*,  ■■-,  then  v(x)  has  a  characteristic 
point  between  these  characteristic  points  of  u(x)  provided 
that  either 

(a)  <p{x)  S  ^{x)  at  the  end-points  of  each  of  these  intervals 
from  the  /ith  to  the  mth  inclusive,  the  equality  sign  not 
holding  for  all  the  end-points  of  these  intervals;  or, 

(i)  ifi{x)  =  i^(x)  at  the  end-points  of  each  of  these  intervals 
from  the  juth  to  the  with  inclusive,  and  the  two  sets  of  constants 
uCS."-'),  uCS."),  ■  ■  ■,  u(So"-'), 
rCS."-'),  r(S.''),  ■■■,  viSr-'), 
are  linearly  independent. 

Next,  let  us  suppose  that  u{fl)  +  0,  r(a)  #=  0,  «(5o)/u(a) 
>  i'(S„)/iiCa) ;  and  that  ipix)  ^  ^(x)  for  x  =  a,  S,,  S,',  ■  ■  -, 
So""',  If  u(x)  has  k  characteristic  points  on  the  v  intervals 
whose  end-points  are  the  consecutive  pairs  of  the  sequence 
o,  Sa,  Sa^i  ■  •  ■ ,  Sa",  then  t(x)  has  at  least  k  characteristic  points 
on  these  intervals;  and  the  j'th  of  these  characteristic  points 
of  v(x)  (counted  from  a  towards  S/)  is  nearer  to  a  than  the 
jth  characteristic  point  of  w(a:). 

In  the  third  place,  let  n{a),  via),  «(S„*),  r(S„*)  be  all  different 
from  zero  and  let  u{S„)/w(a)  >  i>(So)/r(a).    Let  u(x)  and  r(a;) 
have  the  same  number  (which  may  be  zero)  of  characteristic 
points  on  the  k  intervals  whose  end-points  are  the  consecutive 
pairs  of  the  sequence  a,  S^,  Sa*,  ■  ■  ■,  So*.    Then  we  have 
»(S."")  ,  »(S."") 
»(S.')  "  .(«.')   ' 
provided  that  <p(x)  ^  if/ix)  for  x  =  a,  Sa,  ••■,  S.*"'. 
The  Universttt  op  Iixinois 
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HUYGENS'  DIOPTRICA 

Oeunres  eomplilei  dt  CkritHaan  Huygem  publUa  par  la  Sociiti  HoUandaiie 

de*  Seimeet.    Tome  treiuime.    Dioptrique.     1653;    1666;    1685-1692. 

La  Haye,  MaitinuB  Nijhoff,  1916.    pp.  i-clxviii;  1-905.    4to. 

The  monumental  edition  of  the  correspondence  and  writings  of  Chtio- 
tiaan  Huygens  was  undertaken  in  1888  by  the  Ehitch  Society  of  Sciences. 
The  Tolume  here  under  review,  containing  Huygena'e  original  contributions 
to  dioptrics  and  comprising  with  introduction,  notes,  etc.,  more  than  a 
thouaand  pages,  is  in  every  way  worthy  of  its  illuatrious  author.  Un- 
stinted praise  should  be  bestowed  on  both  the  editor  and  the  publisher, 
who  have  spared  no  pains  in  making  this  invaluable  work  aa  authoritative, 
complete  and  convenient  as  possible, 

The  manuscript  of  Huygens's  writing  an  Dioptriea  consists  of  detached 
sheets,  166  in  all,  the  oldest  portions  of  which  date  back  to  1652,  when 
Huygens  was  23  years  old.  Almost  until  the  end  of  his  life  in  1695,  he 
was  continually  adding  to  it,  revising  it  and  sometimes  planning  to  rewrite 
it  entirely.  By  the  end  of  1653  be  had  composed  a  first  draft  of  his 
Traeiatut  de  rtfraetione  et  Ideieopiit  (pp.  1-271).  At  intervals  during  the 
following  twelve  years  he  was  often  at  work  on  the  same  material,  but  for 
one  reason  or  another  its  publication  was  constantly  delayed.  About 
1665  he  began  to  study  more  systematically  the  theory  of  spherical  abei^ 
ration;  the  results  of  these  invest! gatiooa  are  contained  in  the  second  part 
of  the  Dicplriea  under  the  title  of  D«  <d>erra(u)ne  radiorum  a  foeo  (pp. 
273-353).  About  1672,  or  perhaps  a  Uttle  later,  we  hear  of  bia  being  again 
at  woric  on  his  treatise  on  dioptrics  with  renewed  ardour.  By  this  time 
Newton's  explanation  of  the  phenomena  of  dispersion  had  been  published. 
Its  importance  and  its  bearing  on  his  own  problems  was  quickly  perceived 
by  Huygens  to  the  extent  of  modifying  some  of  bis  views.  Meanwhile, 
the  undulatory  theory  had  been  born  in  his  mind,  and  he  was  planning  a 
more  extensive  treatise  involving  a  revision  and  rearrangement  of  his 
previous  manuscripts  on  dioptrics.  In  1677  he  found  the  eicplanation  of 
double  refraction  in  Iceland  spar,  which  he  naturally  regarded  as  the  most 
beautiful  confirmation  of  his  new  theory  of  light.  In  comparison  his 
earlier  work  in  dioptrics  seemed  to  him  of  secondary  importance.  Conse- 
quently, he  determined  to  publish  first  a  treatise  on  the  wave  theory  of 
light  with  its  principal  applications,  but  without  entering  in  detail  into  the 
theory  of  mirrors  and  lenses.  This  was  the  origia  of  his  famous  Traiti  de 
la  lumike.  Although  it  was  not  published  until  1600,  it  was  practically 
completed  in  1678,  and  had  been  read  before  the  Academy  of  Sciences  in 
Paris  in  1679.  The  third  part  of  the  Dioptriea,  entitled  De  UUtcopO*  tt 
mieroKopiit  (pp.  443-511),  seems  to  have  been  composed  in  1685.  Appar- 
ently Huygens  could  never  make  up  his  mind  to  publish  his  optical  theories 
and  researches  because  he  was  continually  adding  fresh  discoveries  and  gain- 
ing new  insight  and  new  points  of  view.  In  1692  the  work  was  still  un- 
finished and  at  that  time  Huygens  writes  to  Leibnitz:  "  il  y  a  bien  des  choses 
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k  demesler  dans  oette  Dioptrique,  et  il  e'en  est  oSert  tousjouiB  de  nouvelles, 
jusqu'JL  cette  heure,  qu'il  me  semble  d'avoir  tout  peneti^,  quoy  que  je 
n'aye  pas  encor  achev^  de  Uiut  escrire."  And  bo,  as  a  matter  of  fact, 
Huygena's  Dioplrka  was  never  actually  completed,  and  waa  not  published 
at  all  until  after  his  death.  The  greater  part  of  it  waa  included  in  De 
Voider  and  FuUenius'e  edition  of  Huygens'e  Optiaaiia  potlhurna  published 
in  Leiden  in  1703.  Unfortunately,  not  a  few  of  Huygena's  most  valuable 
theorems  never  e&w  the  light  until  long  after  they  were  obtained.  Con- 
sequently he  lost  the  priority  of  a  number  of  important  discoveries. 

In  this  volume  the  text  of  the  Dioptriea  ig  given  in  Latin  with  facomile 
cuts  of  Huygens's  original  diagrams  and  illustrations.  On  the  opposite 
page  there  is  a  French  translation.  In  an  introduction  of  167  pages,  the 
editor  has  reviewed  the  entire  woric  in  detail  The  test  itself  is  clarified 
and  expounded  by  notes  and  comments.  In  short  the  reader  has  every 
aid  that  could  be  desired,  including  a  complete  and  accurate  index  of  the 
whole  contents. 

One  of  the  chief  fascinations  in  a  lifelong  worlc  like  the  Dioptriea  is  to 
trace  in  it  the  voyages  of  a  great  and  oripnal  mind.  The  reader  is  con- 
tiaually  surprised  not  only  by  the  impresses  of  genius  which  have  been 
left  on  these  p^ee,  but  perhaps  most  of  all  by  the  ahnost  startling  modem- 
ness  of  many  of  Huygens's  conceptions,  as  was  long  ago  remarked  by  the 
late  Professor  Silvanus  P.  Thompson,  reminding  us  again  and  again  how 
little  in  advance  of  men  like  Newton  and  Huygens  we  are  even  in  the 
twentieth  century.  The  outburst  of  optical  science  which  followed  the 
invention  of  the  telescope,  and  wliicb  constitutes  a  kind  of  Elizabethan 
Era  in  the  history  of  scientific  discovery,  seems,  so  to  speak,  to  flash  forth  - 
anew  from  between  the  covers  of  tliis  volume,  and  we  catch  some  spark  of 
the  joyous  enthusiasm  that  possessed  those  eager  men  who  first  employed 
the  telescope  and  the  microscope.  Somehow  too  from  an  occasional 
scornful  allusion  to  the  opinions  of  some  of  his  predecessors  or  contem- 
poraries, at  least  one  reader  has  been  led  to  suspect  that  Huygens  had  a 
human  side  also  and  did  not  suffer  fools  gladly! 

Amid  such  a  mass  of  material,  it  is  difficidt  to  single  out  one  thing  for 
special  comment  rather  than  another.  Certainly  it  is  worth  noting  with 
what  elegance  and  skill — far  in  advance  of  his  contemporaries  in  this 
respect — Huygens  derives  from  the  law  of  refraction  the  fundamentel 
characteristics  of  optical  imagery  in  the  limiting  case  when  the  effective 
rays  are  nearly  normal  to  the  refracting  surface.  If  these  propositions 
had  been  published  about  1663  when  they  were  first  obtained  by  Huygens, 
he  would  certainly  have  had  the  priority  for  them.  They  were  com- 
municated in  an  anagram  to  the  Royal  Society  in  1669,  but  at  that  very 
time  Dr.  Isaac  Barrow's  LecHonet  optica  was  in  the  press,  in  which  were  to 
be  found  essentially  the  same  theorems  derived  in  a  different  way.  But 
Huygens  had  the  idea  of  equivalent  lenses  wliich  Bsirow  did  not.  When 
the  Dioptriea  was  first  published  in  1703,  other  writers  also,  notably 
Molyneux  in  England,  had  given  rules  which  were  practically  the  same 
as  those  of  Huygens. 

Of  much  interest  too  is  Huygens's  way  of  defining  and  measuring  the 
magnifying  power  of  an  optical  instrument,  by  which  he  means  the  ratio 
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of  (he  apparsDt  eite  of  the  abject  as  seen  through  the  inatrumeat  to  its 
app&rent  site  as  presented  to  Uie  un&ided  eye.  Whether  or  not  Huygeoa 
is  entitled  to  priority  for  the  announcement  of  the  fact  that  the  magnifying 
power  of  a  tetesoope  is  equal  to  the  ratio  ot  the  tocal  lengths  of  object-^ass 
and  ocular,  he  attached  ao  much  importance  to  it  that  he  proves  it  in  at 
least  thi«B  different  ways  in  the  section  on  telescopes  and  microscopes 
which  constitutes  the  third  part  of  the  Dioplriea.  Neither  Kepler  nor  Des 
Cartes  had  understood  this  relation  clearly.  In  this  connection  speaking 
of  Dee  Cartes,  Huygens  says  that  although  it  is  hard  to  believe  it  of  a  man 
who  was  so  inteUigent  and  so  well  informed  in  these  matters,  nevertheless 
he  got  off  the  track  in  his  demonstrations  of  the  nature  and  effect  of  the 
telescope  and  was  guilty  of  writing  things  on  this  subject  to  which  no 
meaning  can  be  attachedl 

A  theorem  which  deserves  to  rank  aa  one  of  the  most  beautiful  generaliza' 
tiona  of  theoretical  physics,  and  which  can  be  extended  to  the  theory  of 
radiation  in  general,  is  contained  in  Proposition  VI  in  the  second  book  of 
the  first  part  ot  Huygens's  Tradatua  de  Tefractione  el  UltKopiu  (see  pp. 
198,  fF.);  it  may  be  stated  as  follows: 

"If  an  object  is  viewed  through  a  system  of  any  number  of  lenses,  and 
if  the  positions  of  the  eye  and  the  object  are  mutually  int«rchanged  without 
disturbing  the  lens-system  itself,  the  apparent  size  of  the  object  will  be 
the  same  as  before,  and  the  image  will  be  erect  or  inverted  as  before." 

This  will  be  immediately  recognized  as  equivalent  to  the  theorem  ^ven 
by  Robert  Smith  in  his  CompUat  SysUm  of  Opticks  (Cambridge,  1738)  aa 
the  first  (»rollary  to  be  deduced  from  Roger  Cotes's  celebrated  proposition 
about  the  "apparent  distance"  of  an  object  as  viewed  through  a  system 
of  thin  lenses.  Smith  does  not  mention  Huygens's  name  in  connection 
with  this  corollary,  perhaps  inadvertently;  for  undoubtedly  at  that  time 
(1738)  Smith  must  have  known  of  Huygens's  proposition.  There  can  be 
no  question  that  Huygens  is  entitled  to  the  priority  here.  As  early  as 
1653  Huygens,  writing  to  Kinner  von  LGwenthurm,  communicated  this 
theorem  as  one  of  the  principal  discoveries  which  be  proposed  to  publish 
in  his  treatise  on  refraction  and  telescopes;  and  in  1669  he  included  it  in 
the  anagrams  which  he  sent  to  the  Royal  Society.  The  theorem  itself  was 
not  actually  published  until  1703,  but  its  importance  was  not  appreciated 
and  it  was  soon  forgotten  or  ignored.  One  of  the  many  services  performed 
by  the  learned  editor  of  this  volume  of  Huygens's  works  is  to  put  this  matter 
in  its  right  Light,  because  the  theorem  in  question  is  one,  and  by  no  means 
the  least,  of  Huygens's  titles  to  fame.  Huygens  himself  constantly  makes 
use  of  this  general  principle  in  the  solution  of  special  problems,  and  modem 
workers  will  find  it  serviceable  in  the  same  way. 

DoubUees  few  persons  are  aware  nowadays  that  Huygens  made  valuable 
contributions  to  science  also  in  the  realm  of  physiological  optics,  as  may 
be  seen  by  looking  into  this  volume.  Most  physicists  are  content,  so  to 
speak,  to  deliver  radiant  energy  to  the  eye  and  leave  it  to  its  fate;  im- 
fortunately,  comparatively  few  of  them  like  Young  and  Helmholtz  have 
thought  it  worth  while  to  pursue  the  investigation  further  and  to  study  the 
intricate  phenomena  of  vision.  Not  so  Huygens;  he  at  least  was  keenly 
alive  to  the  fact  that  at  the  other  end  of  his  microscope  or  telescope  a 
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human  eye  was  adjusted,  and  that  visual  pereeptioa  is  the  chief  thing 
aft«t  all.  He  was  perfectly  aware  that  the  magnifying  power  of  the  instru- 
ment depended  on  the  idioayncrosiea  of  the  eye  of  the  individual  Ap- 
parently far  more  accurately  than  Des  Carlca  or  any  of  hia  own  contem- 
poraries, Huygens  was  acquainted  with  both  the  anatomical  and  optical 
structure  of  Uie  eye;  and  he  had  the  clearest  notions  about  the  office  of 
the  pupil  and  the  mechaniam  of  accommodation.  The  essential  theory 
of  binocular  visioQ  and  depth  perception  was  grasped  by  Huygens.  He 
eitplaine  in  the  clearest  manner  how  in  order  to  see  an  object  single  with 
both  eyea  the  two  imagea  on  the  retina  must  be  formed  at  "corresponding 
points",  although  apparently  he  did  not  perceive  that  a  solid  object  looks 
different  to  each  eye;  otherwise  he  might  have  anticipated  Wheatstone 
and  Brewster  in  the  invention  of  the  at^reoscope.  In  the  article  on  the 
eye  and  vision  in  the  first  part  of  the  Dioptriea  there  ia  a  description  of  a 
"simplified  eye"  formed  by  two  concentric  hemispheres  of  unequal  radii. 
The  curved  surface  of  one  of  these  hemispheres  corresponds  to  the  cornea 
and  that  of  the  other  to  the  retina  of  the  eye.  There  is  a  singular  re* 
semblance  between  Huygens'a  "(amplified  eye"  and  the  "reduced  eye" 
conceived  by  Listing  in  1S45,  as  is  pointed  out  by  the  editor  on  page  cxliv 
of  the  AvcTtieaement. 

After  all,  perhaps  what  impresses  the  reader  most  amid  all  this  wealth 
of  material  is  not  so  much  the  theories  which  ore  propounded  and  developed 
with  such  rare  insight  and  skill,  as  the  marvelloua  veraatihty  and  resource- 
fulness of  the  author  and  the  variety  of  observations  and  experiments 
which  underlie  the  whole  and  form  the  soUd  structure  of  the  edifice  itself. 
To  his  extraordinary  mechanical  ability  and  ingenuity  Huygens  owed 
much  of  hie  remarkable  accomplishment;  with  him  to  conceive  was  to 
execute,  no  matt«r  what  practical  obstacles  might  lie  in  the  way.  To  this 
day  we  read  with  astonishment  of  those  prodigioua  "aerial  telescopes" 
with  their  poles  and  pulleys  which  he  constructed  and  mounted  with  his 
own  hands  and  with  which  he  made  some  of  his  great  discoveries  in 
astronomy.  Huygens's  name  is  uaually  associated  in  our  minda  with 
refracting  telescopes;  but  he  devoted  much  study  also  to  reflectors  and 
preferred  Newton's  type  of  instrument  to  those  of  Gregory  and  Cassegrain. 
Many  pages  in  the  volume  before  us  are  devoted  to  the  theory  of  the 
compound  microscope  and  Huygens's  "observations  microscopiques." 

But  enough  has  been  said  to  give  the  reader  at  least  some  idea  of  the 
character  and  scope  of  Huygena's  optical  researches.  No  wonder  that  he 
publiahed  comparatively  little  during  hia  busy  lifetime!  Before  he  could 
get  his  thoughts  safely  on  paper,  a  whole  vista  of  new  ideaa  begins  to 
distract  and  fascinate  him.  New  discoveries  give  ever  a  new  turn  to  his 
earlier  imaginings,  and  so  he  hastens  onwards  still  eager  in  the  pursuit  of 
knowledge  when  death  overtakes  him  at  last  at  the  summit  of  his  great 
career. 

Fdix  fut  poluU  rerum  coffnoteere  eauios. 


Jaues  p.  C.  Sodtball. 
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BOOKS  ON  RELATIVITY 

D<u  ReiaiivUauprimip,  Lorentz.  Einalein.  MittkowsH.  Fortschritte 
der  mathem&tiscbeii  Wissensch&ften  in  Monographiea.  Herausgegeben 
von  O.  Blumenthal,  No.  2.  Leipsig  uitd  Berlin,  B.  G.  Tmibner,  dritte 
Auflage,  1920.    i  +  146  pp. 

Raum.  Zeit.  Materie.  Von  Henoaon  Weyl.  Berlin,  JuliuB  Springer,  vierte 
Auflage,  1921.    Mit  15  Textfiguren.    ix  +  300  pp. 

Sdatimtj/.  The  tpeeial  and  tiie  general  Theory.  By  Albert  Einstein. 
Translated  by  Robert  W.LawBon.  New  York,  Henry  Holtand  Co.,  1921. 
Froiitis[Hece.    xiti  +  168  pp. 

The  Theory  of  Sdatmty.  By  Robert  D.  CamuchAel.  Matbematioal 
Monographs,  Edited  by  Mansfield  Merriman  and  Robert  S.  Wood- 
ward, No.  12.  New  York,  John  Wiky  and  Sons,  2nd  edition,  1920. 
112  pp. 

Dot  Rdatimldtiprintip.  Leichtfaaslich  entwickelt  von  Adam  Angerbach. 
Leipiig  und  Berlin,  B.  G.  Teubner,  1920.  Mit  9  Figuren  im  Text. 
57  pp. 

The  Concept  of  Nature.  Tamer  Lectures  delivered  in  Trinity  College, 
November,  1919.  By  A.  N.  Whit«head.  Cambridge,  The  University 
Press,  1920.    viii  +  202  pp. 

WiAiaide,  Waarheid,  Werkelijkheid.  Door  L.  E.  J.  Brouwer.  Groningen, 
P.  Noordhoff,  1919.    12  pp.  +  23  pp.  +  29  pp. 

For  scientists  generally,  and  especially  for  mathematicians  and  phys- 
icists, who  understand  beat  many  of  the  questions  involved,  the  theory  of 
relativity  has  fundamental  interest.  In  the  following  p^es  our  purpose 
is  to  pass  in  review  the  above  recent  books  dealing  with  the  theory  and  at 
the  same  time  to  indicate  its  present  state  and  some  unsolved  problems. 

The  collection  of  monographs  gathered  by  Blumenthal  begins  with  two 
papers  by  the  Dutch  physicist,  Lorenti,  the  second  and  more  important 
one  of  which  appeared  in  1904.  By  endeavoring  to  unite  the  classical 
Newtonian  mechanics  and  the  electromagnetic  theory  of  Faraday  and 
Maxwell  into  a  single  consistent  theory,  one  is  necessarily  led  to  absolute 
space  (the  ether)  and  absolute  time.  In  fact,  physics  has  stood  committed 
to  abeolute  time  since  the  acceptance  of  Newton's  law  of  gravitation.  But 
the  experiments  of  Michelson  in  1881  yielded  an  opposing  result.  Lorenti, 
in  common  with  other  ph3^cists,  had  the  conviction  that  the  universe  was 
electromagnetic  in  character,  and  he  turned  to  the  electromagnetic  equa- 
tions fot  an  explanation  of  the  difficulty.  His  answer  to  the  apparent 
contradiction  of  theory  and  experiment  was  based  upon  the  fact  that  the 
equations  admitted  of  a  transformation  in  which  space  and  time  were  inter- 
mingled. On  this  basis,  without  giving  up  the  concepts  of  absolute  space 
and  time,  he  was  able  to  explain  the  paradox  by  assuming  that  bodies 
undergo  a  slight  contraction  in  the  direction  of  their  motion,  which  for  the 
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earth  U  act  more  than  a  few  inches.  To  &n  obeerver  moving  at  unifonn 
velocity,  the  same  electromagnetic  equations  appear  to  hold  because  such 
an  obeerver  uoea  "local  time."  Lorentz's  explanation  violated  a  funda- 
mental principle,  namely  the  pragmatic  principle  that  no  physical  entity 
exists  if  its  presence  can  never  be  determined  by  any  conceivable  experi- 
ment.   Absolute  space  and  time  are  this  type  of  entity  in  his  theory. 

A  year  later  in  1905,  but  independently,  Einstein  wrote  his  papet  Zvr 
EUktrodynamik  bev>egler  Korper,  which  ia  the  third  paper  of  the  collection. 
In  this  he  lays  the  foundation  of  the  so-called  special  theory  of  relativity. 
Einstein  starts  with  a  peculiarly  simple  type  of  physical  universe,  perhaps 
the  simplest  in  harmony  with  all  known  physical  laws.  This  is  the  universe 
of  empty  isotropic  space  in  which  there  are  infinitesimal  inertia  particles. 
The  particles  appear  from  such  a  particle  to  move  with  uniform  velocity 
in  a  straight  line,  if  observations  of  light  signab  are  made  with  the  aid  of  a 
clock.  Thus  the  fundamental  measuring  instrument  is  the  clock.  It  is 
further  assumed  that  a  light  pulse  appears  to  advance  at  a  constant  velocity 
from  any  such  particle  (the  Michelson  experiment).  On  the  baas  of  these 
postulates  the  transformation  equations  between  the  coordinates  set  up 
from  reference  particles  are  deduced,  and  it  is  shown  that  the  Maxwell 
electromagnetic  equations  are  unaltered  under  precisely  this  group  (the 
Lorents  group)  of  transformations.  The  behavior  of  the  electron  as  experi- 
mentally determined  is  in  conformity  with  this  theory.  In  the  short 
paper  that  follows  Einstein  notes  that  the  same  discussion  indicates  that 
the  apparent  mass  of  a  ayet«m  will  depend  upon  its  energy. 

The  fifth  article  of  the  collection  is  the  mathematician  Minkowski's 
remarkable  Raum  uruf  Zeii  of  1008.  In  thb  article,  which  threw  a  flood 
of  light  upon  the  work  of  Einstein  and  Lorentz,  the  geometry  of  four 
dimensions  furnished  the  principal  weapon.  If  Minkowski  had  hved> 
doubtless  other  equally  important  contributions  to  the  theory  of  relativity 
would  have  come  from  his  pen,  and  in  any  case  it  is  clear  that  his  influence 
upon  Einstein  can  scarcely  be  overestimated. 

The  gist  of  Minkowski's  paper  is  as  follows:  In  Uie  four-dimensional 
relativistic  manifold  of  Space  and  time,  a  pair  of  world-points  or  events 
are  associated  with  a  unique  number,  namely,  if  a  particle  move  from  the 
earlier  world-point  to  the  later  world-point,  the  interval  of  local  time 
elapsed  will  give  this  number.  The  mathematician  will  realize  at  once 
that  we  have  here  the  elements  of  a  non-euclidean  geometry  of  four 
dimensions  of  simple  type.  The  Lorenti  transformations  are  merdy  the 
transformations  of  the  geometry  which  leave  this  interval  between  world- 
points  unaltered,  and  the  whole  theory  may  be  subsumed  in  the  single 
equation 

da»  =  c'lft'  -  (tE>  -  rfv*  -  (tf , 

where  d»  is  the  local  time  element,  c  is  the  velocity  of  light,  and  dx,  dy,  di,  dl 
have  their  customary  meanings.  In  the  same  article  it  is  pointed  out  how 
the  laws  of  motion  of  the  electron  may  be  interpreted  in  this  space;  and 
a  suitable  modification  of  the  Newtonian  law  of  attraction  is  made,  such 
as  Poincar^  had  given  earlier.  There  follow  some  instructive  not«s  by  the 
mathematical  physicist  Sommerfeld. 
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The  remaining  articles  of  the  collection  are  repiinte  of  more  recent 
articles  hy  Einstein,  and  four  of  tbem  do  not  appear  in  the  earlier  editions. 
It  is  Die  OmruSagtit  der  aUgemeinen  Rdatimtdlilheorie  of  1916  which  has 
aroused  such  widespread  attention.  Concerning  it,  Sommerfeld  says  in 
the  notes  just  mentioned:  "This  general  relativity  theory  is  logically  so 
unified  and  satiafactory  that  it  has  found  unooaditional  acceptance,  espe- 
cially in  mathematical  quarters."  In  a  paragraph  added  after  leamii^ 
of  the  verification  of  Einstein's  quantitative  prediction  of  the  deviation  of 
light  by  the  sun,  Sommerfeld  says  further,  "The  general  relativity  theory 
can  therefore  be  regarded  as  an  nUAlUhed  propoHHan."  If  this  is  the 
truth,  physical  science  is  entering  upon  an  era  in  which  the  new  view  will 
differ  radically  from  the  classical  one. 

To  the  mathematician,  Einstein's  generalized  theory  is  of  interest  in 
several  respects.  In  the  first  place  it  illustrates  afresh  the  importance  of 
taking  the  simplest  possible  case  as  an  abstract  basis  of  departure.  Sec- 
ondly, Einstein  uses  mathematical  analogy  in  passing,  step  by  step, 
from  the  simple  universe  of  the  special  theory  to  the  most  general  universei 
and  at  each  step  the  mere  sense  of  mathematical  form  is  sufficient  hi  point 
toward  a  natural  generalization.  The  mathematieiaa  may  feel  satisfied 
that  the  formal  anologiee  supplied  by  classical  dynamics  and  four-dimen- 
sional geometry  furnish  the  very  basis  by  which  Einstein's  generaliiation 
proceeds.  And,  thirdly,  the  technical  tool  which  made  elaboration  and 
verification  of  the  theory  posmble  is  the  invention  of  the  mathematicians 
Riemonn,  Christoffel,  and  more  especially  of  RicciandLevi-Givita — namely 
the  absolute  differential  calculus. 

What  then  are  these  successive  steps  of  Einstnn?  To  tlie  writer  they 
appear  as  follows: 

(1)  In  the  special  theory  of  relativity,  the  universe  consists  of  an  empty 
isotropic  space  with  infinitesimal  inertia  particles,  and  the  central  formula 
is  Uiat  for  da*  ^ven  above. 

(2)  A  somewhat  more  general  type  of  universe  is  that  of  a  non-isotropio 
empty  space  formed  by  a  gravitational  field.  It  is  natural,  by  analogy 
with  the  Biemann  geometry,  to  assume  that  local  time  is  given  by  a  quad- 
ratic differential  form  da'  in  the  space  and  time  variables,  and  that  the 
particular  coordinates  chosen  are  irrelevant  (general  theory  of  relativity). 
But  in  such  case  only  sis  of  the  ten  coefficients  in  dt*  must  be  regarded 
as  arbitrary.  Ilierefore  there  are  required  six  equations  to  fix  these  coeffi- 
cients and  these  conditions  must  be  independent  of  the  coordinate  system. 
This  leads  to  Einstein's  conclusion  that  the  contracted  Riemann  tensor 
vanishes.  By  analogy  with  the  special  theory  of  relativity,  the  paths  of 
the  particles  appear  as  the  geodesies  and  the  paths  of  the  light  pulse 
satisfy  the  equation  d*  "  0. 

(3)  Still  more  generality  is  obtained  if  matter  and  energy  are  p(«Bent. 
For  case  (I),  this  leads  to  the  vanishing  of  the  divergence  of  an  "energy 
tensor."  In  the  equations  obtained  in  case  (2)  the  left-hand  members  are 
tensors  while  the  right-hand  members  vanish.  It  is  natural  then  to  assume 
by  analogy  with  classical  dynamics  that,  in  case  the  space  contains  matter 
and  ene^y,  the  right-hand  member  becomes  the  energy  tensor.    If  we 
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BBBume  this  to  be  the  case,  the  complete  equatiooB,  as  general  in  their  scope 
BB  those  of  the  classical  theory,  are  obtained. 

The  causal  prindple  is  effective,  but  in  an  obscure  form,  as  foUows: 
At  any  "instant"  for  the  coordinate  system  under  consideration  the  time 
rate  of  chanse  of  the  derivatives  of  the  gravitational  tensor  formed  by  the 
^stem  of  coefficients  in  d^  and  of  the  enei^  tensor  are  known.  Also  the 
a{>parent  acoeleratione  of  the  particles  are  thereby  determined.  Conse- 
quently it  is  possible  to  obtain  the  new  value  of  the  tensors  and  thur 
derivatives,  and  the  new  positions  and  velocities  of  the  particles,  an  instant 
later,  and  so  to  proceed  indefinitely. 

According  to  Einstein  the  acceleration  of  a  particle  in  empty  space  is  due 
to  gravitational  forces,  and  depends  only  on  d^  and  the  (Mordinates  chosen. 
The  law  of  motion  at  low  velocities  is  found  to  be  the  same  as  that  of 
Newton  except  for  very  small  modifications.  To  make  a  speeifio  applica- 
tion, Einstein  determines  the  necessary  form  of  rfs*  for  a  single  central 
body  such  as  the  sun,  also  on  a  postulationol  basis,  and  arrives  at  his 
brilliant  predictions. 

In  the  final  paper  of  the  collection,  written  in  1919,  Ein8t«in  shows  how 
the  idea  of  a  spherical  space  may  be  conveniently  introduced  to  eliminate 
the  difficulties  due  to  boundary  conditions. 

The  casual  reader  of  the  theory  of  relativity  will  feel  a  cert&in  lack  of 
concretenesa.  The  cUasical  physical  theories  seemed  to  touch  reality  in  at 
least  three  ways,  namely  in  the  independent  concepts  of  space,  of  time,  of 
force.  I  take  it  to  be  self-evident  that  any  genuine  physical  theory  must 
touch  reahty  somewhere.  So  far  as  I  can  see,  the  Einstein  theory  does  this 
at  one  and  at  only  one  place,  namely  in  its  concept  of  local  time  which 
can  be  measured  by  means  of  the  natural  clock,  the  atom.  *  In  an  article 
appearing  in  January,  1921,  in  the  pBOCB&nniGB  or  thb  Beruk  Academy, 
Einstein  lays  emphasis  upon  this  notion  of  the  natural  dock  as  tha 
fundamental  dement,  but  one  could  wish  that  this  had  been  done  more 
definitdy  in  his  earUer  artides. 

From  the  scientific  point  of  view  the  most  important  of  the  other  books 
which  we  desire  to  review  is  Weyl's  Eaum.  Zeil.  Mal-erie.  The  Einstdn 
theory  has  a  certain  pliability  in  the  presence  of  an  energy  tensor,  which 
may  be  modified  to  suit  the  exigendes  of  the  physical  situation  under  dis- 
cussion. On  the  other  band,  this  phability  will  appear  as  a  defect  to  some 
minds  since  it  provides  physical  science  with  a  blank  form  rather  than  with 
a  definitive  theory.  It  may  naturally  be  expected  that  theories  will  be 
forthcoming  which  attempt  to  explain  non-gravitational  phenomena  also 
on  a  similar  quasi-geometrical  basis.  One  recalls  here  the  vortex  theory 
of  the  atom  as  an  analogous  attempt  in  classical  physics. 

The  original  part  of  Weyl's  valuable  aqd  complete  treatise  consists  in 
an  attempt  to  deduce  the  electromagnetic  equations  in  such  a  manner. 
For  this  purpose  he  invents  a  generalisation  of  the  Riemaim  geometry. 
In  the  Hiemann  geometry,  the  elements  ds'  can  be  compared  at  various 
parts  of  the  manifold.  Weyl  notes  that  this  is  a  spedes  of  action  at  a 
distance  and  proposes  to  compare  the  elements  ds'  only  for  various  directions 
at  a  world-point.    In  other  words  his  quadratic  form  di?  is  one  in  which 
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merely  the  ratios  of  the  coefficients  are  important  and  the  coefficients  appear 
as  undetermined  up  to  an  arbitrarr  multiplicative  scale-factor.* 

Thus  in  the  normalization  of  his  quadratic  form  hy  change  of  rariablea, 
he  has  fire  arbitrary  functious  (the  four  arbitrary  coordinate  functions 
and  his  scale-function)  instead  of  the  four  functions  available  in  the  Einstein 
theory.  Weyl  is  able  to  use  the  notion  of  parallel  displacement  due  to 
Levi-Civita;  namely,  the  small  vector  can  be  displaced  so  as  to  maintain 
siie  and  direction  in  a  specially  chosen  geodtnc  coordinate  system.  As 
this  vector  varies  in  position  and  returns  to  its  starting  pomt  it  will  not 
have  the  same  length  except  in  the  case  of  the  Riemann  geometry.  The 
logarithmic  derivative  of  the  scale-function  is  a  differential,  whose  four 
components  behave  as  the  components  of  an  electromagnetic  potential. 

An  obvious  objection  to  Weyt's  extension  is  that  he  loses  contact  with 
the  real,  for  di  can  no  longer  stand  for  the  element  of  local  time;  otherwise 
we  should  expect  atoms  of  the  same  element  with  difierent  past  histories 
to  have  different  rates  of  vibration,  and  such  has  never  been  observed  to 
be  the  case.  In  the  second  place,  a  modified  d»'  for  the  same  manifold 
can  be  obtained  which  is  invariant  as  in  the  Riemann  geometry,  and 
tikus  we  are  led  back  to  the  Einstein  theory  together  with  a  single  inde- 
pendent equation  of  the  type  coming  under  Einstein's  theory.  These 
criticisms  of  Weyl's  work  are  given  in  the  March,  1921,  number  of  the 
PROCEEDmas  OF  the  Berlin'  Acadeht  by  Einstein.  Eddington  has  pro- 
posed a  further  modification  of  Weyl's  theory  in  the  April  number  of  the 
Proceedinqs  of  the  Rotal  SociETT.  Eisenhart.  and  Veblen  have  gone 
much  further  in  an  important  paper  in  the  Pboceedinos  ot  the  National 
AcADEur,  February,  1922. 

We  pass  now  to  the  more  popular  treatments  given  in  the  next  three 
books.  The  first  of  these  is  by  Einstein  himself,  and  affords  an  interesting 
and  skillful  approach  to  the  fundamentals  of  the  theory. 

The  second  edition  of  Carmichael's  book  contains  his  earlier  treatment 
ot  the  special  theory  based  upon  a  set  of  physical  postulates.  The  new 
chapters  are  a  direct  summary  of  the  results  of  the  general  theory,  as  ' 
presented  by  Einstein  and  Eddington.  This  summary  is  too  abbreviated 
to  be  followed  with  much  profit  by  the  reader  who  has  not  delved  elsewhere 
into  the  theory. 

The  tiny  pamphlet  by  Angersbach  presents  a  brief  historical  develop- 
ment of  the  notions  underl3dng  the  special  relativity  together  with  an 
elementary  presentation.    It  is  readable. 

It  is  obvious  that  the  relativity  theory  has  decided  significance  for 
philosophical  thought,  as  indeed  every  new  physical  theory  must  have. 
In  his  interesting  book,  The  Concept  of  Nature,  the  English  philosopher- 
mathematician  Whitehead  expounds  his  views  of  the  physical  universe 
in  the  light  of  the  theory  of  relativity.  The  book  has  obvious  relations 
with  an  earUer  book,  t    The  main  idea  of  Whitehead  is  that  the  underlying 

*  See  his  recent  papers  in  the  Matbeuatibchb  Zeitschrift,  vol.  12, 
Nos.  I,  2  (1922). 

t  An  Inquiry  Coruxrnine  Ihe  PHneiptes  of  Natural  KnauJUdne,  A.  N. 
Whitehead.    Cambridge,  University  Press,  1919.    xii  H-  200  pp, 
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realities  are  attained  by  a  method  of^extenUTe  abstractioD,  a  spatial  point 
for  instance  being  generated  by  all  the  objecta  of  a  certain  category  (tboee 
which  include  it  spatially).  His  analysis  of  experience  is  very  interesting. 
The  mathematician  will  regret  frequently  redimdanoy  and  vagueness  in 
philosophioal  treatises.  Of  this  there  is  little  in  Whitehead's  book.  The 
importance  and  the  exactitude  of  many  of  his  analyses  must  be  admitted. 
Majdme  Bdcher  once  said  to  the  writer,  "Whatman  would  be  a  philosopher 
who  might  be  a  mathematician!"  One  feels  that  Mr.  Whiteh^  desmes 
both  titles. 

The  contrasting  account  given  in  this  book  between  the  old  theories  and 
the  new  theory  of  relativity  is  interesting.  Characterising  the  old  theories, 
Whitehead  says:  "  For  example,  colour  is  the  result  of  a  transmission  from 
the  material  object  to  the  perceiver's  eye;  and  what  is  thus  transmitted  is 
not  colour.  Thus  colour  is  not  part  of  the  reality  of  the  material  object. 
Similarly  for  the  same  reason  sounds  evaporate  from  nature.  Also  wumth 
is  due  to  the  transfer  of  something  which  is  not  temperature.  Thus  we 
are  left  with  spatio-temporal  positions,  andwhatlmay  termthe'puslunesB' 
of  the  body.  This  leads  us  to  eighteenth  and  nineteenth  century  material- 
ism, namely,  the  belief  that  what  is  real  in  nature  is  matter,  in  time  and 
in  space  and  with  inertia." 

The  new  relativity  theory  he  expounds  as  follows;  "Let  us  make  there- 
fore  the  general  statement  that  four  measurements,  respectively  of  inde- 
pendent types  (such  as  measurements  of  lengths  in  three  directions  and  a 
time]  can  be  found  such  that  a  definite  event-particle  is  determined  by 
them  in  its  relations  to  other  parta  of  the  manifold.  ...  If  (pi,  pi,  pi,  pt) 
be  a  set  of  measurements  of  this  system,  then  the  event-particle  which  is 
thus  determined  will  be  said  to  have  pi,  pi,  pi,  pt  as  its  coordinates  in  this 
system  of  measurement."  .  .  .  "Then  we  should  naturally  say  that 
(Pi.  Pit  Pi)  determined  a  point  in  space  and  that  the  event  particle  happened 
at  that  point  at  the  time  p*.  .  .  .  Furthermore  the  inhabitant  of  Mars 
determines  eventrparticles  by  another  system  of  measuiements.  Call  his 
system  the  9-system.  According  to  him,  {qi,  gi,  qi,  q^)  determines  an 
event-particle,  and  (fji,  qt,  qt)  determines  a  point  and  gt  a  time.  But  the 
collection  of  eventrparticles  which  he  thinks  of  as  a  point  is  entirely  different 
from  any  such  collection  which  the  man  on  earth  thinks  of  as  a  point-  Thus 
the  g-space  for  the  man  on  Mars  is  quite  different  from  the  p-space  for  the 
land-surveyor  on  earth.  ..." 

"...  We  have  got  to  find  the  way  of  expressing  the  field  of  activity  of 
events  in  the  neighborhood  of  some  definite  eventr-partJcle  E  of  the  four- 
dimengioual  manifold.  I  bring  in  a  fundamental  physical  idea  which  I 
call  the  'impetus'  to  express  this  physical  field.  The  event-particle  E  is 
related  to  any  other  neighboring  event.particle  P,  by  an  element  of  impe- 
tus." ■-■  "Einstein  showed  how  to  express  the  characters  of  the  assemblage 
of  elements  of  impetus  of  the  field  surrounding  an  event-particle  E  in  terms 
of  ten  quantities  which  I  will  call /11. -^11,  .  ■  ■  The  numerical  values  of  the 
J'a  will  depend  on  the  system  of  measurement  adopted,  but  are  so  adjusted 
to  each  particular  system  that  the  same  value  is  obtained  for  the  element 
of  impetus  between  E  and  P,  whatever  be  the  system  of  measurement 
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adopted-  This  fact  is  expieesed  by  saying  that  the  ten  J's  fonn  a  'ten- 
sor.' "...  "We  now  return  to  the  path  of  the  attracted  particle.  We 
add  up  all  the  elements  of  impetus  in  the  whole  path,  and  obtain  thereby 
what  I  call  the  'integral  impetus.'  The  characteristic  of  the  actual  path 
as  c  ompared  witii  neighbouring  alternative  paths  is  that  in  the  actual  paths 
the  integral  impetus  would  neither  gain  nor  lose,  if  the  particle  wobbled 
out  of  it  into  a  small  extremely  near  alternative  path." 

Evidently  Whitehead  b  expressing  the  relativistic  theory  of  the  path 
of  a  particle  in  a  gravitational  field.  The  indefinite  general  terms  used 
stand  in  unfavorable  contrast  with  those  which  can  be  used  in  the  ex- 
position of  the  clasNcal  theory. 

Finally  we  turn  to  the  Uttle  pamphlet  by  Brouwer.  Many  American 
mathematicians  have  read  in  this  Bulletin  (November,  1913)  a  transla- 
tion of  Brouwer's  paper  on  IntuUumitm  and  Ponaalitrn,  which  is  the  final 
essay  of  the  pamphlet.  Those  who  know  the  mathematical  work  of 
Brouwer  will  be  interested  in  these  easaya,  in  the  second  of  which  he  touches 
upon  the  sfteci&l  theory  of  relativity  with  emphasis  upon  the  notion  of 
group.  Attention  should  also  be  directed  to  his  noteworthy  analysis  of 
the  logical  principle  of  the  exdvded  middle,  to  which  reference  is  made  in 
the  first  essay. 

In  conclusion,  one  or  two  remarks  of  general  character  suggest  them- 
selves. 

The  theory  of  relativity  in  its  general  form  or  in  its  special  form  involves 
a  definite  group.  To  the  mathematician  at  least  it  would  be  of  considerable 
interest  to  see  physical  theories  developed  for  other  special  groups.  In 
particular  the  most  general  group  of  all,  that  of  analyni  gitui,  suggests 
itself,  for  this  alone  appears  strictly  proper  in  the  general  theory  of  rela- 
tivity, where  any  transformation  of  coordinates  whatsoever  ought  to  be 
admitted.  If  such  a  theory  can  be  constructed,  the  interrelation  of  con- 
tinuous manifolds  of  arbitrary  form  will  form  the  essential  element.  A 
theory  of  this  kind  would  seem  to  be  consonant  with  quantum  theory. 

Also,  with  others,  we  may  call  attention  to  the  fact  tliat  no  theory  of 
relativity  so  far  exp^ns  the  difFerenoe  between  positive  and  negative 
electricity,  or  throws  any  light  upon  the  constitution  of  matter.  Further- 
more no  real  reason  appears  why  the  velocities  of  the  stars  relative  to  one 
another  are  so  small  in  comparison  with  the  velocity  of  light. 

While  awaiting  further  developments,  let  us  at  least  say  with  Whitehead 
of  Einstein's  investigations:  "They  have  made  us  think."  Some  may 
agree  with  tiie  final  words  of  Weyl:  "A  few  chords  of  that  harmony  of 
the  spheres  of  which  Pythagoras  and  Kepler  dreamed  have  fallen  upon 

G.  D.  BiRKHOPP. 
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Einfahntng  in  die  Oteoretiieht  Phytik.    Voa  Clemens  Sohaefer.    Band  11, 

Teil  1.     Theorie  der  WArme,  MoUkularJeiTuiiache  Theorie  der  Materit. 

Berlin,  Vereinigung  vissenschaftlicher  Verleger,  1021.    x  +  S62  pp. 

The  first  volume  on  mechanics  (psiticlea,  rigid  bodies  and  continua) 
when  reviewed  in  these  pages  was  sigooIiEed  for  its  excellence  of  material 
and  of  style.  The  second  rolume  continues  the  excellences  of  the  firsL 
The  rest  of  the  work  will  be  awaited  with  interest,  and,  by  thoae  engaged  in 
teaching  theoretical  physics,  with  impatience.  It  is  a  pity  we  cannot 
have  such  books  in  English.  Twenty  years  ago  there  was  hope  that 
Andrew  Gray's  Treatite  on  Phytic*  (of  which  vol.  I,  Dynamica,  alone 
appeared)  would  fill  this  lacuna.  Schaefer  has  written  hia  present  volume 
ainoe  the  Armistice.    He  has  been  at  Breslau  and  is  now  at  Marburg. 

There  are  eleven  chapters  as  follows:  1.  Heat  conduction.  2.  Fust 
Law  of  thermodynamics.  3.  Second  Law  of  thermodynamics.  4.  Homo- 
geneous systems.  5.  Heterogeneous  systems.  6.  Special  systems  (gasea 
and  dilute  solutions).  7.  Chemical  affinity  and  Nemst's  theorem.  8. 
Kinetic  theory  of  gases.  9.  Entropy  and  probabihty.  10.  Statistical 
mechanics.     11.  Quantum  theory. 

The  arrangement  is  logical.  General  old-fashioned  theories  of  heat 
conduction  and  thermodynamics  come  first— general  thermodynamics,  be 
it  noted,  not  the  special  idealised  systems.  The  treatment  of  chemical 
affinity  is  more  modem  but  at  least  in  its  main  lines  is  now  firmly  estab- 
lished. The  last  four  statistical  chapters  are  excellent:  no  over-elabora- 
tion on  ancient  kinetic  theory,  a  clear  treatment  of  the  fundamentals  of 
statistical  mechanics,  and  an  excetleot  and  convincing  presentation  of 
quantum  theory  so  far  as  heat  phenomena  aie  concerned.  Nothing  is 
said  of  radiation — not  even  the  Stefan  law  which  sometimes  ia  deduced 
from  a  Camot  cycle  and  could  have  been  insert«d  in  Chapter  III  as  illus- 
trative material. 

The  last  few  pages  on  Nemst's  theory  of  the  degeneration  of  ideal  gases 
(Entartung)  should  have  been  omitted  in  a  book  of  this  kind.  It  is  too 
special  and  not  yet  well  enough  substantiated  either  experimentally  or 
tJieoretically  (as  the  author  notes).  The  space  thus  gained  could  well 
have  been  given  to  real  gases,  under  which  only  van  der  Waals's  equation 
is  given,  whereas  for  some  pot  remote  purposes  other  equations  ate  useful; 
and  for  accurate  descriptions  of  the  behavior  of  substances  over  long  ranges 
of  temperature,  pressure,  and  density,  Keyes's  equation  is  incomparably 
superior  to  van  der  Waals's. 

Generally  the  mathematical  treatment  is  elegant — not  the  elegance  of 
the  mathematical  virtuoso,  but  that  of  the  working  physicist.  {A  notable 
exception  is  the  painful  summation,  p.  502,  of  the  series  Tnx"  in  place 
of  its  evaluation  as  the  derivation  of  Zx"  multiplied  by  x.)  In  the  main, 
physical  concepts  are  kept  trell  in  the  foreground  throughout  mathematical 


ovGoogIc 


1922.]  SHORTER   NOTICES  223 

diaoussions,  and  physical  philosophy  is  delightfully  in  evidence  throughout 
inTolved  physical  discussioiui.  Tables  of  numericBl  d&ta  help  at  times 
to  intiTeaM  the  effective  reality  of  the  work.  One  thing,  however,  con- 
tinental authors  disregard  to  their  sertous  detriment,  and  that  is  exercises 
for  the  student.  When  exercises  are  well  selected  they  double  the  educa- 
tional value  of  any  book.  Schaefer  has  the  teacher's  instincts  and  could 
easily  have  furnished  excellent  exercises. 

It  would  be  only  too  easy  to  stretch  this  review  to  great  lengths,  mention- 
ing sucb  clear-cut  analysis  as  that  of  Boltzmann's  "ergodiscbe"  systems 
with  its  unusual  frankness  in  pointing  out  that  there  are  no  such  systems 
(p.  439),  of  the  total  separation  of  Liouville's  theorem  and  the  equipartitioa 
of  energy,  etc.,  of  the  discussion  of  anomalies  (Schwankimgen)  and  its 
bearing  on  the  work  of  Perrin  and  his  followers.  But  there  are  too  many 
details  to  cite,  and  we  had  best  not  begin.  Let  the  book  be  widely  read. 
Edwut  B.  Wilson. 

The  Element*  of  Non-Euclidean  Geometry.    By  D.  M.  Y.  Sommerville. 

Chicago,  The  Open  Court  Publishing  Company;  and  London,  G.  Bell 

and  Sons,  1919.*    xvi  +  274  pp. 

The  printing  of  a  second  edition  of  this  book,  as  well  as  the  fact  that  it 
now,  for  the  first  time,  appears  as  a  publication  of  the  Open  Court  Publish- 
ing Company,  speaks  well  for  the  attention  it  has  received  from  mathe- 
matical readers. 

A  careful  comparison  of  the  two  editions  shows  no  changes.  The  very 
few  typographical  errors  and  the  somewhat  more  frequent  unintended 
slips  in  the  text  remain.  For  instance,  on  p.  10, 1.  20,  a  parenthesis  is  still 
lacking;  likewise  an  "a"  on  p.  22, 1.  1.  There  remains  (p.  54)  this  remark- 
able series  of  statements: — "A  triangle  has  therefore  four  circumcircles. 
■■■  Therecannotbemorethanonerealcircumcentre"Iandmay,  of  course, 
be  none].  "This  point,  which  we  may  call  the  circumcentre,  ■'■  may  be 
real,  at  infinity,  or  ideal."  On  p.  204,  line  19,  R  is  still  called  the  earth's 
radius,  although  the  radius  of  the  earth's  orbit  is  clearly  meant. 

It  is  to  be  sincerely  hoped  that  the  popularity  of  the  book  may  before 
long  require  still  another  printing,  and  that  a  careful  revision  may  then 
make  it  as  accurat«  as  it  is  interesting. 

En  WARD  S.  Allen. 

Annuaire  da  Bureau  dea  Longitudes  pour  1931.     Public  par  le  Bureau  des 

Longitudes.    Paris,  Gauthier-Vi liars,  1921.     7  -|-  710  +  130  pp. 

Before  1904,  each  issue  of  the  Annuaire  contained  all  the  information 

which  the  Bureau  considered  necessary  for  publication.    Owing  to  the 

number  of  pages,  which  had  gradually  increased,  it  was  then  divided  and 

certain  articles  in  which  there  was  little  or  no  annual  change  were  given 

only  in  alternate  years.    The  volume  has  now  grown  again  to  a  size  which 

is  near  its  naximum  for  convenient  handling  and  one  finds  references  which 

include  the  previous  four  volumes.    Its  chief  annual  feature  is  the  full 

•  Originally  published  in  1914  by  G.  Bell  and  Sons,  and  reviewed  in  this 

Bulletin,  vol.  21,  May,  1915,  by  J.  L.  Coolidge. 
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astronomical  infomiaUoD  for  the  current  year  and  a  briefer  summary  for 
the  succeediDg  year.  There  are  usually  one  or  more  appendioee  contaimng 
articles  on  varioua  topics.  Thia  year  M.  Bieourdan  writes  on  proper 
motions  and  radial  velocities  of  atara — a  summary  which,  starting  at  the 
beginning,  takes  the  reader  to  the  work  which  ia  now  in  progreag  at  many 
observatories.  A  valuable  feature  is  the  full  index  of  all  matters  contained 
in  the  current  issue  with  references,  where  necessary,  to  the  previous  four 
volumes. 

Ehnebt  W.  Brown. 

Die  Orundlagen  der  Geometrie  <ds  Unierbau  fiir  die  Analytitchi  Geometrie. 

By  Lothar  Heffter.    Leipzig  and  Berlin,  B.  G.  Teubner,  1921.    ii  +  27 

+  viiipp. 

The  author's  purpose  is  to  provide  a  foundation  for  the  study  of  analjijo 
geometry  and  this  he  proposes  to  do  by  stating  a  set  of  projective  postulates 
sufficient  for  the  introduction  of  the  double  ratio,  the  fundamental  concept 
of  the  projective  scale.  He  explicitly  states  his  intention  to  ignore  the 
question  of  the  independence  of  his  postulates — and  would  have  us  regard 
them  as  "one  possible  way  of  idealizing  the.resulla  of  observation"  rather 
than  as  a  purely  abstract  gift  from  heaven.  His  undefined  elements  are 
point,  line,  plane  and  incidence.  He  lists  twenty  "axioms  of  alignment" 
(Verkntipfung),  arranged  in  ten  pairs  of  dual  propositions,  three  "axioms 
of  order"  (separation),  and  one  of  contmuity.  To  secure  the  restriction  to 
the  affine  and  then  to  the  eucUdean  metric  geometries,  he  introduces  one 
axiom  of  parallelism  and  one  axiom  of  orthogonaUty.  To  those  interested 
in  a  brief  formulation  of  the  p<»tulational  foundation,  from  a  projective 
point  of  view,  for  the  study  of  analytic  geometry  the  little  pamphlet  will 
be  of  value. 

J.  W.  Young. 

Lt»  ThiarUt  d'Bintlein.    By  Locieo  Fabre.    Paris,  Payot  et  Qe.,  1921. 

225  pp. 

This  book  will  be  found  of  interest  because  of  its  valuable  survey  of  the 
historical  background  of  Einstein's  theories.  The  author  sometimes  fails 
to  define  the  symbob  used.  <For  example,  on  pages  161,  179,  and  243, 
and  on  page  196  there  are  incorrect  definitions.)  In  spite  of  these  defects, 
however,  the  book  is  one  of  the  best  elementary  expositions  of  Einstein's 
work  that  has  been  published. 

C  N.  Reznolos. 
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NOTES 

At  the  meeting  of  the  Diviaion  of  Physica]  Sciences  of  the  National 
Research  Council  in  Washington  on  April  23,  the  following  officere  were 
elected  for  the  year  beginning  June,  1922:  Chairman,  William  Duane; 
Secretary,  W.  E.  Tiedale;  Executive  Committee,  G.  D.  BirkhoEt,  William 
Bowie,  C.  E.  Mendenhall,  A.  Trowbridge.  The  following  persons  were 
elected  members-at-large;  G.  A.  Bliss,  F.  A.  Saunders,  A.  Trowbridge. 
New  members  representing  scientific  societies  were  announced  as  follows: 
for  the  American  Astronomical  Society,  E.  B.  fYoet;  for  the  American 
Mathematical  Society,  C.  N.  Haskina;  for  the  American  Physical  Society, 
H.  G.  Gale  and  C.  E.  MendenhaU. 

The  annual  meeting  of  the  National  Council  of  Mathematics  Teachers 
was  held  at  Chicago  on  March  1,  1922,  in  connection  with  the  meeting  of 
the  Department  of  Superintendence  of  the  National  Education  Association. 
A  number  of  papers  were  read,  dealing  with  the  teaching  of  secondary 
mathematics. 

Professor  W.  F.  Osgood  and  G.  D.  Birkhoff  have  been  elected  corre- 
sponding members  of  the  Gdttingen  Academy  of  Sciences. 

Professor  M.  Planck  has  been  elected  a  foreign  member  of  the  Swedish 
Academy  of  Sciences. 

Professor  A.  Gutzmer  has  been  elected  president  of  the  Leopoldinisch- 
Catolinische  Akademie  der  Naturforscher,  as  successor  to  Professor  A. 
Wangerin,  who  has  resigned.  Professors  H.  Hahn  and  R.  Schiissler  have 
been  elected  members  of  this  Academy. 

Professor  E.  I.  Fiedholm,  of  the  University  of  Stockholm,  has  been 
elected  correspondent  of  the  Paris  Academy  of  Sciences  in  the  section  of 
geometry,  as  successor  to  the  late  Professor  H.  A.  Schwarz. 

Requests  to  authors  of  mathematical  works  for  reprinte  have  been  sent 
by  L'lstituto  Matematico  della  R.  University  di  Bologna. 

Cambridge  University  has  awarded  a  Rayleigh  priie  te  T.  A.  Brown,  of 
Trinity  College,  for  an  essay  On  a  class  of  faclorial  series. 

The  honorary  degree  of  doctor  of  science  has  been  conferred  on  Sir 
Thomas  Muir  by  the  University  of  Cape  Town,  in  recognition  of  his  re- 
searches in  mathematics  and  the  history  of  mathematics. 

Professor  A.  S.  Eddington  has  been  elected  president  of  the  Royal 
Astronomical  Society. 

In  connection  with  the  announcement  of  the  distribution  of  reprints  of 
articles  by  the  late  Professor  Maxime  Bdcher  (this  Bulletin,  vol.  28 
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(1922),  p.  74),  it  ia  stated  that  the  reprints  available,  numbered  as  in  this 
Bulletin,  vol.  25  (1919),  p.  209,  are  as  foUowa:  I,  3,  4,  6,  7,  9,  12, 16,  17, 
18,  21,  23,  25,  26,  30-34,  36-42,  48,  51,  52,  .53,  56,  59,  60,  63,  64,  66-69, 
74,  78, 79,  83,  S4,  85,  87-92,  97,  99, 100.  Reprints  will  be  sent,  while  the 
supply  lasts,  to  those  applying  by  number  for  the  ones  desired  to  Professor 
O.  D.  Kellogg,  20  Craigie  St.,  Cambridge  38,  Mass.  Tile  recipient  will 
be  eiqjected  to  defray  mailing  costa;  no  other  charge  will  be  made  except 
for  No.  67,  Inirodvaum  to  the  Theory  of  Fourier  Series  ($0.75)  and  No. 
99,  Lttonx  sur  lee  Milhodee  de  Slurm  (81.25). 

Professor  G.  D.  Birkhoff  will  deliver  four  lectures  on  the  theory  of 
relativity,  and  four  lectures  on  the  problem  of  three  bodies,  at  Stanford 
University  during  the  latter  part  of  June,  1922.  ' 

Dr.  H.  Brandt,  of  the  Karlsruhe  Technical  School,  has  been  appointed 
to  a  profeaaoTship  at  the  Technical  School  at  Aachen. 

Dr.  W.  Schmeidler,  of  the  University  of  Kiel,  has  been  appointed  to  a 
profeaaotBhip  at  the  Brealau  Technical  School. 

Dr.  O.  Szhez  has  been  promoted  to  an  associate  professorship  at  the 
Univeraity  of  Frankfurt  a.  M. 

Dr.  F.  Bernstein  has  been  promoted  to  a  full  professorship  at  the 

Univeraity  of  Gfittingen. 

Profeeaor  J.  Radon,  of  the  Univeraity  of  Hamburg,  has  been  appointed 
full  professor  of  mathematics  at  the  University  of  Greifawald. 

Dr.  G.  Prange,  of  the  University  of  Halle,  has  been  appointed  to  a  full 
professorship  at  the  Hannover  Technical  School. 

Professor  F.  Noether  has  been  appointed  associate  profeaaor  of  applied 
mathematics  at  the  University  of  Heidelberg. 

Dr.  Pohlhauaen  has  been  promoted  to  an  associate  professorship  of 
applied  mathematics  at  the  University  of  Roetock. 

At  the  Stuttgart  Technical  School,  Dr.  K.  Kommerell  has  been  pro- 
moted to  an  associate  professorship,  and  Dr.  F.  Pfeiffer,  of  the  University 
of  Heidelberg,  has  been  appointed  full  professor. 

Dr.  R.  Konig  has  been  promoted  to  a  full  profeaaorship  of  mathematics 
at  the  University  of  Tubingen. 

In  the  Faculty  of  Sciences  of  the  University  of  Paris,  Professor  P.  Montel 
has  been  appointed  to  the  professorship  of  general  mathematics,  and 
Professor  Leduc  to  the  professorship  of  theoretical  physics,  as  successors, 
respectively,  to  Professore  J.  Drach  and  E.  Cotton,  called  to  other  pro- 
fesKorshipB  in  the  same  faculty.  The  title  of  the  chair  of  "differential  and 
integral  calculus"  has  been  changed  to  "the  theory  of  groups  and  the 
calculus  of  variations." 
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Mr.  A.  L.  Dixon,  fellow  and  tutor  of  Mertoa  College,  haa  been  ap- 
pointed Wayneflete  professor  of  pure  mathematics  at  Oxford  UniveTsity, 
•I  to  Professor  £.  B.  Elliott. 


Dr.  G.  B.  JefFery  has  been  appointed  to  the  University  chair  of  mathe- 
matics at  King's  College,  London  Tlniveisity. 

Professor  W.  F.  Osgood  has  been  appointed  acting  dean  of  the  graduate 
gchool  of  arts  and  sciences  at  Harvard  University  for  the  second  half  of 
the  present  academic  year. 


At  Yale  University,  Assistant  Professor  Leigh  Page,  of  the  department 
of  phyaies,  has  been  promoted  to  a  full  professorship  of  the  mathematical 
sciences,  with  aasignment  to  the  Sheffield  Scientific  School.  Dr.  W.  L. 
Crum  has  been  promoted  to  an  assistant  professorship  of  mathematics. 
Professor  L.  S,  Hilt,  of  the  University  of  Maine,  has  been  appointed  in- 
str\ictar  in  mathematics. 

Dr.  E.  B.  Wilson,  professor  of  mathematical  physics  at  the  Massa- 
chusetts Institute  of  Technology,  has  been  appointed  professor  of  vital 
statistics  at  Harvard  University. 

Aaaistant  Professor  C.  G.  P,  Kuschke  has  been  promoted  to  be  full 
professor  and  head  of  the  department  of  mathematics  at  the  University 
of  Porto  Hico. 

At  the  University  of  Kansas,  tor  the  year  1920-21,  Dr.  U.  G.  Mitchell 
was  advanced  to  a  full  professorship  and  Dr.  Guy  Smith  was  appointed 
assistant  professor;  for  the  year  1921-22,  Dr.  E.  B,  Stoulfer  was  advanced 
Us  a  full  professorship. 

Dr.  H.  0.  M.  Morse  and  Dr.  W.  L.  G.  Williams  have  been  promoted 
to  assistant  professorships  at  Cornell  University. 

Professor  G.  Kohn,  of  the  University  of  Vienna,  died  December  15, 
1921,  at  the  age  of  sixty-two  years. 

Professor  E.  Jahnke,  of  the  Berlin  Technical  School,  died  October  IS, 
1921,  at  the  age  of  fifty-eight  years. 

Professor  L.  Kuenigsberger,  of  the  University  of  Heidelberg,  died 
December  IS,  1921,  at  the  age  of  eighty-three  years. 

Professor  M.  Noether,  of  the  University  of  Eriangen,  died  December  13, 
1921,  at  the  age  of  seventy-seven  years. 

Dr.  G.  B.  Mathews,  formerly  professor  of  mathematics  at  the  Univer- 
sity College  of  North  Wales,  died  March  19,  1922,  at  the  ^e  of  sixty-one 
yeut. 
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NEW  PUBLICATIONS 
I.    HIGHER  MATHEMATICS 
ARC9IURDBB.    See  Veb  Eecke  (P.). 
Abwin  (A.).    Die  Kongruenien  (X  +  I)'  a  0  (mod  p'),  und  die  Natur 

ihrer  Lomingen.    Leipzig,  1921,    4ta.    38  pp. 
Baker    (H.    F.)-    Principle   of    geometry.    Volume    1:     Foundations. 

Cambridge,  University  Press,  1822.    8vo.    12  +  134  pp. 
Blabchke  (W.).    Vorlesungen  tiber  DifferentiaJgeometrie  und  geomet- 

rische  Gnuidlagen  von  Einsteins  RelativitiLtatheorie.    I :  Elemeotare 

DiiTerentialgeometrie.    {Die  Grundlebren  der  mathematiechen  Wissen- 

HChaftea,  herausgegeben  von  R.  Courant,  Band  1.)     Berlin,  Springer, 

1921.     10  +  230  pp. 
BoREL    (E.).    Lemons   sur   les    fonctions   entiires.    2e    Edition.    Paris, 

Gauthier-Villars,  1921.    9  +  161  pp. 

CONGRfcs  INTERNATIONAL.      See  VllXAT  (H.). 

CovRANT  (R.).    See  Blabchee  (W.),  Knopp  (K.). 

De  Morgan  (A.).    A  budget  of  paradoxes.    Edited  by  D.  E.  Smith.    2d 

edition.    Chicago  and  London,  Open  Court,  1921.    2  volumes. 
Deutsckbbin  (M.).    Wahrscheinlichkeit  und  Induktion.    (Diss.,  Halle.) 

Cothen,  Verlag  von  Otto  Schulze,  1920. 
Ehrenfeia  (C.).    Das  Primzahlengeaetz  entwickelt  und  dargestellt  auf 

Grund  der  Gestalttheorie.    Leipzig,  Reialand,  1922, 
ENCTKLOPJiDiE  der  mathemattschen  Wissenschaftcn.    Band  H  3,  Heft 

5-6:  K.  Hensel,  Arithmetische  Theorie  der  algebraiscben  Funktionen. 

H.  W.  E.  Jung,  Arithmetische  Theorie  der  algebraiscben  Funktionen 

Eweier  unabhangigen  Veranderlichen.     Leipzig,  Teubner,  1921. 
EcLER   (L.).     Opera    omnia.     Series  I:    Opera,  mathematica.     Volumen 

VI:    Commentationes  algebraicae  ad  theoriam  aequationum  per- 

tinentes.     Ediderunt   F.   Rudio,   A.   Krazer,   P.   St&ckel.    Leipzig, 

Teubner,  1921.    20  +  509  pp. 
FiSBEH    (A.).    The  mathematical  theory  of  probabilities.    Volume  1. 

Reissue,  with  new  chapters.    New  York,  Macmiilan,  1922. 
Fricke  (R.).     Die  elliptixchen  Funktionen  und  ihre  Anwendungen.    Teil 

2:  Die  algebraiscben  Ausfilhrungen.    Leipzig,  Teubner,  1922.    Svo. 

8  +  546  pp. 
GrUnbebg  (J.).     Die  " D "-Linien  der  Mittelpunktsflachenzweiten Grades. 

(Diss.,    Heidelbei^,)    G5ttingen,    Dietrichsche    Universitfi,t»-Bucb- 

druckerei,  1920. 
Heath  (T.).    A  history  of  Greek  mathematics.    Volume  1:  From  Thales 

to  Euclid.    Volume  2:    From  Aristarchus  to  Diophantus.    Oxford, 

Clarendon  Press,  1921.     15  +  446  +  11  +  586  pp. 
von  Helmholtz  (H.).     Schriften  zur  Erkenntnistheorie.     Herausgegeben 

und  eriiiutert  von  P.  Hertz  und  M.  Schlick.    Berlin,  Springer,  1921. 

10  +  176  pp. 
Hensel  (K.).    See  Encyklopadie. 
Hertz  (P.).    See  von  Helmholtz  (H.). 
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Humbert  (P.).    Introductioa  i  I'^tude  dee  fonctioiu  elliptiquea.    Puis, 

HennADD,  1922.    Svo. 
JoHNBON  <W.  £.).    Logic.    Part  1.     Cambridge,  Univeraity  Presa,  1921. 

40  +  255  pp.  15s. 

Jrma  (H.  W.  E.).    See  EncticlopXdie. 
Ketber  (C.  J.).     Mathematical  phUoBophy.    A  study  of  fate  and  freedom. 

Lectures  for  educated  laymen.    New  York,  DuttoD,  1922.     14+466 

pp.  S4.70 

KijircKE  (P.).    Ueber  RaumkurveD,  zwischen  dereo  beiden  KrOmmuneeu 

eine    Beiiehung   besteht.     (Disa.,    Halle.)    Halle,    H.   John,    1916. 

128  pp. 
Knopf  (K.).    Theorie  und  Anwendung  der  unendlicben  Reihen.     (Die 

Grundlehien  der  mathematischen  Wissenschaften,  herausg^eben  von 

R.  Courant,  Band  2.)    Berlin,  Springer,  1922.    10  +  474  pp. 
KoacHMiEDBH  (L.),    Untersucbungen  ttber  Jacdiischeo  Polynome.    Habtli- 

tationsBchrift.    Breslau,  Trewendt  und  Granier,  1919. 
Krazer  (A.).    See  Eulrr  (L.). 
LiNDEHANN  (F.) .    Die  Biegungsflfichen  einer  gegebenen  FlSche.   MUnchen, 

1921. 
LoBACTO  (— .).    See  Schub  (F.). 
Mautt  (H.).    Etude  gtom^trique  des  tranatormationa  birationnelleo  et 

des  courbes  places.     Paris,  Gauthier-Villars,  1921.     Svo.     262  pp. 
TON  Manoouit  (H.).     Einfiihning  in  die  hohere  Mathematik  fUr  Studier- 

ende  und  zum  Selbstudium.     Iter  und  2ter  Band,  3te  Auflage.    Ster 

Band,  2te  Auflage.    Leipzig,  1921. 
Marchand  Bet  (E.  E.).     Math£matiques  in^dites.    Etude  complete  des 

Bpirales  logarithmiquee  par  nos  m^thodes  ^Mmentaire  et  analytique. 

Epiry,  chez  I'auteur,  et  Paris,  Desforges,  1921.    Svo.    87  pp. 
Neville  (E.  H.).    The  fourth  diioeDsion.    Cambridge,  University  Press, 

1921.    Svo.    56  pp. 
Pascal  (E.).    Repertorium  der  hdheren  Mathematik.    2Cer  Band,  2te 

Hfilfte:   Raumgeometrie.     Zweite  v511ig  umgearbeitete  Auflage  der 

Deutschen  Ausgabe,  berausgegeben  von  H.  E.  Timmerding.    Leipzig. 

Teubner.  1922.    12+629  pp. 
Platen  (C).    BeitrSge  zut  Unlereuchung  der  hannoniscben  Kovarianten 

zweier  Kurven.     (Diss.,  Halle.}    Halle,  Hohmann,  1920.    60  pp. 
RoDQiER  (L.).    Les  paralogismes  du  rationalisme;  easai  sur  la  theorie  de 

la  connaissance.    Paris,  Alcan,  1921.    Svo. 
Rroio  (F.).    See  Euler  {L.}. 
Russell  (B.).    The  analysis  of  mind.    New  York,  Macmillan,  1921. 

310  pp. 
ScHiLLiNa  (B.).    Ueber  eine  BeriihrungBtransfonnation,  die  den  Punkten 

des  einen  Feldes  Geradenpaare  zuardnet.     (Diss.,  Dresden.)    Boma- 

Leipzig,  Druck  von  R.  Noske,  1919. 
ScHLicK  (M.).    See  voN  Hblmroltz  (H.). 
ScHuu  (F.).    Lessen  over  de  hoogere  algebra.    Eerste  deel.    Uitgegeven 

als  negende  druk  van  Lobatto's  Lessen  over  hoogere  algebra.    Gron- 

ingen,  Noordhoff,  1921.    20  +  526  pp. 
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Surra  (D.  E.).    See  Db  Mohqan  (A.). 

SrXcKEL  (P.).    See  Ehlbb  (L.). 

Stodt  (£.).    DeDlcen  und  DarBtellung.    Logik  und  Werte.    Dinglichee 

uod  Menschliches  in  Mathematik  und  Katurwisaenschaften.     (Samm- 

lung  Vieweg.)    Braunechweig,  Vieweg,  1921.    4  -(-  43  pp. 
DE  Tannenbebo  (W.).    Coofiiences  Bur  leg  tranafomiatioDB  de  g£om6trie 

plane.    Paris,  Vuibert,  1921.     8vo.    51  pp. 
TiMERDiNO  (H.  E,).    See  Pascai.  (E.). 
Tropfke  (J.).    Gescbichte  der  £lement«r-Mathematik  in  systematiBcher 

DarsteUung.    Band  2:  AUgemeine  Arithmetik.    2te,  verbesserte  und 

sehr  vennehrte  Auflage.     Berlin,  Vercinigung  wiaeenschaftlicber  Ver- 

leger,  1921. 
Veblen    (O.).     Thi'   Cambridge   Colloquium,    1916.     Part   II:    Analysio 

Bitu«.     New    York,    American    Mathematical   Society,    1922.     8vo. 

10  +  150  pp.     Paper.  S2.00;  to  membera  of  the  Society,  81,50 

Ver  Eecke  (P.),    Les  ccuvres  completes  d'Archimfide,  traduitea  du  grec 

en  fran^aia  avec  une  introduction  et  dea  notes.     Paris  et  Bnuellea, 

DescUe,  de  Brouwer  et  Cie.,  1921.     8vo.     00  +  654  pp. 
ViLLAT   (H.).    Comptes  rendua  du  Congrte  interaatiooal  dea  mAtb£- 

maticiens  (Strasbourg,  22-30  Septembre  1920).    Toulouse,  Privat, 

1921.    670  pp. 

II.    ELEMENTARY  MATHEMATICS 
Beck  (£.  G.).    Real  mathematics.    Intended  mainly  for  practical  engi- 
neers, as  an  aid  to  the  study  and  comprehension  of  mathematics. 

(Oxford  Technical  Publications.)   London,  Heniy  Frowde,  and  Uodder 

and  Stoughton,  1022.     10  +  306  pp. 
Chadwick  (W.).    Number,  weight  and  fractional  calculator.    6th  edition. 

London,  Lockwood,  1921.    870  pp. 
Dickson  (L.  E.).    A  firat  course  in  the  theory  of  equations.    New  York, 

Wiley,  1922.    6  +  168  pp.  tl-TS 

DoooAL  (W.  J.).    See  Lacrie  (J.). 
Farnsworth  (P.  v.).    Industrial  mathematics  practically  appUed.    An 

inatniction  and  reference  book  for  students  in  manual  training, 

induatrial,  and  technical  achools,  and  for  home  study.    New  York, 

Van  Xoatrand,  1921.    285  pp.  $2.50 

Ghevrt  nE  Brat  (M.  E.  J.).    Exponentiab  made  easy;  or,  the  story  of 

"Epailon."     London,  MacmillaD,  1921.     10  +  253  pp.  4s.  6d. 

GrUnbaum  (H.).    Funktionenlehre  und  Elemente  der  Difiereotial  und 

Integralrechnung.     5te,  erweiterte  Auflage,  neu  bearbeitet  von  S. 

Jakobi.    Leipzig,  1921. 
HcMBERT  (E.).    Frobl^mea  d'alg^bre  et  expos£  dea  principales  thtories, 

Paris,  Vuibert,  1920.    Svo.    452  pp. 
Jakobi  (S.).    See  GbIInbacm  (H.). 
KowALEWSKi  (G.).    Mathematica  delectans.    Ausgewilhlte  Kapit«l  aus 

der  Mathematik   der  Spiele   in  gemeinverstandlicher  Darstellung. 

Heft  li    Boss  Puzzle  und  verwandte  Spiele.    Leipzig,  Engelmann, 

1921.    Svo.    72  pp. 
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Keathwohl  (W.  C).    See  Palmee  (C.  I.)- 

Laubie  (J.).  High  rate  iiitei««t  tables.  Edited  by  W.  J.  Dougal.  Lon* 
doD,  Routledge,  1921.    Svo.  21s. 

MacMabon  (P.  A.).  New  mathraaBtical  pastimea.  Cambridge,  Univer- 
sity Press,  1921.    10  +  116  pp. 

Mahshaix  (W.  C).  Graphical  methods  for  schools,  colleges,  sUtiaticiansj 
engineeis  and  executives.    New  York,  1921.    259  pp.  $3.00 

MoRECx  (T.).  Petit  formulaire  mathSmatique.  Tables  de  logaritlimes 
et  tablea  diverses.    Paris,  Doin,  1922. 

Paluek  (C.  I,)  and  Kbathwohl  (W.  C).  Analytic  geometry,  with  intro- 
ductory chapter  on  the  calculus.  New  York,  McGmw-Hill,  1921. 
14  +  347  pp. 

RoBENBERaER  (N.  B.).  The  place  of  the  elementary  calculus  m  the  senior 
high  school  mathematics;  and  suggestions  for  a  modem  presentation 
of  the  subject.  (Columbia  Univeraity  Contributions  to  Education, 
No.  117.)     New  York,  Columbia  University  Press,  1921.    7+81  pp. 

ScHMALL  (C.  N.).  Analytical  geometry.  New  York,  Van  Noetrand,  1921. 
11+338  pp. 

WoLraCW.  S.).  Graphical  analysis.  New  York,  1921,  374  pp.  $4.00. 
HI.    APPLIED  MATHEMATICS 

Amttoaihe  pour  I'an  1922,  public  par  le  Bureau  des  Longitudes.  Paris, 
Gauthier-Villars,  1922.      lOmo.    8  +  800  pp. 
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THE    FEBRUARY    MEETING    OF   THE   AMERICAN 
MATHEMATICAL  SOCIETY 

The  two  hundred  twenty-first  regular  meeting  of  the  Society 
was  held  at  Columbia  University  on  Saturday,  February  25, 
extending  through  the  usual  morning  and  afternoon  sessions. 
The  attendance  included  the  following  seventy-five  members: 

Alexander,  Beal,  BirkhoET,  Borden,  Bowden,  E.  W.  Brown,  T.  H. 
Brown,  E.  T.  Browne,  B.  H.  Camp,  G.  A.  Campbell,  Cole,  Coolidge, 
Cowley,  Cronin,  Dantsig,  DougUa,  Eiaenbart,  Fine,  Fischer,  File,  Philip 
Franklin,  Fry,  Gaiafer,  Gilman,  W.  0.  Graustein,  Gronwall,  Grove,  Easlcina, 
Hauale,  Hebbert,  Robert  Henderson,  Hitchcock,  Huntington,  Dunham 
Jackson,  Joffe,  Kellogg,  Kline,  Lamaon,  Leavens,  J.  L.  Love,  McDonnell, 
McMackin,  MacDuffee,  J.  B.  Maclean,  MacNeish,  Mathews,  H.  E. 
Mitchell,  Moir,  Frank  Morley,  Mullina,  Northcott,  Oglesby,  Osgood, 
Pfeiffer,  Post,  Press,  Reddick,  Reid,  B.  G.  D.  Richardson,  Ritt,  Ruger, 
Safford,  Seely,  P.  F.  Smith,  Sosnow,  Strong,  Stuenn,  Tanoue,  J.  8.  Thomp- 
BOD,  Wedderbum,  Weianer,  M.  E.  Wells,  H.  S.  White,  R.  G.  Wood,  J.  W. 

Thirty-five  persons  were  elected  to  membership  by  the 
Council  at  this  meeting  as  follows: 
Dr.  Anne  Date  Biddle  Andrews,  University  of  California; 
Professor  Lloyd  Collier  B^by,  Ottawa  University; 
Professor  Apolinario  Baltazar,  University  of  the  Pliilippines; 
Dr.  John  Douglas  Barter,  University  of  California; 
Mr.  John  Biggerstaff,  Reed  Collie; 
Professor  Augustus  Bogard,  College  of  St.  Teresa; 
Mr.  Garland  Baird  Briggs,  University  of  Virginia; 
Professor  Frank  K.  Burcham,  Central  College; 
Professor  William  Russell  Burwell,  University  of  Tennessee; 
^  Mr.  Jos£  Caminero,  Havana; 
Mr.  Wendell  Morris  Coates,  Univeraity  of  Michigan; 
Professor  Harold  Athelstane  Fales,  Columbia  University; 
Professor  Maurice  Frtchet,  University  of  Strasbou^; 
Mr.  Carl  Arshsg  Garabedion,  Harvard  University; 
Mis.  Eleanor  Growe,  University  of  Cslifomia; 
Professor  Napoleon  Bonaparte  Heller,  Temple  University; 
Professor  Frank  Ketso  Hyatt,  Pennsylvania  Military  CoUege; 
Professor  Jesse  Bythwood  Jackson,  University  of  South  Carolina; 
Professor  Miles  Abdel  Keasey,  Drexel  Institute; 
Professor  Joseph  Patrick  Kelly,  Boston  College; 
Mr.  Arthur  Louis  Klein,  California  Institute  of  Technology; 
Dr.  Sophia  Haiel  Levy,  University  of  California; 


ovGoogIc 


234  AMEBICAN  MATHEMATICAL  SOCIETY  [JuiW, 

Mr.  David  A.  Lunden,  Cooper  Union; 
Profeswr  Diuuel  Joaeph  Lynch,  Bostoo  CoU^e; 
Professor  James  Thomas  McCormick,  Boaton  College; 
Piofeasor  Patrick  Joseph  McHugh,  Boston  College; 
Professor  Pius  Stephen  Pretc,  St.  Benedict's  College; 
Miss  Constance  Rummons,  University  of  Nebraska; 
Professor  Paul  Gerhard  Schmidt,  St.  Olaf  College; 
Professor  William  Henry  Schuerman,  Vanderbilt  University; 
Dr.  Charles  Donald  Shane,  University  of  California; 
I^fessor  George  Waddel  Snedecor,  Iowa  State  College; 
Miss  Elixabcth  Webb  Wilson,  Washington,  D.  C; 
Mr.  Bing  Chin  Wong,  University  of  California; 
Professor  Fiank  George  Wren,  Tufts  College. 

The  Secretary  also  announced  the  election  to  membership, 
on  January  16  (by  special  provision  of  the  Council,  under 
the  suspension  of  By-Law  I),  of  the  following  twenty-seven 
persons : 

Mr.  Rodney  Whittemore  Babcock,  University  of  Wisconsin; 
Mr.  Raymond  Walter  Barnard,  University  of  Michigan; 
Professor  Lawrence  Henry  Bowen,  Furman  University; 
Mr.  Martin  Allen  Brumbaugh,  University  of  Pennsylvania; 
Miss  Elisabeth  Carlson,  University  of  Minnesota; 
Professor  Henry  Clyde  Carver,  University  of  Michigan; 
Miss  Margaret  Francis  Chapman,  Milwaukee  State  Normal  School; 
Professor  Eart  Church,  Pennsylvania  Military  College; 
Professor  Charles  Neblett  Dickinson,  Holtins  College; 
President  Frances  Augustine  Driacoll,  Villanova  College; 
Dean  Robert  Ryhtnd  Fleet,  William  Jewell  College; 
Mr.  WillisJn  Rogers  Herod,  General  Electric  Company,  Schenectady; 
Mr.  Hemphill  Hoaford,  Southern  Methodist  University; 
Professor   George    Harold  Jamison,   Misaouri   State   Teachers   College, 

Kirksville; 
Mr.  Bradford  Fisher  Kimball,  Harvard  University; 
Professor  Paul  Victor  Levain,  Holy  Cross  College; 
Mr.  James  Lee  Love,  Gastonia  Cotton  Manufacturing  Company; 
Professor  Ross  W.  Marriott,  Swarthmore  College; 
Professor  Ernest  Alanson  Pattengill,  Iowa  State  College; 
Professor  WiUiam  Richard  Ransom,  Tufts  College; 
Miss  Margaret  A.  Shelley,  College  of  St.  Catherine; 
Professor  Hugo  Ferdinand  Sloctemyer,  St.  Louis  University; 
Mr.  Sinclair  Smith,  California  Institute  of  Technology; 
Professor  Arthur  Dodd  Snyder,  Union  College; 
Professor  Frederick  Joseph  Taylor,  College  of  St.  Thomas; 
Mr.  Wilmer  Nichols  Thompson,  Dnuy  College; 
Professor  Dudley  Weldon  Woodard,  Howard  University, 

At  the  meeting  of  the  Council,  a  letter  was  read  from  Pro- 
fessor E.  V.  Huntington  reporting  that  an  anonymous  donor 
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had  offered  to  give  the  sum  of  $4,000  to  print  an  additional 
volume  of  the  Transactions  in  1922;  the  Council  accepted 
the  offer,  with  thanks  to  the  donor  and  the  intermediary. 
The  Society  also  adopted  a  resolution  of  thanks  for  this  very 
generous  gift  when  it  was  announced  by  the  Secretary  at  the 
morning  session. 

The  Council  appointed  a  committee  consisting  of  Professors 
P.  F.  Smith  (chairman),  Ebenhart,  and  Hedrick,  with  power 
to  arrange  for  the  printing  of  the  Society's  publications;  this 
committee  was  in  particular  authorized  to  proceed  with  the 
immediate  publication  of  the  additional  volume  of  the  Trans- 
actions. 

Professor  C.  N.  Raskins  was  elected  to  succeed  Professor 
L.  E.  Dickson  as  representative  of  the  Society  on  the  National 
Research  Council  for  a  period  of  three  years  beginning  July  1, 
1922. 

On  recommendation  of  the  Council,  the  Society  voted  to 
extend  the  suspension  of  By-Law  I  until  the  end  of  April, 
and  also  to  adopt  the  following  substitute  for  Section  3  of 
By-Law  II: 

"Any  member  not  in  arrears  of  dues  may  become  a  life 
member  on  the  payment  of  a  sum  to  be  determined  in  accord- 
ance with  the  principle  that  the  life  membership  be  regarded 
as  the  present  worth  of  a  life  annuity  due  of  a  yearly  payment 
equal  to  the  net  value  of  the  annual  dues,  the  annuity  to  be 
based  on  McClintock's  4  per  cent  Tables  for  AnnuitatUs 
{Male  Lives)." 

Professor  H.  B.  Fine  presided  at  the  morning  session, 
relieved  in  the  afternoon  by  Professors  C.  N.  Haskins  and 
H.  S.  White,  The  afternoon  session  was  especially  marked 
by  a  paper  read,  at  the  request  of  the  programme  committee, 
by  Professor  J.  L.  Coolidge,  on  The  basis  of  maiheviaiical 
yrobability.  A  number  of  members  of  the  Actuarial  Society 
were  present,  by  invitation,  to  hear  this  paper. 

Titles  and  abstracts  of  the  papers  read  at  (his  meeting 
follow  below.  Mr.  Langer's  paper  was  read  by  Professor 
Birkhoff,  and  Professor  Schwatt's  two  papers  by  Professcff 
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H.  H.  Mitchell.  The  papers  of  Professor  Kellogg,  Dr.  Walsh, 
and  Professors  Emcb,  Morenus,  and  Hollcroft  were  read  by 
title. 

1.  Professors  G.  D.  Birkhoff  and  O.  D.  Kellogg:  Invariant 
points  in  function  space. 

In  this  paper,  the  authors  announce  some  of  their  results 
on  the  problem  communicated  to  the  Society  on  Dec.  30,  1920 
(this  Bulletin,  vol.  27  (1921),  p.  307).  The  existence  is 
established  of  invariant  pomts  in  a  region  of  Tt-space  which  13 
convex  toward  an  interior  point,  under  a  continuous,  one- 
valued  transformation  which  carries  points  of  the  region  into 
points  of  the  region;  also  of  the  inverses  of  points  on  the  hyi>er- 
sphere  in  n^pace  (n  odd)  with  respect  to  a  parametric  trans- 
formation containing  the  identity.  A  number  of  analogous 
theorems  are  thus  inferred  for  function  space,  first  by  a  method 
of  interpolation,  and  second,  by  a  transition  through  a  Hilbert 
space.  Some  theorems  on  linear  transformations  are  derived 
directly.  Applications  are  given  to  existence  theorems  for 
differential  equations  and  integral  equations,  non-linear  and 
linear.  Incidentally,  a  simple  proof  is  given  of  the  important 
theorem  that  the  general  algebraic  m-spread  in  n-space  is 
non-singular,  of  which  the  authors  have  not  found  a  demon- 
stration in  the  literature. 

2.  Professor  O.  D.  Kellogg:  A  propertp  cf  certain  functions 
whose  Sturmian  developments  do  not  terminate. 

In  this  note,  the  author  reports  the  generalization  to  de- 
velopments in  terms  of  solutions  of  differential  equations  of 
the  Sturm  type  of  a  result  previously  announced  for  Fouiier 
series  {see  this  Bulletin,  vol.  18  (1911),  p.  234).  A  theorem 
on  the  rate  of  growth  of  the  maximum  of  the  absolute  value 
of  the  nth  derivative  of  an  analytic  function,  on  a  circle  interior 
to  a  region  of  analj-ticity,  as  a  function  of  n,  is  also  given. 

3.  Professor  G.  D.  Birkhoff  and  Mr.  R.  E.  Langer:  Ths 
boundary  ■problems  and  developmenis  associated  with  a  system  cf 
ordinary  linear  differential  equations  of  the  first  order. 

This  paper  develops  the  theory  of  a  system  of  n  ordinary 
linear  differential  equations  of  the  first  order  containing  a  pa- 
rameter and  subject  to  certain  boundary  conditions;  the  nota- 
tion of  matrices  is  used.  The  major  portion  of  the  treatment  is 
devoted  to  the  vector  equation  7' (a:)  ■  =  {A(x)\+  B{x)\y{x)- 
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and  to  the  system  comprised  of  this  equation  and  linear  bound- 
ary conditions.  The  elements  of  ^(x)  and  B{x)  are  assumed 
to  be  differentiable,  and  X  is  a  complex  parameter.  The  as^'mp- 
totic  form  of  the  solutions  of  the  equation,  and  the  distribution 
of  the  characteristic  values  of  the  system  under  regular  and 
particular  irregular  conditions  are  obtained  if  the  roots 
7j(^)  (i  =  1>  2,  ■  ■  ■,  "■)  of  the  equation  |a,7(x)  —  Sayix)  |  =  0 
are  non-vanishing  and  distinct,  and  satisfy  the  condition 
^rg  {yjix)  —  7i(x)  j  =  Cij  (dj  a  constant).  Finally  the  formal 
development  of  a  vector  of  arbitrary  functions,  F(x)  ■ ,  into  a 
series  of  characteristic  functions  is  derived  and  is  proved  to 
converge  when  the  points  7,(x)  (j  =  1,  2,  ■  ■  ■,  n)  are  either 
constrained  to  lie  on  a  line  through  the  origin  of  the  complex 
plane  (in  particular  are  all  real),  or  form  the  vertices  of  & 
polygon  which,  as  x  varies,  at  most  expands  or  contracts 
about  the  origin.* 

This  paper  will  appear  in  the  Proceedings  of  the  Amer- 
ican Academy. 

4.  Mr.  R.  E,  Langer:  Developmenls  aaaociated  mtk  a  hounds 
ary  problem  jwt  linear  in  the  parameter. 

It  appears  that  the  ordinary  differential  equations  which 
have  heretofoie  been  used  as  sources  of  characteristic  functions 
in  expansion  problems  are  each  equivalent  to  a  system  of 
linear,  first  order  equations  of  the  tj-pe 

(1)  ?,(x)«.'(x)  =  i,(u)  +  \Mi{u)    a  =  1, 2,  ■  ■  ■,  k), 

where  jr,-  ^  0,  while  Z.,-  and  Mi  are  linear  expressions  in  Wi, 
•■■,«■,  if,  =  0  for  t  4=  1.  ^«  +  O.f  The  author  discusses 
in  this  papei  the  expansion  problem  which  results  from  choos- 
ing as  a  source  of  characteristic  functions  an  equation  which 
is  equivalent  to  a  system  of  type  (1)  in  which  j,-  s  0  for  t  +  n, 
?„  +  0,  J/i  ^  0  (i  =  1,  2,  ■  •  ■,  n).  The  equation  in  ques- 
tion with  boundary  conditions  is  P(X)u'{x)  =  Q{\,  x)u(x), 
u(a)  =  ku(b),  P(X)  and  Q{\,  x)  being  polynomials  in  X  which 
satisfy  certain  restrictions.  It  is  shown  that  the  character- 
istic values  of  the  system  cluster  about  certain  points,  and 
that  n  arbitrary  functions  may  be  formally  developed  with 
one  determination  of  coefficients  into  series.  These  develop- 
ments are  shown  to  reduce  under  certain  conditions  toFour- 

•  TBANBAcnoNB  OF  THiB  SociETT,  vol.  9  (1908),  pp.  373-395. 

t  See  a.  joint  paper  by  Frofesaor  Blrkhoff  and  the  author,  reported  at 
UuB  meeting,  where  a  aystem  in  which  p<  ^  0,  Mt^  0  (t  •-  1,  2,  '  •  -,  n), 
is  treated. 
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ier's  expansions  and  are  proved  in  every  case  (with    usual 
restrictions  on  /,(ar))  to  converge  like  Fourier's  series. 

5.  Professor  L.  P.  Eisenhart:  Ricei's  principal  directiota  for 
a  Rismann  apace  atid  the  Einstein  theory. 

In  1904  Ricci  developed  the  idea  of  principal  directions  in  a 
Riemann  space  of  n  dimensions.  In  doing  so  he  introduced 
the  contracted  curvature  tensor,  which  is  fundamental  in  the 
Einstein  theory,  and  thus  gave  a  geometrical  interpretation  to 
it.  The  principal  directions  are  those  for  which  the  mean 
curvatme  takes  maximum  and  minimum  values,  the  mean 
curvature  at  a  point  for  a  direction  h  being  the  sum  of  the 
Riemann  curvatures  for  the  n  —  I  directions  determined  by 
k  and  each  of  n  —  1  directions  oithogonal  to  ft.  The  present 
paper  points  out  that  a  space  in  which  the  principal  diiections 
are  completely  indeterminate  may  be  thought  of  as  possessing 
a  homogeneous  character.  Applying  these  considerations  to 
spaces  of  four  dimensions,  it  is  shown  that  the  three  types  of 
space  chosen  by  Einstein  in  1914,  1917  and  1919  as  spaces 
free  from  matter  are  of  this  homogeneous  character,  and 
include  all  types  of  such  spaces. 

6.  Dr.  Jesse  Douglas:  Normal  congruences  and  qvadmply 
infinite  families  of  curves. 

The  present  paper  deals  with  a  general  geometric  problem 
suggested  by  a  theorem  of  Thomson-Tait  and  a  converse 
theorem  of  E.  Kasner:  to  classify  quadruply  infinite  families 
of  curves  in  space,  y"  =  F(.x,  y,  z,  y',  z'),  z"  =  G(x,  y,  z,  y',  z'), 
with  respect  to  normal  congruences  contained  within  them. 
The  anaJysis  is  based  on  the  equations  of  variation  of  the 
differential  equations  of  the  family,  and  leads  to  an  infinite 
system  of  partial  differential  equations  of  the  Monge-AmpJre 
type.  The  infinite  system  of  equations  is  discussed  as  to  its 
complete  integrability,  resiiJting  in  the  following  classification 
of  families  of  ?o*  curves:  (1)  «>"  normal  congruences,  where  the 
infinitude  is  that  of  all  the  surfaces  of  space.  This  is  the  case 
of  the  theorems  of  Thomson-Tait  and  Kasner,  where  the  fam- 
ily is  of  the  "natural"  type.  (2)  «"  normal  congruences, 
where  the  infinite  exponent  represents  the  generality  of  two  ar- 
bitrary functions  of  one  argument.  (3)  oo  "  normal  congruences, 
,  where  the  infinite  exponent  corresponds  to  one  arbitrary  func- 
tion of  one  argument.  (4)  oo  *  normal  congruences.  (5)  <» '  nor- 
mal congruences.  (6)  No  normal  congruences,  or  a  finite  num- 
ber, or  an  infinite  number  (which  must  be  oo'or  «"),  but  all 
confined  to  a  triply  infinite  sub-family.   This  is  the  general  case. 
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7.  Dr.  T.  H.  Gronwail:  Qvaljiaiive  properties  qf  the  ballistic 
trajectory.     Secortd  paper. 

In  the  last  section  of  the  author's  first  paper  with  this 
title  (Ankais  of  Mathematics.  (2),  vol.  21  (1920),  pp.  44-65), 
it  is  shown  that  under  certain  very  broad  assumptions  on  the 
G-  and  H-functions,  the  velocity  of  the  projectQe  has  only  a 
finite  number  of  maxima  and  minima.  Tie  present  paper 
pves  further  information  regarding  the  existence  and  location 
of  these  extremes. 

8.  Dr.  T.  H.  Gronwail:  The  reflection  of  X-rays  in  a  finite 
number  of  equidistant  parallel  planes. 

In  the  Physical  Review  (May,  1921),  Dr.  Lamson  has 
solved  the  corresponding,  and  simpler,  problem  for  an  infinite 
number  of  planes.  The  present  paper  reduces  the  problem 
for  a  finite  number  of  planes  to  a  non-linear  difference  equation 
of  the  second  order,  the  solution  of  which  is  obtained  alge- 
braically. 

9.  Professor  J.  L.  Coolidge :  The  basis  of  nuUhematiad  proba- 
bility. 

Certain  historical  and  phUosophic  aspects  of  the  mathe- 
matical foundations  of  the  theory  of  probability  were  presented 
in  this  paper,  which  was  read  at  the  request  of  the  programme 
committee. 

10.  Professor  E.  V.  Huntington:  On  the  Alabama  paradox 
in  the  problem  c^  apportionment. 

If  the  problem  of  apportionment  is  regarded  as  a  problem 
in  minimizing  some  form  of  total  error,  there  are  80  or  more 
summation  formulas  to  be  considered.  (See,  for  example, 
the  writer's  paper  presented  at  the  Wellesley  meeting,  Sep- 
tember, 1921;  this  Bulletin,  vol.  28  (1922),  p.  15.)  Two  of 
these  formulas  are  known  to  lead  to  the  method  of  major 
fractions,  and  two  to  the  method  of  equal  proportions.  It  is 
here  shown  that  all  the  other  known  summation  formulas 
lead  to  the  Alabama  paradox,  that  is,  an  increase  in  the  total 
size  of  the  House  may  involve  a  decrease  in  the  representation 
of  one  of  the  states. 

(On  the  general  problem  of  apportionment,  see  papers  in 
the  Quarterly  Publication  of  the  American  Statistical 
Association,  September  1921,  and  December,  1921.) 
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11.  R^fessor  E,  V.  Huntington:  On  the  d'Rondt  method  qf 
apportionment,  ajid  tit  counterpart. 

If  the  problem  of  apportionment  is  regarded  as  a  problem 
in  minimizing  the  inequality  between  every  state  and  every 
other  state,  there  are  five  different  comparison  formulas  to  be 
considered,  leading  to  five  distinct  methods  of  apportionment, 
The  "amount  by  which  the  population  of  the  over-populated 
state  must  be  reduced  to  bring  it  down  to  parity  with  the 
other  state,"  taken  in  the  sense  of  absolute  differences,  is 
shown  to  lead  to  the  d'Hondt  method.  The  "amount  by 
which  the  population  of  the  under- populated  state  must  t« 
increased  to  bring  it  up  to  parity  with  the  other  state,"  taken 
in  the  sense  of  absolute  differences,  is  shown  to  lead  to  the 
contra -d'Hondt  method,  a  new  method  which  favors  the  small 
states  extremely,  just  as  the  d'Hondt  method  favors  the  large 
states  extremely.  But  each  of  these  tests,  if  taken  in  the 
sense  of  relative  differences,  leads  to  the  method  of  equal 
proportions. 

12.  Dr.  G,  A.  Pfeiffer:  Theorems  on  sequeneee  of  sets  of 
points. 

The  first  theorem  of  this  paper  is  the  following:  If  the  sum 
of  the  sequence  of  sets  of  points,  \A„],  is  compact  in  a  metric 
space,  then  there  exists  a  subsequence  of  {^„|  whose  lower 
closed  limit*  set  is  identical  with  its  upper  closed  limit  set 
and  is  between  the  upper  and  lower  closed  limit  sets  of  the 
given  sequence.  An  obvious  modification  of  the  definitions 
and  proof  of  this  theorem  gives  an  analogous  theorem  for 
sets  of  point  sets.  Essential  use  is  made  of  the  above  theorem 
in  proving  the  following  theorems:  (1)  If  the  sum  of  a  se- 
quence of  connected  sets  of  diameter  ^  £  is  compact  in  a 
metric  space,  then  the  lower  closed  I'mit  set  of  the  sequence 
is  contained  in  a  closed  connected  set  (a  continuum)  which 
has  a  diameter  ^  5  and  which  is  contained  in  the  upper  closed 
limit  set  of  the  sequence.  (2)  If  the  sum  of  a  sequence  of 
continua  [An]  is  compact  in  a  metric  space  and  if  A^  and 
A«+j  have  a  point  in  common  and  ^S„,  where  £„  is  the  diameter 
of  A„,  is  convergent,  then  the  closed  limit  set  of  (^„!  contains 
one  and  only  one  point. 

*  Loner  (upper)  closed  limit  set  ■  untere  (obere)  abgeschlosaene  Limes. 
See  HausdorS,  OrundeUge  der  Mengerdehre,  p.  236, 
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13.  Professor  C.  A.  Fischer:  The  Fredholm  theory  of  Stieitjes 
integral  e^uationa. 

A  large  part  of  the  Fredhobn  theory  has  been  developed 
foi  the  equation  fix)  =  fix)  —  J'a''</>iy)dsKix,  y),  by  F.  Rieaz, 
where  the  integral  defines  a  completely  continuous  transforma- 
tion, without  making  use  of  the  Fredholm  determinant.  In 
a  previous  paper  Professor  Fischer  has  found  necessary  and 
sufficient  conditions  which  K{x,  y)  must  satisfy,  in  order  that 
the  transformation  be  completely  continuous.  In  the  present 
paper,  modified  definitions  of  Stieltjes  integrals  are  given,  and 
a  set  of  conditions  for  Kix,  y)  is  found,  under  which  the 
Fredholm  determinant  is  defined  for  the  above  equation,  and 
the  classical  Fredholm  theory  is  applied  directly.  This  theory 
neither  includes,  nor  is  included  by,  the  Riesz  theory, 

14.  Dr.  J.  L.  Walsh ;  A  closed  set  of  norma/  orthogonal  func- 
tion. 

This  paper  presents  a  simple  example  of  a  closed  normal 
orthogonal  set  of  functions  on  the  interval  (0,  1).  Each 
function  takes  on  no  value  other  than  +  I  or  —  1,  except  at 
a  finite  number  of  points;  the  nth  function  has  precisely 
ft  +  1  zeros  (that  is,  sign-changes)  in  the  interior  of  the  inter- 
val ;  and  a  large  class  of  arbitrary  functions  can  be  expanded 
in  terms  of  these  functions.  The  set  is  somewhat  analogous 
to  one  considered  by  Haar,  but  has  properties  more  closely 
allied  to  those  of  the  more  familiar  sets  of  orthogonal  functions. 

15.  Professor  Arnold  Emch:  Kinematics  in  a  complex  plane 
and  some  geometric  applications. 

This  paper  appears  in  this  number  of  this  Bulletin. 

16.  Professor  J.  F.  Ritt:  On  functions  unth  iTUegrals  of 
elCTnentary  character. 

Let  10  be  an  integral  of  any  algebraic  function  of  z.  It  is 
a  result  of  Liouville's  that  if  w  can  be  expressed  in  terms  of 
elementary  functions,  then 

(1)  w  =  ao  +  cihg  ai+  clog  ai  +  ■•■  +  c„  log  a„, 
where  each  a  is  an  algebraic  function  and  each  c  a  constant. 
The  present  paper  gives  an  extension  of  Liouville's  result. 
It  is  shown  that  if  lo  is  a  solution  of  an  elementary  transcen- 
dental equation,  then  w  is  of  the  form  (I).  It  follows  that  no 
elliptic  function  is  a  solution  of  an  elementary  transcendental 
equation.  The  same  fact  can  be  proved  with  respect  to  the 
integral  logarithm  and  to  many  other  transcendental  functions. 
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17.  Professor  Eugenie  M.  Morenus:  Geometric  propertiea  of 
the  syatem  of  all  the  curves  cf  constant  presaure  in  a  plane  field 
of  force. 

The  problem  here  considered  is:  In  a  plane  field  of  force, 
to  find  smooth  curves  along  which  a  constrained  motion  is 
possible  such  that  the  pressure  of  a  moving  particle  against 
the  curve  shall  remain  constant.  For  one  requJied  constant 
pressure  c  there  are  «j»  such  curves  in  the  plane.  The  triply 
infinite  system  Sc  has  four  geometrical  properties  which  are 
shown  to  be  sufficient  to  identify  a  set  of  <»■  curves  as  curves 
of  constant  pressure  in  a  field  of  force.  The  quadruply 
infinite  set  of  curves  obtained  by  employing  all  possible  values 
of  c  has  eight  geometrical  properties  which  are  sufficient  to 
characterize  completely  a  set  of  <x>*  curves  as  curves  of  con- 
stant pressure.  Eight  additional  properties  of  the  quadruply 
infinite  set  are  demonstrated. 

18.  Professor  W.  C.  Graustein:  Spherical  repreeentaHon  c^ 
conjugate  systems  and  asymptotic  lines. 

It  is  well  known  that  a  system  of  curves  on  the  Gauss  sphere 
represents  a  conjugate  system  of  curves  on  each  of  infinitely 
many  surfaces.  It  is  here  shown  that,  if  the  ratio  of  the  radii 
of  normal  curvature  in  the  conjugate  directions  is  prescribed 
subject  to  a  certain  condition,  one  of  the  required  surfaces  is 
determined  to  within  its  bomothetics.  The  general  result  is 
peculiarly  adaptable  to  the  important  special  cases  of  conjugate 
systems  which  have  equal  point  or  equal  plane  invariants  or 
are  isothermal-conjugate.  It  also  lends  itself  readily  to  the 
treatment  of  lines  of  curvature.  By  similar  methods  applied 
to  asymptotic  lines  a  generalization  of  the  theorem  of  Dini, 
giving  the  condition  under  which  a  system  of  curves  on  the 
sphere  is  the  spherical  representation  of  the  asymptotic  lines 
on  a  surface,  is  obtained.  The  paper  will  appear  in  the 
Annals  of  Mathematics. 

19.  Mr.  Charles  Manneback:  The  distrihviion  of  current 
in  a  long  cylindrical  conductor. 

The  problem  of  determining  the  distribution  of  density  of 
an  alternating  current  in  a  cylindrical  conductor  under  the 
influence  of  a  remote  return  parallel  wire  leads  to  the  well 
known  partial  differential  equations  of  Laplace  and  Foisson, 
with  boundary  conditions.  The  solution  of  the  problem  has 
not  received  hitherto  a  satisfactory  answer.    In  the  present 
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paper  the  equivalent  integral  equation 

i(r,e)  -  ^  log  I  +  ^  fSf  (P,*)  log  \  dS  (p,*) 

is  set  up  and  the  followiug  solution,  which  is  a  uniformly 
convergent  aeries,* 

is  derived.     Several  related  problems  are  also  treated.     The 
method  appears  capable  of  quite  wide  application. 

20.  Mr.  A.  Press:  Operational  solution  of  equations  cf  nth 
degree. 

An  equation  of  the  form/(y)  =  a  can  be  solved  operationally 
if  a  mathematical  operator/"'  can  be  found  such  that  operating 
on  both  sides  of  the  equation  gives  /"'-/(y)  =  f~^(a)  =  y; 
/"'  is  the  inverse  functional  form  of  /.  The  operator  multi' 
plication  {X)  of  ordinary  algebra  provides  the  basis  of  the 
required  functional  fonn  with  the  understanding  that 
X^-y  =  f{y)  =  1/".  The  /  in  an  equation  of  the  nth  degiee 
then  takes  the  form  /  =  o^.Z"  +  a^iX"^^  +  .  - .  =  Za^X"". 
The  corresponding  inverse  of  /  is  assumed  of  the  form 
/"'  =  ZapX"  which  may  be  an  ascending  or  descending  series 
of  implied  multiplications  or  roots.  By  developing  the  corre- 
sponding algebra  of  the  multiplication  X  as  an  operator  either  - 
the  inversion  of  series  is  accomplished  or  the  form  of  resolution 
first  obtained  by  McCIintock.  The  operational  developments 
in  ascending  form  give  the  real  roots  and  in  descending  form 
the  complex  roots.  The  algebra  b  particularly  valuable  in 
determining  the  complex  roots  of  Heaviside's  determinantal 
equations. 

21.  Professor  T.  R.  Hollcroft:   Maximal  cuspidal  curves. 

A  maximal  cuspidal  curve  is  an  algebraic  plane  curve  which 
has  the  greatest  number  of  cusps  possible  for  a  given  order  n 
and  genus  p  ^l{n—  2}{n  —  3).  For  p  >  i(n  —  2)(n  —  3) 
all  the  double  points  may  be  cusps  so  there  is  no  limit  to  the 
number  of  cusps  except  the  genus.     First,  formulas  are  found 

'  T,  e  and  p,  *  =  polar  coordinates  of  points  o[  the  conductor's  cross- 
section;  /  —  total  return  current;  i  =  density  of  induced  current  in  the 
conductor;  a  =  radius  of  the  conductor;  S  =  distance  between  centers 
of  the  parallel  wires;  D  ••  distance  between  the  return  wire  and  point 
r,  8;  d  •-  distance  between  points  r,  8  and  p,  ^i;  dS  =  element  of  the 
conductor's  croes-eection  area;  a  —  a  complex  quantity  of  argument  t/4. 
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giviDg  the  singularities  of  maximal  cuspidal  curves  from  genus 
0  to  po,  the  genus  of  the  curve  of  lowest  genus  of  the  minimum 
class  triQ,  and  the  number  of  curves  of  class  mo  (which  are 
always  maximal  cuspidal  curves)  and  their  singularities. 
Next,  beginning  with  the  self-dual  maximal  cuspidal  curves, 
formulas  are  derived  giving  the  number  of  maximal  cuspidal 
curves  for  each  class  from  n  down  to  jtid.  From  these  the 
maximum  and  minimum  genus  of  each  class  is  found,  thence 
an  inequality  giving  the  class  of  any  maximal  cuspidal  curve 
of  given  order  and  genus  p  >  po,  and  from  this  an  inequal- 
ity giving  the  maximum  number  of  cusps  for  any  alge- 
braic curve  of  given  order  and  genus  p  >  po.  Using  this 
inequality  together  with  the  one  found  for  p  S  po,  we  have 
the  following:  The  maximum  number  of  cusps  for  any  alge- 
braic plane  curve  of  order  n  and  genus  p  S  |(»  —  2)(n  —  3) 
is  given  by  the  greatest  integer  k  satisfying  the  smaller  of  these 
two  inequalities  when  both  are  real  or  the  first  when  the  second 
is  imaginary:  (1)  fe  g  ^(n.  -  2)  -f  3p;  (2)  k^2{n  +  p) 
-§(11 -I-  V24p-8»+25). 

22.  Professor  I.  J.  Schwatt:  Method  for  the  3epar<Uion  into 
partial  fractions  of  powers  of  trigonometric  fundions. 

The  separation  into  partial  fractions  of  tan""  x,  ctn"  x,  sec"  x 
and  esc"  x  depends  on  the  evaluation  of  expressions  like 

/ ,  2a:        X"  2rt  +  1 

V^(2i;TW^)    **°'''^'  a:=T— 2"'= 

(  ^y  ctn''a;,  a:  =  T  nr;  etc. 

nx) 

The  methods  devised  and  the  results  obtained  in  this  paper 
are  believed  to  be  new. 

23.  Professor  I.  J.  Schwatt:  The  expansion  <^  the  continued 
product  n  (a:  +  k). 

The  methods  developed  in  the  preceding  paper  have  enabled 
the  author  to  obtain  the  general  term  of  the  expansion  of  the 
continued  product  II  (a:  +  k), 

R.   G.  RiCHABDSON, 

Secretary 
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A  PROPERTY  OF  CONTINUITY' 

BT  D.  C.  aiLLBSPIB 

If  ^  and  t)  are  two  points  of  the  interval  (a,  b)  in  which  the 
function  f(x)  is  continuous,  then  the  function  takes  on  all 
values  between  f{Q  and  firj)  as  x  changes  from  f  to  17.  This 
property,  which  we  shall  designate  by  (A),  is  common  to  all 
continuous  functions,  but  it  is  possessed  also  by  other  func- 
tions. It  was  shown,  for  example,  by  Darbouxf  that  all 
derived  functions  possess  property  (A),  and  it  was  pointed 
out  by  Lebesguet  that  still  other  functions  which  are  neither 
continuous  nor  derived  ^ave  the  property, 

The  present  note  is  concerned  with  functions  having  prop- 
erty (A).  The  character  of  the  discontinuities  that  such  a 
function  may  have  is  shown.  Additional  conditions  which 
are  sufficient  to  insure  that  the  functions  be  continuous  or 
continuous  and  monotone  follow.  A  theorem  staling  that 
when  all  the  discontinuities  of  a  function  are  of  a  certain  kind 
it  has  property  (A)  is  proved,  and  a  function  having  property 
(A)  and  having  its  set  of  points  of  continuity  and  its  set  of 
points  of  discontinuity  each  everywhere-dense  is  constructed. 

If  c  is  a  ■point  of  discontinuity  of  a  function  f{x)  having 
■property  (A),  then  in  any  intenxd  abovt  c  the  function  takes  on 
all  wUitea  beticeen  its  inaximum^  and  minimum  at  c.  If  f{x) 
is  unbounded,  for  example  from  above,  in  the  neighborhood  of 
c,  the  function  could  have  no  maximum  at  c,  in  which  case, 
obviously,  f(x)  would  have,  in  any  interval  about  c,  all  values 
greater  than  its  minimum  at  c. 

As  an  immediate  consequence  of  the  character  of  the  dis- 
continuilies  of  a  function  having  property  {A),  it  follows  that 
such  a  function  wiU  be  continuous  unless  the  set  of  valiics  U 
assuToes  an  infinite  nu^mher  of  times  fills  at  least  one  inierval. 
The  converse  of  this  statement  is  not  true.    An  examination 

*  Freseoted  to  the  Society,  Sept.  7, 1920. 

t  AxujlUK  db  l'Ecolb  normaui  (2),  vol.  4  (1876),  pp.  109,  110. 
X  Lefon*  tur  I'IntigratUtn,  p.  92. 

S  Hobaon,  Theory  of  Funetumt  of  a  Real  VariabU,  p.  234,  for  definition 
of  iriHgiiniiiii  and  m'n't'ni'"  of  a  function  at  a  point. 
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of  the  Weieretrass  non-differentiable  coDtinuous  fuDction  re- 
veals the  fact  that  it  takes  on  each  value  between  its  value  at 
0  and  its  value  at  1  an  infinite  number  of  times  for  values 
of  the  variable  in  the  interval  (0,  1). 

If  then  a  function  having  ■property  {A)  takes  on  no  value  more 
than  once,  it  is  cotUinuoua  and  hence  alio  monotone.  This  idea 
is  capable  of  a  slight  extension  and  then  comes  to  an  abrupt 
end.  Since  a  function  having  property  (A)  and  taking  on  do 
value  an  infinite  number  of  times  is  continuous,  we  shall  state 
the  extension  for  continuous  functions. 

Iff{x),  cotUinuoua  in  {a,  b),  asrumes  no  value  more  than  twice, 
it  ia  possible  to  divide  the  interval  into  three  parts  in  each  of  v^hich 
fix)  is  monotone. 

It  will  be  convenient  to  consider  two  cases: 

(1)  /(a)  =  fib), 

(2) /(a)  +/(6). 

In  case  (1),  fix)  must  have  either  its  greatest  or  its  least 
value  at  a  point  {  within  (o,  6).*  In  each  of  the  intervals 
(a,  f)  and  (J,  b)  the  function  takes  on  ever^  value  between 
fia)  =  f{b)  and  /(^  one  and  therefore  only  one  time,  hence 
in  each  of  these  intervals /(a:)  is  monotone. 

In  case  (2)  assume /(o)  <f{b).  Suppose  now/{i)  has  its 
least  value  at  a  point  {  and  its  greatest  value  at  a  point  i;, 
where  |  and  tj  are,  of  course,  not  necessarily  distinct  from  a 
and  b.*  It  follows  from  the  assumption  fia)  <  f{b)  that 
{  <  I),  for  if  1}  were  less  than  £,  the  function  would  have  the 
value  fib),  for  example,  once  in  the  interval  (a,  ij),  once  in 
the  interval  (ij,  J)  and  at  b.  In  the  interval  (o,  f)  the  function, 
has  its  least  value  at  |  and  it  must  have  its  greatest  value  at  a, 
since,  if  the  function  were  greater  than  or  equal  to/(o)  within 
(a,  J),  it  would  assume  the  value /(a)  at  least  three  times: 
once  in  the  interval  (J,  ij),  once  within  (o,  f)  and  at  a.  This 
function  having  in  the  interval  (a,  £)  its  greatest  value 
at  a  and  its  least  value  at  |,  can  take  on  no  value  two  times  in 
(a,  f).  For  suppose  the  function  has  the  value  M  at  two 
points  pi  and  pi  within  (o,  {),  then,  unless  fix)  =  M  has  a 

•  llf{x)  have  an  extreme  value  at  o  or  h,  take  f  -  a  or  ij  —  6. 
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root  within  (pi,  pj),  either  /(ar)  >  Jf  f or  ail  points  within 
(pi,  Pi)  and  /(x)  has  all  values  between  M  and  its  greatest 
value  in  (pi,  pi)  at  least  twice  in  the  interval  (pi,  ps)  and  once 
in  the  interval  (a,  pi);  or  fix)  <  3f  for  all  points  within 
(pi,  Pt)  and  f(x)  has  all  values  between  M  and  its  smallest 
value  in  (pi,  pi)  at  least  twice  in  (pi,  pi)  and  once  in  (pj,  f). 
The  function  then  has  each  value  between  /(a)  and  /({)  one 
and  only  one  time  in  (a,  £)  and  is  therefore  monotone.  In  the 
same  way  one  shows  that  f{x)  is  monotone  in  ((,  if)  and  (rj,  b), 
the  extreme  values  of  the  function  for  the  intervals  occurring 
at  the  end-points  of  the  intervals. 

If  we  assume  that  f(x)  takes  on  no  value  more  than  three 
times  and  that  /(a)  =  f(b),  a  similar  argument  will  show  that 
the  interval  may  be  divided  into  three  parts  in  each  of  which 
the  function  is  monotone. 

This  idea  is  capable  of  no  further  extension,  since  a  continu- 
ous function  may  take  on  no  value  more  than  three  times  in 
an  interval  and  yet  be  such  that  it  is  impossible  to  divide  the 
interval  into  a  finite  number  of  parts  in  which  the  function  is 
monotone.    This  statement  is  verified  by  the  example : 

fix)  =  WX+  3^  sin  (ir/x)  for  0  <  a:  S  1, 

/(O)  =  0. 
The  function  has  proper  maximum  points  at  1/2,  1/4,  1/6,  ■  ■  ■ 
and  proper  minimum  points  at  the  roots  of  the  equation 
tan  {irl2x)  =  —  {2xI-k),  which  occur  in  the  intervals  (1/2,  1), 
(1/4,  1/3),  (1/6,  1/5),  etc.  In  the  interval  tl/(2«+l), 
1/(2ti  —  1)]  the  function  has  one  maximum  point  and  one 
minimum  point,  hence  takes  on  no  value  more  than  three 
times  in  this  interval.     Moreover, 


1        ^     ^       1 
2n  +  1  =  *  =■  2»  -  1 ' 
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We  have  shown  that  a  function  having  property  (A)  assumes 
in  any  interval  about  a  point  of  discontinuity  every  value  be- 
tween Its  maximum  and  minimum  at  this  point.  The  converse 
of  this  is  not  true;  for  example,  f{x)  =  1  +  i  +  sin  (t/i)  for 
0  <  X  S  1,  /(O)  =  1  and  /(i)  =  *  for  -  1  ^  x  <  0  has  at 
zero  its  only  discontinuity.  In  every  interval  about  zero 
it  assumes  every  value  between  0,  its  minimum  at  0,  and  2, 
its  maximum  at  0,  and  although /(—  1)  =  —  1  and /(I)  =  2, 
fix)  =  0  has  no  root  in  (—  1,  1).  It  b  to  be  observed  that  the 
values  between  0  and  2  are  not  assumed  by  the  function  tn 
any  inUnal  whose  upper  end-pomt  is  0. 

Theorem.  If  a  function  f{x)  at  every  ■point  of  discontinuity 
c  takes  on  aU  values  between  iis  maximum  aTid  minimum  at  e 
in  every  itiierval  cf  which  cis  an  end-point,  then  the  function  has 
property  (A). 

Suppose  (i  and  rti,  £i  <  tji,  are  two  points  of  the  interval 
(a,  b)  in  which  /(x)  is  defined,  and  that  /(fi)  <  3f  <  /(m); 
we  shall  show  that  /(z)  =  M  has  a  root  between  f  i  and  171. 
Consider  the  set  of  points  in  (|i,  171)  at  which  fix)  >  M  and 
take  the  lower  limit  pi  of  this  set.  If  pi  =  £1,  then,  since  £1 
is  the  lower  limit  of  a  set  of  points  at  which  f{x)  >  M,  the 
maximum  otf(x)  at  ^1  is  not  less  than  M.  If  this  maximum 
of  fix)  at  £1  is  greater  than  M,  then  /(x)  =  M  has  a  root  in 
every  interval  of  whiidi  £1  is  an  end-point.  If  pi  >  fi,  then 
there  is  no  point  within  (£1,  pi)  forwhich/(x)  >  M,  hence  the 
maximum  of  fix)  at  pi  is  M.  In  any  case,  whether  pi  is  equal 
to  f  1  or  greater  than  £1,  the  equation  /(x)  =  M  either  has  a 
root  in  (£1,  iji)  or  /(pi)  <  M  and  the  maximum  of  fix)  at  pi 
is  M.  Suppose  M  —  f(pi)  =  t;  now  choose  a  positive 
5  <  t(li  -  Pi)/2]  and  such  that/(x)  <  Jf  -f-  e/2  in  the  inter- 
val (pi,  pi  +  S)-  Within  this  interval  there  is  a  point  1)3 
at  which  firfi)  >  M.  Now  it  may  be  established  likewise 
that  either /(x)  =  M  has  a  root  in  (pi,  iji)  or  there  exists  at  the 
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upper  end  of  (pu  Vt)  &  subinterval  (^i,  tij)  such  that  /((t)  <  M 
aadfix)  >  M  ~  Ce/2).    Thus  in  the  interval  (fi.  >?») 

\f{x)-M\<tl2. 

Continuing  this  process,  we  obtain  a  sequence  of  intervals 
(in,  Vn)  each  lying  within  the  preceding  one  and  of  length 
less  than  {rn  -  f i)/2»-'  for  which  /({„)  <  M,  /(»(_)  >  if, 
|/{a:)  —  M\<  </2"~'  for  x  in  (f„,  ij„).  Hence  at  the  one 
point  p  common  to  this  set  of  intervals  /(p)  =  M. 

It  will  require  only  obvious  changes  in  the  preceding  argu- 
ment to  prove  a  more  general  theorem*.  Using  the  four  sym- 
bols 7(c-|-  O),f{c  +  0),f(c  -  0)  and/(c  -  0)  to  designate  the 
upper  and  lower  limitst  of /(a:)  to  the  right  and  left  of  c  respec- 
tively, this  theorem  may  be  stated : 

If  at  every  point  of  discontinuiiy  c  qf  f{x),  /(c  +  o)  =  /(c) 
=  /(c  +  0), /(c  -  0)  ^  /('^L^  /(c  "  0)  and  f{x)  takes  on  every 
value  between  /(c  +  0)  and  f{c  +  0)  in  every  interval  whose  left 
end-point  it  c  and  every  value  between  f{c  —  0)and  /  (c  —  0)  in 
every  interval  whose  right  end-point  w  c,  then  f{x)  has  property 
(A). 

The  conditions  thus  imposed  upon/(ar)  are  not  only  sufficient 
but  also  clearly  necessary  for  the  existence  of  property  (A). 

As  illustrations  of  functions  having  property  (A)  we  have 
on  the  one  hand  continuous  function  or  certain  functions  with 
a  finite  number  of  discontinuities,  and  on  the  other  hand  totally 
discontinuous  functions.^ 

The  following  function  §  defined  by  a  uniformly  convergent 
series  has  property  (A)  and  has  its  set  of  points  of  continuity 
and  its  set  of  points  of  discontinuity  each  everywhere-dense:  |[ 


/Wll=.|;^j(»-r.). 


*  E.  R.  Hedrick  pointed  out  to  me  that  the  argumeDt  really  proved  this 
more  general  theorem. 

t  Hobson,  loc.  cit.,  p.  231. 

X  Lebesgue,  loc.  cit.,  p.  90. 

i  Pierpont,  Theory  of  Functions  of  a  Real  VariabU,  Vol.  II,  p.  463,  Ex.  1. 

II  W.  A.  HurwitE  au(Kested  the  probability  of  the  function  defined 
poaocooing  the  properties  enumerated.  The  present  note  grew  out  of  a 
study  of  this  example. 
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where  Ti,  n,  rt,  •■■,  denotes  the  set  of  rational  numhers, 
g{x)  =  sin  (r/x)  f or  ar  =  0  and  ^(0)  =  0. 

The  function  f(x)  is  continuous  at  all  irrational  points  and 
has  a  discontinuity  of  the  second  kind  with  oscillation  equal 
to  2/n*  at  each  rational  point  r«.  To  prove  the  function  has 
property  (A),  it  is  sufficient,  in  consequence  of  the  theorem 
just  established,  to  show  that  f(x)  =  M,  where  /{»■,)  —  (1/n.*) 
<  M  <  /(r„)  +  1/n',  has  a  root  in  every  interval  of  which 
fn  is  an  end-point.  From  the  definition  of  f{x)  it  is  obvious 
that  corresponding  to  any  positive  number  c  there  exists  a 
positive  number  5  such  that  the  oscillation  of  f{x)  at  any 
point  lying  inside  the  interval  (r„,  r»  +  5)  k  less  than  «. 
Within  (r,,  r„  +  S)  there  is  a  point  iji  at  which  /{i;i)  >  if 
and  then  within  (r„  jji)  a  point  f  i  at  which  /({O  <  M.  By 
taking  the  upper  litiit  of  those  points  in  ({i,  iji)  «t  which 
f{x)  <  M  and  proceeding  as  before,  a  convergent  sequence  of 
intervals  (fm,  ij-.)  where  /(£■,)  <  M  <  f(yi„)  and  for  which 
the  oscillation  at  each  point  is  less  than  c/2"  may  be  con- 
structed. At  the  one  point  p  common  to  the  set  of  intervals, 
f(p)  =  M.  The  same  is  true,  of  course,  of  intervals  bounded 
above  by  f„. 

One  could  infer,  from  facts  already  established,  the  existence 
of  a  function  having  property  {A)  and  having  its  set  of  points 
of  continuity  and  its  set  of  points  of  discontinuity  each  every- 
where-dense. For  functions  which  are  everywhere  oscillating 
and  which  nevertheless  have  a  derivative  at  every  point  of 
an  interval  have  been  constructed.*  The  derived  function 
has,  of  course,  property  {A);  this  derived  function  being  the 
limit  of  a  sequence  of  continuous  functions  has  its  points  of 
continuity  everywhere-dense  ;t  its  points  of  discontinuity  are 
also  everywhere-dense  since  it  is  both  positive  and  negative 
in  every  interval. 

COBKELL  UlflVERBITT 

*  K6pcke,  Mathematische  Annalen,  vole.  34  and  35. 
t  Baiie,  Lejont  tur  lei  Fonaioru  Diteontinuei,  p.  98. 
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KINEMATICS  IN  A  COMPLEX  PLANE  AND  SOME 
GEOMETRIC  APPLICATIONS* 

BT   ARNOLD   EHCH 

1.  IniTodvction.  From  an  elementary  standpoint  one  is  apt 
to  consider  geometry  in  a.  complex  plane  as  an  accessory  of 
heuristic  value  for  function  theory.  In  a  more  advanced  sense 
one  recognizes  the  fundamental  importance  and  intrinsic  value 
of  the  geometric  problem  of  partition  of  the  complex  plane  by 
circular  arcs  in  connection  with  the  properties  and  classifica- 
tion of  certain  linear  substitution  groups,  with  the  correspond- 
ing automorphic  functions,  and,  in  particular,  with  the  theory 
of  algebraic  curves  and  their  Riemann  surfaces  and  uniformiza- 
tion.  But  even  in  a  more  elementary  sense,  the  complex 
plane  is  the  natural  medium  for  the  solution  of  certain  spe- 
cific geometric  problems.  As  an  example  may  be  mentioned 
the  "geometry  of  the  polynomial,"  involving  the  theory  of 
stelloid  and  circular  curves  and  their  focal  properties. t 

Also  a  number  of  problems  in  geometric  kinematics  may  be 
solved  conveniently  in  a  complex  plane,  as  has  been  shown  by 
Koenigs,t  Study,§  and  others.  In  the  present  paper  I  shall 
show  by  further  examples  of  this  kind  the  simplicity  and  ele- 
gance of  the  complex  treatment. 

2.  Similar  Triangkt.  As  can  easily  be  verified,  a  necessary 
and  suflBcient  condition  for  the  equi-senaed  aunilitude  of  two 
triangles  ZiZtZt,  ziWss  is  the  vanishing  ofthe  determinant 

I  ai    zi     1  I 
(1)  \zi    z,'    1    =0. 

1  Zl      2t'       1  I 

*  Presented  to  the  Society,  Feb.  25,  1922. 

t  See  Emoh,  On  a  certain  aeneration  of  rational  cireuiar  and  iaotrvpie 
cunwt,  this  Bdu.ktin,  vol.  25,  pp.  397-404  (1919),  and  alao  On  plane 
atu^jraic  curva  with  a  given  tyetem  of  foci,  B«me  volume,  pp.  157-161. 

X  LtfOns  de  Cinimaiique:  Le»  imoffinaiTea  dam  la  einimaliqrit  du  plan, 
pp.  324-332  (1897). 

}  Vorlavngen  titer  autgetcMte  GegenatOnde  der  Geometrie.  Erat«a  Heft: 
Ehene  awdyHtdte  Kimien  und  zu  ihnen  gekdrige  Abbildurtgen,  pp.  1-18 
(IflU). 
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Denoting  by  2  ttie  conjugate  of  z,  two  triangles  zizjzj,  zi'ztW 
are  similar  with  the  sense  inverted  when  . 

I  2i    zi'     1  I 
(2)  f,    2,'     1    =  0. 

\h    2»'     1  I 
For  an  equilateral  triangle  ziZjZt  we  simply  have  to  set  up  the 
condition  that  the  triangle  ztztXi  in  the  same  order  be  similar 
to  the  triangle  ziZiZi;  i.e.. 


2l 

Si 

1 

Zj 

z» 

1     : 

Zl 

Zl 

1 

This  reduces  to 

(3)  ai'  +  aj*  +  z»*  —  ztZt  —  zjZi  —  aiZa  =  0 

as  a  necessary  and  sufficient  condition  that  the  triangle  ziZxZi 
be  equilateral. 

3.  The  Group  of  Movetnents  in  a  Plane.    The  linear  trans- 
formation 

(4)  a'  =  oz  +  6 

may  be  considered  as  a  movement  (including  uniform  dilata- 
tion) of  the  z-plane  into  a  new  position  indicated  by  z'  and 
referred  to  the  same  system  of  coordinates  (original  z-plane). 
Putting  a  =  fic"",  b  =  rjc'*"",  z  =  re**,  (4)  becomes 

(5)  a'  =  nre'f^'i'  +  rsc'", 

and  it  is  seen  at  once  that  the  movement  is  equivalent  to 
the  effect  of  the  succession  of  substitutions 

(a)  SiisimilituiU) :         Si  =  ri-z; 

(b)  Stirotation):  zj  =  Zi-e'*'; 

(c)  Stitranslaiion) :        zi=  z'  =  Zi  +  r^e''*. 

The  totality  of  all  movements  (4)  forms  a  continuous  projec- 
tive four-parameter  group  and  contains  (o),  (6),  (c)  as  sub- 
groups. The  invariant  points  in  the  movement  from  the  z- 
a'-plane  are  z  =  6/(1  —  a)  and  z  =  «> . 
;n  z  describes  a  figure  in  the  original  plane,  z'  describes 
lar  figure  in  the  displaced  plane  with  the  coefficient  of 
ion  equal  to  ri.  In  particular,  when  z  describes  either 
ight  line  oi'  a  circle,  z'  will  describe  a  straight  line  or  a 
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circle.    Moreover,  since 

ik'  =  a-dz,  and  |d2'|  =  ri-  [dzl, 
the  ratio  of  the  velocities  of  z  and  z'  is  constatit.  Thus  when 
z  describes  a  straight  line  with  uniform  velocity,  z'  will  describe 
a  straight  line  with  uniform  velocity.  When  z  describes  a 
circle,  z'  describes  a  circle  with  the  same  angular  velocity, 
i.e.,  z  and  z'  describe  their  respective  circles  in  the  same  time. 

4.  On  the  Moveinsni  qf  a  Triangle  in  DtformatUm  and  Remain- 
ing Similar  to  Itself.    When  2  describes  the  unit-circle  2  =  e**, 

(6)  z'  =  f,e«'+-^  +  r^c™ 

describes  obviously  a  circle  with  rie™  as  a  center  and  fi  as 
a  radius.  Consider  now  the  triangle  formed  by  the  origin, 
the  unit-point  on  the  real  axis  and  the  fixed  point  pe*^.  On 
the  line  zz'  which  connects  the  point  z  on  the  unit-circle  to 
the  point  z',  corresponding  to  z  by  (4),  erect  a  triangle  Zizs' 
similar,  in  the  same  order,  to  the  triangle  pe^,  0,  1.    Then 

I  8b  pc"  11 

e**  0  1=0. 

I  ric*"'''"'  +  rje*"  1  1  ! 

From  this 

-  z,  +  c*  -  pe'"+«  +  prie***"*''>+  prie-^-+*>  =  0; 

(7)  z,=  [prie*^"*"^  -  pe'^  +  Ije^-f- pr,c*"+''>. 

As  (7)  has  the  same  form  as  (6)  and  0  is  the  only  variable,  zj 
clearly  describes  a  cbcle  with  |prie*"+*'—  pe"  +  ij  as  a 
radius  and  prie*^"*^*  as  a  center.  Obviously,  zj,  2',  a  describe 
the  circles  with  the  same  angular  velocities,  i.e.,  they  simul- 
taneously describe  the  circles  completely.  Denote  the  centers 
of  the  circles  described  by  z,  z',  zj  by  ci,  cj,  cj,  so  that  Ci  =  0, 
ci  =  rte'",  Cj  =  prte"-***".  Comparing  this  triangle  with  the 
original  fixed  triangle  0,  1,  pe*,  we  see  that 

10  Oil 

fje'-  1  1    s  0. 

I  prje*"*^'         pe"         1  I 
From  this  it  follows  that  the  two  triangles  are  similar. 

Consider  next  a  point  24  which  remains  always  similarly 
attached  to  the  triangle  zz'zt,  so  that  also  zz'z*  remains  similar 
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to  itself.  But  such  a  triangle  zz'zt  arises  from  a  definite  fixed 
similar  triangle  0,  1,  ie*",  just  as  zz'zj  arises  from  0,  1,  pe'^. 
Hence  also  z*  describes  a  circle,  and  AciCtCt  ~  Azz'zt,  i.e.,  if  a 
fourth  point  Zt  remains  similarly  attached  to  the  triangle  zZiZ», 
then  Z4  describes  a  circle  whose  center  Ct  is  similarly  attached 
to  CiCiCg.  The  same  situation  prevails  for  other  similarly 
attached  points  Sj,  z»,  -  •  ■ ,  and  as  the  geometric  result  does  not 
depend  upon  the  orientation  of  the  complex  plane,  we  may 
state  the  following  theorem. 

Theorem    1.     If   a    variable    closed    or    unclosed   polygon 

(z)  =  ZoZiZi  ■  ■  ■  z„ 
()f  (n  +  1 )  vertices  remains  aimHar  to  some  arbitrary  fixed  'polygon 

(o)  =  aoflioi  ■•■  a„, 
and  any  two  of  its  vertices  describe  two  fixed  circles  with  the  same 
angular  velocities,  then  all  other  vertices  describe  circles  with  the 
same  angular  velocities.     The  polygon 

(c)  =  CoCiCtCt  ■■  ■  Cn 

of  the  centers  of  these  circles  is  similar  to  the  fixed  polygon  (a) . 

From  this  follows  obviously  the  corollary: 

Corollary.*  If  any  two  vertices  c^  a  regular  variable  polygon 
(z)  =  ZiZt  ■  ■  ■  2»  qf  n  vertices  and  center  zg  describe  two  circles 
with  the  same  angular  velocities,  then  the  remaining  n  —  2 
vertices  describe  circles  with  the  same  angular  velocities.  The 
centers  CiCjCj  ■■■  c^  of  these  circles  form  a  fixed  regular  polygon 
(c),  whose  center  cq  is  the  center  of  the  circle  described  by  the 
center  za  of  the  variable  polygon  (a). 

5.  Case  of  Movements  on  Straight  lines.  It  b  not  difficult 
to  show  that  the  theorem  of  the  preceding  section  holds,  when 
two  points  of  the  polygon  (z)  describe  straight  lines  with 
uniform  velocities.     We  may  restate  the  result. 

Theorem  2.  If  any  tvx)  points  of  a  variable  polygon  (z), 
which  remains  similar  to  some  fixed  polygon  (a),  describe  tvx> 
straight  lines  uith  uniform  velocities,  then  all  other  points  of  (z) 
describe  straight  lines  uith  uniform  velocities. 

*  This  contains  Study's  theorem  on  the  square,  loe.  cit.,  p.  16,  as  a 
particular  case.  It  is  obviously  Dot  neceaaary  to  make  a  restriction  in  the 
choice  of  the  two  vertices  as  Study  does. 
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In  particvlar,  when  (z)  ia  a  reffidar  polygon,  its  center  Zq  alio 
deacribea  a  straight  line. 

We  propose  next  to  discover  whether  it  is  possible  to  find 
triangles  with  their  vertices  on  three  arbitrarily  given  fixed  lines 
and  similar  to  a  fixed  triangle  0, 1,  re''.  Let  Xi,  \t,  Xi  be  three 
variable  parameteis;  then  the  three  lines  may  be  written  in 
the  form  ' 

2i  =  oi  +  \ie'", 
Zf  at  +Xie"', 
,  zi  =  aj  +  Xje'". 

For  every  set  of  values  Xi,  ^,  X»  the  three  points  zi,  zt,  Z| 
form  a  triangle  on  the  three  lines.  Similitude  to  the  fixed 
triangle  requires 

I  oi  +  Xi«*"        0  1  I 

at  +  Xje'-        I  1=0. 

I  at  +  Xjc***         re*"  1  I 

Expanding  this  and  separating  real  from  imaginary,  we  get 
an  expression  of  the  type 

^iXi  +  At^t  +  Ai\t  +Ai  +  i(SiXi  +  Bt\t  +  5,X,  +  Bt)  =  0 
in  which  the  ..4*3  and  B'a  and  X's  are  real.    In  order  that  this 
be  satisfied  for  real  values  of  the  X's,  there  must  be 
^iXi  +  ^,X,  +  At\t  +^4  =  0, 
BiXi+BiXj+5,X,+  B4=0, 
which  shows  the  existence  qf  a  simply  infinite  set  of  solutions 
(Xi,  Xj,  X»),  or  of  such  triangles.    Hence  we  have  the  following 
theorem. 

Theorem  3,  //  three  lines  U,  k,  U  are  given,  it  is  always 
possible  to  ieacribe  them  simvUaneously  by  three  poinis  of  a  one- 
parameter  variable  triangle  which  remains  similar  to  a  fixed 
triangle.  The  vertices  of  the  triangle  describe  the  sides  liUt 
with  definite  uniform  velocities. 

Now  choose  a  fourth  point  2<  so  that  the  variable  quadran^e 
ziZtz^i,  with  zi,  Zt,  2j  moving  on  hklt,  remains  similar  to  a 
fixed  quadrangle  aiotatat;  then  Zi  describes  a  straight  line  U. 
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If  four  linea  It^ikh  are  given,  and  we  let  zi,  zj,  zt  describe 
lu  k,  h  as  before,  then  Zi  describes  a  tine  U-  When  z^,  moving 
on  U,  reaches  the  intersection  Zq'  of  ^4  with  It,  zi,  zj,  zt  will 
have  reached  certain  positions  21%%'  on  li,  U,  h,  respectively, 
so  that  zo'ziZt'zt  "^  aiOtOiai. 

Theorem  4.  It  i*  cdwaya  potrAU  to  inscrU/e  in  a  given 
quadrUaieral  a  qtiadrangle  nmilar  to  a  given  quadrangle.  In 
partictilaT,  it  is  alwayt  possible  to  inscribe  a  square  in  a  given 
qvadrangte* 

Theorem  I  b  also  true  when  one  of  the  two  circles  determin- 
ing the  movement  degenerates  into  a  point  circle,  or  when  one 
degenerates  into  a  point  ciicle  and  the  other  into  a  straight 
line.    Thus  follows 

Theobeh  5.  //  a  variable  triangle  ziztzt  remains  similar  to 
a  fixed  triangle,  and  Zj  is  stationary,  while  zi  describes  a  straight 
line  teiih  vniform  velocity,  then  zt  describes  another  straight  line 
with  uniform  velocity. 

As  a  particular  case  assume  an  isosceles  right  triangle 
zizjzj  with  Zt  =  ei  fixed  on  the  axis  of  imaginaries  and  Zi  =  X, 
the  vertex  of  the  right  angle,  describing  the  axis  of  reals. 
Then  Zj  —  X  =  ~  (ei  —  \)i,  and  zj  =  e  +  X(I  +  i)>  i-e.,  zs 
describes  a  line  through  the  point  e  on  the  real  axis  and  making 
an  angle  of  45°  with  the  positive  part  of  the  real  axis.  This 
result  leads  to  the  following  method. 

6.  Inscribing  a  Square  in  a  QuadrHaieral.  Let  hkljt  be  the 
sides  of  a  proper  quadrilateral  following  each  other  in  the 
positive  sense.  On  h  choose  a  trial  point  Ai  and  drop  a 
perpendicular  AiQi  on  k-  From  Qi  measure  ofif  on  ^  in  the 
positive  sense  QiAi'  =  AiQi.  Through  A2'  draw  a  line  ji 
making  an  angle  of  45°  with  the  positive  direction  of  k,  and 
intersecting  1$  in  At.  Then  AiAt  form  two  opi>osite  vertices 
of  a  square  on  UkU  and  we  can  easily  find  the  other  vertices 
At,  At.    Repeat  the  same  construction,  starting  with  a  second 

*  The  second  port  of  this  theorem  is  well  known.  See  Dr.  Hebbert's 
papers,  Annalb  of  Matbeuatics  (2),  vol.  18,  pp.  38-42;  61-71  (1914- 
15),  and  references  given  there. 
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trial  point  Bi  on  h,  resulting  in  a  second  square  BiBtBtBi 
with  BiBiBi  OD  likft'  Now  when  a  variable  square  moves 
with  three  vertices  on  three  lines  hltUi  the  fourth  vertex 
describes  a  line  U'.  A\AiAtAt  and  BiBtBiBi  are  two  posi- 
tions of  this  square,  and  At  and  Bt  determine  the  line  /«'. 
Hence,  the  point  of  intersection  Pi  of  W  and  U  is  a  vertex  of 
the  inscribed  square.  Kepeating  the  above  construction  in 
the  reversed  order,  starting  with  P«  on  U,  easily  gives  the 
square  PtP$PiPi  inscribed  in  hltUtt. 

This  however  is  not  the  only  square.  A  second  square  is 
obtained  by  measuring  off  Q1A2*  =  —  QiAs  in  the  negative 
sense,  by  drawing  gi*  through  At*,  making  an  angle  of  45° 
with  the  negative  direction  of  k,  and  proceeding  with  the  con- 
struction as  explained  above.  Starting  again  with  li  and 
choosing  the  order  /i^^4^t,  there  are  again  two  squares  whose 
vertices  lie  in  succession  on  likUk-  Likewise  there  are  two 
sijuares  for  the  order  hltkh-  The  remaining  three  orders 
hhhhi  hhlih,  hl^h  are  cyclic  substitutions  of  the  above  three 
and  do  not  produce  any  new  squares. 

Theorem  6.  There  are,  in  general,  six  squares  thai  may  be 
inscrihed  in  a  proper  qiiadrilateral.  For  each  of  the  three  non- 
cyclic  orders  there  are  two  squares  of  opposite  sense. 

When  there  exist  two  inscribed  squares  with  the  same  sense 
for  a  given  order,  as  for  hliUt,  then  W  coincides  with  It,  and 
there  exists  an  infinite  number  of  solutions. 

Theohem  7.  When  for  a  given  order  of  a  qvadrUateral  there 
exist  two  inscrUied  sqvares  with  the  same  sense,  then  there  exist 
an  infiniie  nujnber  cf  inscribed  squares  for  the  same  order. 

Thus  a  problem  of  old  standing  is  solved  in  a  complete* 
and  very  simple  manner  by  preparing  the  way  in  the  complex 
field. 

UNireiisiTr  or  Illinois 

*  Carnot  in  bia  trigonometric  solution  of  the  problem  (.GiomttrU  de 
Position,  p.  374)  stated  the  possibility  of  three  solutions  only. 
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NOTE  ON  SOME  RESLXTS  CONCERNING 
FERMAT'S  LAST  THEOREM 

BT  H.  a.  VAMDITXK 

Let  us  suppose  that  the  equation 
(1)  3*  +  yp  +  2'  =  0 

is  satbfied  in  integers  prime  to  each  other  and  that  p  is  an 
odd  prime.  We  shall  divide  the  discussion  into  two  parts. 
We  shall  refer  to  the  case  where  xyz  is  prime  to  p  as  Case  t, 
and  to  the  case  where  xyz  ^  0  (mod  p)  as  Case  IL  The 
present  note  will  be  confined  to  statements  of  new  results 
obtained  by  the  writer  for  both  cases,  without  proofs. 

1.  C(ue  I.     Traiuformatiotu  qf  the  Kummer  Criteria.    It 

fM  =  £]'-1', 

then  it  is  known  that,  if  (I)  is  satbfied  in  Case  I,  we  have 

J/;-i(0  =  0(modp), 
^  ^  1  B^^^if)  s  0  (mod  p), 

n  =  1,  2,  •  ■  ■,  ^  —  1,  and  —  (  =  xjy,  yjx,  zjx,  xjz,  y/z,  zjy, 
(mod  p),  (1  =  (p  —  1)  /2,  where  the  B'&  are  the  Bernoulli  num- 
bers, B\  =  1/6,  Bi  =  1/30,  etc.  These  congruences  are  known 
as  the  Kummer  criteria.  Transformations  of  them  have 
yielded  the  following  conditions  for  Case  I: 

(2  (2r  +  l)T)fg   (2r  +  l)'-^f )  =  0  (mod  p), 

(t=  1,  2,  ...,M-  1), 

/p((i)  =  0  (mod  f), 

-  k  —  xly,  yjx,  xjz,  zjx,  yfz,  zjy  (mod  p*). 

If  e  is  the  smallest  integer  such  that  fi,  =  0  (mod  p),  we  have 

(3)  BJ»j^i(-0     =OCmodp), 

(c  =  (p  -  2fc  +  l)/2,    k  =  2,3,  ■•-.e-l). 
Kummer  and  Mirimanoff*  have  shown  that  if  (1)  is  satisfied 
in  Case  I,  then 

B^_i  s  B^-i  =  B^_,  =  B„_(  =  0  (mod  p). 
The  relation  (3)  gives  material  for  extension  of  these  criteria. 
*  JouBNAL  fOb  Matbematik,  vol.  128  (1905),  pp.  46-68. 
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2.  ResvUt  from  a  New  Method.  In  efforts  to  supplement 
tlie  relations  (2)  by  independent  conditions  in  Case  I,  the 
writer,  by  the  use  of  new  developments  in  the  theory  of 
cyclotomic  fields,  hds  derived  the  following  criteria*  for  Case  I : 

(4)  B.mO  (mod  f), 

s=  {kp+  l)/2,        A  -  p  -  4,  p  -  6,  p  -  8,  p  -  10. 
If  e  =  a' ,  where  a  ia  any  prime  and  f  any  inieger,  then 

(5)  "•-"'- '•^' -  0  (mod  p). 

P 

This  relation  possibly  also  holds  if  e  is  any  integer,  but  the 
formulas  which  it  seems  necessary  to  examine  in  the  general 
case  are  very  complicated.  The  condition  (5)  gives  the  result: 
If  t  belongs  to  the  exponerU  n,  modulo  p,  and  nw  the  power  of  a 
prime,  then 


■(P-DM      i- 

=  0  (mod  p), 
.  1,  2,  ■■■,» 

,w-"--'. 

=  0  (mod  p). 

In  addition,  these  methods  have  yielded  a  new  derivation  of 
the  known  criteria  ^(2)  =  ^(3)  =  0  (mod  p)  without  use  of 
(2)  or  of  the  criterion  of  Furtwangler.t 

3.  Criteria  derived  by  a  second  method.  Using  transforma- 
tions of  some  known  theorems  regarding  cyclotomic  fields, 
the  following  conditions  have  been  found  for  Case  I. 

Let  ike  principal  ideal  («(«))  be  the  pth  power  {jf  any  ideal 
in  the  field  defined  by  a  =  ^"''  which  is  prime  to  2  and  p;  then 


f^.(s) 


'—V^]    „=Otmodp), 


where  a  =  —  xjy  (mod  p),  »i  =  1,  2,  ■  -  ■ ,  p  —  2,  and  e  is  the 
Napierian  hose. 
If  we  have  two  solutions  of  (1),  say 

x,"  +  yi'  +  zi"  =  0, 

Xi'  +  yt"  +  ze  =  0, 

'    ■  The  first  was  previously  stated  in  this  Buixetin,  vol.  24  (1018),  p.  472. 
t  WizNBR  Bewchtk,  vol.  121  (1012),  p.  689. 
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where  Zi  is  prime  to  Zj,  then  we  have  as  a  special  case  of  the 
above, 

/^CSOA(S,)  =  0  (mod  p), 
Si  =  -  Xilyj,    Sj  »  —  Ttlyt  (mod  p),    (n  =  1,  2,  •  ■  ■,  p  -  1), 
which  in  turn  includes  the  relations 

/^(()/»(I-0=0(modp); 
and  we  obtain  also,  by  a  modification  of  the  theorem, 

/^W.(l)-O(modp), 
n  ranging  as  before,  the  latter  being  a  known  transformation 
of  (2). 
4.  Case  II.    Under  the  following  assumptions: 

1.  None  qf  the  BemovUi  nuwberg 

Bk,    Jt=(sp+l)/2,  («=  1,3,  ■■-,?- 4), 

are  dinaible  by  p*, 

2.  The  second  factor  of  the  close  nuTnher  of  the  field  il(a)  is 
prime  to  p, 

I  have  proved  that  (1)  is  impossible  in  Case  II.  A  special 
case  of  this  gives  the  criterion  that  if  (1)  is  satisfied  in  Case  II, 
then  the  class  number  of  £!(«)  is  divbible  by  p*,  which  in  turn 
may  be  shown  to  include  the  results  which  Kummer  essayed 
to  prove  in  his  1857  memoir  on  the  last  theorem.  Taking  into 
account  the  criteria  (4)  for  Case  I,  we  may  cover  both  cases 
by  the  following  statement. 

Under  aasumptiona  1  and  2,  the  relation  (1)  is  not  aaiiajied 
in  integers  x,  y,  z,  none  zero,  for  a  prime  p  >  2. 

It  will  be  noted  that  this  criterion  may  be  tested  for  any 
prime  in  a  finite  number  of  steps. 

Kummer*  computed  the  value  of  the  first  factor  of  th  eclass 
number  of  Q(a)  for  all  primes  less  than  167.  Assuming  these 
computations  correct,  it  may  be  shown  that  assumption  1 
holds  for  all  these  primes.  According  to  Kummert  the  second 
assumption  holds  for  all  primes  less  than  100,  and  it  has  not 
been  tested  for  larger  primes. 

CORNEU.  UNlVBRaiTT 

*  Berlinxr  Monai^ebichtx,  1874. 

t  Bebuner  Abbandlumqen,  1857,  p.  73,  verification  of  second  assump- 
tion. 
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CONVEX  DISTRIBUTION  OF  THE  ZEROS  OF 
STURM-LIOUVILLE  FUNCTIONS* 

BT  IINAB  HIU.E 

Inirodvdion.  In  an  investigation  concerning  the  distribu- 
tion in  the  complex  plane  of  the  zeros  of  the  functions  of  the 
parabolic  cylinder  the  author  of  the  present  note  was  con- 
fronted with  the  following  problem.  Given  a  linear  differential 
equation  of  the  second  order  of  the  type 

(1)  lo"  -I-  G{z)w  =  0, 

where  6(2)  is  analytic  in  the  region  under  consideration,  how 
does  the  nature  qf  the  argwnerU  of  G{z)  affect  the  distribution  of 
the  zeros  cf  a  given  soluHon  w(,2)  cf  (1)? 

We  have  some  results  which  throw  light  on  this  general 
question.  Roughly  speaking,  one  may  say  that  the  argument 
of  Giz)  affects  the  orteniation  of  the  zeros  in  the  complex  plane, 
whereas  the  absolute  value  of  <>(z)  seems  to  affect  the  densUy 
of  the  dbtribution.  As  the  problem  and  the  results  obtained 
seem  to  have  some  intrinsic  value  aside  from  their  bearing  on 
the  special  problem,  mentioned  above,  their  separate  publica- 
tion may  perhaps  be  justified. 

1.  Bounded  Argument  qf  G{z).  Let  us  consider  a  convex 
re{^on  B  in  the  z-plane  in  which  G{z)  is  single-valued  and 
analytic  and  in  which,  furthermore,  the  argument  of  6(z)  is 
restricted  as  follows: 

(2)  ^1  k  arg  ff(z)  ^  iJj     (it  >  tfi  -  tf,  S  0). 

Let  us  construct  a  set  of  polygonal  lines  (p)  in  fi  in  the 
following  manner.  Take  any  point  Pg  in  the  interior  of  B. 
Draw  from  this  point  all  rays  which  form  an  angle  dp,  with  the 
positive  real  axis  such  that 

(3)  -\iti<ep,<-  \&i. 

Take  a  second  point  Pi  in  B  on  any  of  these  rays  and  use  it 
as  vertex  for  a  second  set  of  rays  with  the  same  limitation 
on  the  alope-angle  6j^  as  on  8p,.  Then  choose  a  third  point 
Pi  and  so  on.  The  polygonal  line  so  obtained  forms  an  ele- 
■  Preaented  to  the  Society,  Dec.  29, 1921. 
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ment  p  of  our  set  (p).  Repeat  this  construction  for  all 
interior  points  Po  in  B  and  for  every  possible  choice  of  points 
Pu  Pi,  •■■,  P»,  •■•  on  the  resulting  rays.  The  set  of  all 
these  polygonal  lines  is  the  set  (p).  By  the  construction  we 
define  a  positive  diredJon  on  the  line  p,  namely  from  Pn  to 
P*fi  for  all  values  of  n;  we  always  assume  the  line  to  be 
traced  in  this  direction.  Now  take  a  solution  w{z)  of  (1)  and 
p\AW{z)  =  w(z)idwldz).  Mark  the  zeros  of  1*^(2)  in  B.  Then 
we  have  the  following  theorem. 

Theobem  I.  There  is  at  least  one  -polygonal  line  po  in  the  set 
(p),  defined  above,  which  joins  all  the  zeros  qf  W(z)  in  B.  The 
line  Po  M  uniqve  when  and  only  when  G(z)  =  const. 

The  theorem  is  equivalent  to  the  following  one. 

Theorem  II.  //  a  and  b  are  two  zeros  c^  W{3)  in  B,  then 
-  itfi  +  kTrS&Tgia-b)^-  Jtf,  +  At, 
where  k  is  Q  or  1. 

We  have  proved  theorem  II  in  another  place*  but  the  proof 
will  be  repeated  for  the  benefit  of  the  reader.  Multiply 
equation  (1)  by  w,  the  conjugate  of  w,  and  integrate  between 
a  and  b.    After  an  integration  by  parts  we  obtain 

But  W{z)  =  0  tor  z  =  a  and  b,  hence  the  integrated  part 
disappears.  Putting  a  =  o  +  re**  where  fl  =  arg  (6  —  a),  we 
get 

(5)  e*-  r  \w\^G(.z)dr  =   f"  ~    dr,  .  (r,  =  [fc  -  a|). 

Thus,  denoting  the  integral  on  the  left-hand  side  in  (5)  by 
5{a,  h)  we  observe  that  ^'*3{a,  6)  is  a  real  positive  number. 
Hence 

(6)  2e  =  2kr  -  arg  d{a,  b). 

But  by  (2)  we  conclude  that  tfi  £  arg  3{a,  b)  ^  «?i,  so  that 

(7)  At  -  i<)i  g  9  ^  fex  -  ii?i, 

wheie  the  signs  of  equality  hold  only  when  i)i  =  Ot,  which 
cleaily  corresponds  to  G{z)  =  const.,  when  all  the  zeros  lie  on 

the  same  straight  line.  

'On  the  leroa  of  Sturtn-lAownUe  ftinetutru,  theorem  XI,  Arxiv  fOr 
Matbmatik,  Astbonomi  och  Fybik,  vol.  16,  nr.  17,  1921. 
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2.  Monotonie  VariatUm  qf  arg  G(z).  The  line  po  is  not 
unique  but  the  sub-set  (po)  of  lines  in  (p)  which  pass  through 
all  the  zeros  of  tV{z)  in  B  meet  these  points  in  one  and  the 
same  order.  Suppose  we  enumerate  the  zeros  ai,  Oj,  ■  •■,  a^ 
in  the  order  in  which  they  occur  on  any  of  these  lines.  Let 
W(t  stand  for  the  polygonal  line  in  (po)  for  which  P,  =  a^i 

(y  =  0,  1,  ■  ■  ■,  n  —  1).  We  are  going  to  show  that  if  the 
argument  of  G{z)  varies  in  a  monotonie  manner  along  all 
lines  of  (p),  thenoTa  together  with  the  line  (a„,  Oi)  encloses  a 
convex  polygon.     This  is  more  precisely  stated  as  follows. 

Theorem  III,  If  arg  G{z)  is  never  increasing  (never  de- 
creasing) when  z  traces  any  line  of  (p),  then  the  angles  arg 
Co,+i  —  a.)  form  a  never  decreasing  (never  increasing)  set. 

To  &[  our  ideas,  let  us  assume  arg  G{z)  never  increasing  and 
put   arg  (a^i  —  a,)  =  $,.    Then   we    have   to    prove  that 
$,  S  Bri-i,  for  all  values  of  y.    By  (6)  we  have 
,g,  \2e,     =  -  arg  Ha,   ,  a^-i), 

But  arg  Giz)  is  never  increasing  alongoro,  so  that 
(a\        \  «'"8  *5(flH-i)  =  arg  9{a.    ,  o^O  g  arg  G{a,), 

1  arg  G(a^i)  S  arg  ^'(0^.1,  oh-O  =  "g  G(aH-i)- 
In  view  of  (8)  and  (9)  we  conclude  that  9,  ^  Ch-i  as  asserted. 

3.  A  Zero-free  Region.  Formula  (S)  suggests  a  still  more 
general  point  of  view  on  the  problem  in  hand.  At  each  point 
2  of  the  plane  where  6(z)  is  analytic  and  4"  0  there  is  a  critical 
direction  0,  determined  by 

(10)  B.=  -iargG(z). 

z  and  6,  define  a  lineal  element  p,.  These  elements  envelop 
a  set  of  curves  ®  which  are  integral  curves  of  the  differential 
equation 

(11)  3m[VG(zjdz]  =  0. 

In  fact,  from  (10)  it  follows  that  at  the  point  z 

(12)  i  arg  G{z)  +  arg  tfe  =  0  (mod  n), 
which  is  equivalent  to  (11). 

Let  us  take  a  point  zy  where  G{z)  is  analytic  and  ^  0. 
Mark  the  singular  points  di,  oj,  -  ■  -,  On,  ■  ■  ■  of  (7(z)  and  join 
them  with  »  by  means  of  straight  lines  which  produced  back- 
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wards  pass  through  Zi.    These  lines  ii,  Ij,  ■  ■  ■,  Z,,  -  ■  -  we 
consider  aa  cuts  in  the  plane. 

Take  a  pencil  of  rays  l{ip,  zi)  with  a  =  21  as  vertex.  Let  us 
follow  a  special  ray  liipo,  81)  from  Zi.  Note  the  lineal  elements 
along  /;  if  <fia  +  ?.„  we  proceed  until  we  arrive  at  a  point 
21  =  zj  (<po)  where  8.,  =  ipo  (niod  ir) ;  and  the  remainder  of  the  ray 
we  leave  out.  From  the  rays  that  pass  through  the  singular 
points  we  leave  out  at  least  the  lines  L^  The  rays  ^o  —  8,, 
(mod  t)  we  follow  unti]  we  meet  a  second  point  zj  for  which 
0,,  E  <po-  The  points  zj(ip)  form  a  certain  curve  which  may  lie 
partly  at  infinity  and  in  general  abo  has  isolated  discontinui- 
ties. The  finite  points,  except  possibly  the  singular  points  a„ 
form  part  of  an  analytic  curve  Xizi)  which  is  the  locus  of  the 
points  of'  tangency  of  the  pencil  of  straight  lines  through 
z  =  Zi  with  the  family  of  curves  @.  From  the  differential 
equation  of  the  pencil  and  of  the  family,  namely, 

im  f3m[VaM<fcI    -0, 

^'"  l3m((b/(.-»,)l-0, 

we  conclude  that  the  equation  of  S(zi)  b 
(14)  3in[VG^)(z-ai)]  =  0. 

If  zi(^)  is  discontinuous  at  <p  ==  ^1,  we  assume  the  existence 
of  Zi~  =  lim  zj(vi  —  t)  and  of  zi*  =  lim  Zii<pi  +  t),  neither  of 
which  is  required  to  be  finite.  If  we  add  the  part  of  the  ray 
l(tpi)  from  2f  to  2i+,  we  make  the  boundary  curve  continuous 
at  (5  =  ipi.  If  Ziiip,)  =  a„  one  of  the  singular  points,  we  have 
to  complete  zt(ip)  by  parts  of  the  edges  of  the  cut  L„  namely, 
from  a,  to  zj"  and  from  a,  to  zt^  respectively.  l\'hat  we  add 
from  the  cuts  we  consider  as  inaccessible  parts  of  the  boundary, 
whereas  the  additions  from  the  interior  of  the  cut  plane  as 
well  as  the  part  of  X(zi)  which  belongs  to  z^iip)  are  regarded 
as  accessible. 

The  points  on  Hip,  z)  from  zi  to  zt{ip)  (0  =  ^  <  2Tt)  form 
a  region  *(2i)  which  we  shall  call  the  star  of  Zi.*  We  count 
the  accessible  part  of  the  boundary  as  belonging  to  the  star; 

*  In  a  paper  Omilation  Iheorems  in  the  eompUx  domain,  to  appear  in  the 
TajUfBAcnoNB  of  this  Societt,  we  have  pvea  a  different  definition  of  the 
star.    The  definition  given  above  ia  simpler  and  alighliy  moro  general. 
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the  inaccessible  points  on  the  cuts  and  the  vertex  z  =  zi  we 
do  not  include  in  *(2i).    Then  we  have 

Theorem  IV.  If  Wiz)  =  w{z){dwldz),  where  io(z)  ia  a  solu- 
tion of  (1),  and  if  W(zi)  =  0,  then  W(z)  iaes  vat  vanish  in  the 
ttar  qf  ai. 

The  proof  is  obvious.  Suppose  zj  is  a  point  in  ^(zi). 
Then 

(15)  {ifc+l)7r  >  2  arg  (z  -  zi)  +  arg  GCz)  >  fcir,  (it=Oor  1), 
for  all  values  of  z  on  the  segment  (zi,  zj)  and  where  k  only 
depends  upon  zj.  This  shows  that  the  integral  on  the  left- 
hand  side  in  formula  (5)  with  n  =  |zj  —  zi|  cannot  be 
positive,  which  is  necessary  if  z  =  zj  is  to  be  a  zero  of  W{z). 

If  arg  G{z)  satisfies  the  restriction  (2)  in  a  convex  region  B, 
then  Bm  satbfies  the  inequality  (3);  that  is  to  say,  the  line  part 
of  the  lineal  element  p,  is  a  line  in  (p)  as  far  as  the  neighbor- 
hood of  z  is  concerned.  If  the  variation  of  the  argument  of 
G(z)  along  lines  in  (p)  is  monotonic,  then  the  parts  of  the 
curves  @  which  lie  in  B  are  all  curved  in  the  same  way.  In 
fact  the  curvature  of  a  curve  ©o  is  found  to  be 

where  0  =  arg  (7(z)  and  a  is  the  length  of  arc  along  ©o-* 
The  curve  @o  'ies  to  the  right  of  the  positive  tangent  if 
(d-^/da)  >  0,  but  to  the  left  if  (d*/d»)  <  0. 

Assume,  to  fix  our  ideas,  id<f>/da)  <  0.  Then  the  part  of 
.  £(zi)  that  lies  in  B  lies  to  the  left  of  p.,  except  at  z  =  zi,  which 
is  the  point  of  tangency.  !t{2i)  is  convex  with  regard  to  p., 
and  cuts  the  boundary  of  B  in  two  points  only.  The  points 
on  and  to  the  right  of  p.,  in  B  belong  to  ^(zi),  and  likewise 
those  on  and  to  the  left  of  X(zi). 

It  is  worth  noticing  that  the  form  of  the  star  depends  only 
upon  the  argument  of  G{z).  Thus  if  we  replace  G(z)  by 
l^G{z),  where  k  is  real,  we  get  exactly  the  same  configuration. 
The  frequency  of  the  osdilation  is  of  course  changed  by  such 
a  replacement. 

Harvard  Univbrbity 

*  The  curvature  is  by  definition  dBJdt. 
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BOOKS  ON  FOURIER  SERIES 

Th»  Theory  <4  ^unctiona  of  a  Sml  Variabte  and  Ae  Theory  of  FouHer'f 

Series.    By  K.  W.  Hobson.    Second  edition,  revised  throughout  aod 

enlargBd.    Vol  1.    Cambridge,  the  UniTenity  Press,  1021.    xv  +  ft71 

pp. 
Introduction  to  the  Theory  of  Fourier't  Series  and  InUgred*.    By  H.  S. 

Carslaw.    Second  edition,   completely  reTiaed.    London,   Maomillan 

and  Company,  1921.    n  +  323  pp. 

The  study  of  Fourier's  series  has  exercised  a  profound  influence  upon 
the  devdopmeot  of  the  theory  of  functions  of  a  real  variable.*  Any  one 
familiar  with  this  influence  and  with  the  close  relatioaahip,  both  historical 
and  inherent,  between  the  two  theories,  will  not  be  surprised  that  the  two 
treatises  mentioned  above  should  have  a  considerable  number  of  points 
in  common.  He  will  also  not  be  surprised  that  in  each  case  the  plan  of 
writing  such  a  work  had  its  origin  in  the  study  of  Fourier's  series  in  connec- 
tion with  their  appUeations  to  problems  of  mathematical  physics.  The 
points  of  difference  in  scope  and  content  between  the  two  books  are  due 
in  the  main  to  the  difference  in  the  ultimate  aim  of  the  two  writers.  Pro- 
fessor Carslaw  decided  to  write  a  book  primarily  tor  the  worker  in  appUed 
mathematics  who  has  occasion  to  make  use  of  Fourier's  series  and  integrals; 
Professor  Hobson  elected  to  meet  the  needs  of  tite  pure  mathematician 
whose  work  deals  directly  or  indirectly  with  functions  of  a  real  variable. 

A  casual  glance  at.  the  table  of  contents  of  Carslaw's  work,  however, 
will  convince  the  informed  reader  that  the  needs  of  the  pure  mathe- 
matician of  one  generation  are  very  apt  to  becoroe  the  needs  of  the  applied 
mathematician  of  the  next  generation.  It  is  not  so  long  ago  that  it  would 
have  been  considered  very  unorthodox  to  include  such  topics  as  a  dis- 
cussion of  Dedekind'a  theory  of  irrational  numbers,  the  nature  of  uniform 
and  non-uniform  convergence,  and  a  fairly  complete  treatment  of  the 
Riemann  integral  in  a  book  intended  for  the  applied  mathematician.  So, 
if  the  reviewer  admits  that  Hubeon's  book  is  mainly  for  the  pure  mathe- 
matician, be  does  it  with  the  mental  reservation  that  the  statement  applies 
only  to  the  present  time  and  the  immediate  future.  He  does  not  agree 
witb  the  implications  contained  in  Hobson's  statement  on  page  432  that 
the  Riemann  integral  "  will  continue  to  be  the  basis  upon  which  the  prao- 
tical  applications  of  the  Integral  Calculus  rest",  but  thinks  it  quite  likely 
that  at  some  future  time,  more  or  less  distant,  certain  workers  in  applied 
mathematics  may  find  their  center  of  interest  tiansferred  from  the  Riemann 
integral  to  the  Lebe^ue  integral,  or  some  other  integral  still  more  general, 
just  sa  at  the  present  time  some  of  those  pursuing  applied  mathematics 
have  found  it  desirable  to  change  from  a  basis  of  euelidean  geometry  to 
a  basis  of  non-euclidean  geometry. 

*  Cf.  E.  B.  Van  Vleck,  Th€  infiumce  of  Fourier'i  series  upon  the  denelop- 
ment  of  mathcmatice,  Science,  new  ser.,  vol  39  (1914). 
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Tho  npidi^  with  which  the  Lebeague  iutepvl  hft>  become  the  atandaid 
^rpe  in  preaeot-day  haaljm  is  weB  exhibited  by  the  diSerenoe  in  the  rein- 
tire  enirfiaflis  pktced  on  the  Rienumn  And  Lebesgue  theoriea  in  the  two 
editiooa  of  Hobeon's  book.  In  the  fint  editiui  the  latter  theory  waa 
aeoorded  a  poaition  ot  aeoondary  imp<»tanoe;  in  the  preeent  edition  it  is 
[daeed  on  an  equal  baele,  or  if  anything  leceivea  the  greater  streas.  It  ia 
also  illuminating  in  this  connection  b>  note  that  most  of  the  new  material 
included  in  the  present  edition  ia  connected  with  advancee  concerned  with 
ot  dependNit  on  Lebeague's  theory. 

Ae  the  reader  will  infer  from  the  preceding  paragraph,  the  aeoond  edition 
of  Hobaon'a  w(^  takea  due  account  of  the  great  devetopmemta  that  have 
taken  place  during  the  past  fifteoi  yean  in  the  theory  of  functione  of  a  real 
Tariable  and  particularly  in  the  tbewy  of  integration.  L&ewiae  Carslaw 
haa  not  been  content  to  reat  on  the  laurela  of  hia  first  editicHi,  but  has  incor- 
porated in  his  aecond  edit^n  many  of  the  recent  advances  in  the  theory  of 
Fourier's  series  and  integrals  that  seem  of  special  significance  to  the 
worker  in  applied- mathematioa.  Thus  both  authors  have  aimed  in  the 
second  edition  as  in  the  first  to  write  the  beet  poaaible  book  of  the  type 
selected  on  the  baais  of  all  the  literature  available  at  the  time  of  writing. 
In  both  cases  they  have  approached  measurably  near  to  the  high  ideal  that 
they  set  for  themselves. 

Since  the  first  editions  of  the  two  books  are  so  widely  known,  the  preaent 
review  will  not  consider  in  great  detail  such  portions  of  the  second  editions 
as  are  carried  over  from  the  first  with  relatively  little  change,  but  will 
concern  itself  mainly  with  the  additions  and  the  more  important  revisions 
tnat  have  been  made. 

Turning  first  to  Hobson's  work,  we  find  that  Chapter  I  is  devoted  to  an 
adequate  discussion  of  the  system  of  real  numbers,  presenting  both  the 
Dedekind  and  the  Cantor  treatment  of  the  irrationals.  It  is  practically 
unchanged  from  the  first  edition  except  for  the  addition  of  a  treatment  of 
mathematical  induction  due  to  Padoa.  The  purpoae  of  thia  discussion  ia 
to  show  that  the  principle  referred  to  is  a  theorem  which  may  be  deduced 
from  the  properties  of  a  simply  infinite  ascending  segregate  by  meana  of 
the  principle  of  eontradiction.  This  is  essentially  a  refutation  of  Poincar^'s 
contention  that  the  principle  of  mathematical  induction  ia  a  special  char- 
acteristic of  mathematical  reasoning  and  cannot  be  reduced  to  the  principle 
of  contradiction. 

Chapters  II  and  III,  which  deal  retf>ectively  with  the  descriptive 
propertiea  and  the  metric  properties  of  sets  <rf  points,  constitute  the  revised 
form  of  the  sectHid  chapter  of  the  first  edition.  The  material  contained 
in  thia  chiq>ter  has  been  much  expanded  in  order  to  prepare  the  way  for 
the  more  extensive  treatment  of  Lebeague  integrals  and  their  generalisa- 
tions, and  in  numerous  instances  the  form  of  the  exposition  has  been  con- 
siderably changed.  One  of  the  most  extensive  alterations  of  this  sort  is 
in  connection  with  the  treatment  of  non-linear  sets  of  points.  In  the  firet 
edition  this  treatment  was  postponed  until  the  exposition  oi  the  properties 
of  linear  sets  had  been  oompleted.  In  the  preeent  edition  the  notion  of 
sets  of  pcinta  in  two  or  mem  dimensions  is  introduced  early  in  Chapter  II, 
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and  the  tnore  important  theorems  with  regard  to  linear  seta  are  extended 
at  once  to  seta  of  neveral  dimensions  after  they  have  been  proved  for  the 
case  of  one  dimension.  This  change  has  both  advantages  and  disadvan- 
tages. It  does  serve  to  focus  the  attention  on  the  generality  of  the 
theorems  involved,  but  on  the  other  band  it  interrupts  the  continuity  of 
the  argument.  Opinions  will  probably  differ  as  to  whether  or  not  it 
constitutes  an  improvement. 

Chapter  tV,  which  deals  with  tranafinit^  numbers  and  order  types, 
corresponds  to  Chapter  III  in  the  firat  edition.  Relatively  little  change 
has  been  made  in  the  material  presented,  except  that  the  discussion  of 
certain  disputed  points  in  the  theory  of  assemblages,  which  concludes  the 
chapter,  has  been  revised  and  expanded. 

Chapter  V,  which  deals  with  general  properties  of  functions  of  a  real 
variable  and  which  corresponds  to  Chapter  IV  of  the  firat  edition,  contains 
a  considerable  amount  of  new  material.  This  is  quite  natural  in  view  of 
the  many  new  developments  in  function  theory  proper  during  the  period 
from  1907  to  1920.  Some  of  this  added  material  waa  available  in  1907,  but 
in  most  of  these  cases  it  was  probably  the  light  shed  by  later  developments 
which  changed  the  author's  opinion  as  to  its  relative  importance.  Among 
the  new  topics  discussed  may  be  mentioned  in  particular  the  following: 
absolute  continuity,  approximate  continuity,  the  symmetry  of  functional 
limits,  functions  of  a  variable  aggregate.  In  connection  with  the  latter 
topic,  the  notion  of  a  general  variable  is  briefly  described  and  some  of  the 
recent  developmeata  centering  about  this  idea  are  mentioned.  In  view 
of  the  prominent  rOle  of  the  general  variable  in  much  recent  work  in  analysi  s 
of  fundamental  importance,  a  fuller  account  of  it  would  seem  dedrable, 
even  in  a  work  devoted  primarily  to  a  very  complete  treatment  of  classical 
analyds. 

'Chapters  VI,  VII,  and  VIII  are  devoted  to  the  theory  of  integration, 
and  correspond  to  Chapter  V  and  a  small  portion  of  Chapter  VI  of  the 
first  edition.  This  part  of  the  work  has  had  the  greatest  eitpanaion,  and 
this  expansion  is  mostly  in  connection  with  the  Lebesgue  integral  and  some 
of  its  generalisations.  As  pobted  out  before,  one  of  the  chief  character- 
istics of  the  present  edition  of  the  book,  as  contrasted  with  the  firat,  is  the 
shift  in  emphasis  from  the  Riemann  theory  to  the  Lebesgue  theory.  The 
tendency  in  the  later  edition  is  to  make  this  latter  theory  the  central 
topic  in  integration  and  group  the  other  developments  about  it.  Thus, 
although  the  Riemann  integral,  on  account  of  its  historical  priority  and  the 
somewhat  greater  concreteness  of  the  geometric  ideas  underlying  its  defi- 
nition, is  naturally  treated  first,  some  of  the  important  properties  of  the 
definite  integral,  such  as  the  mean  value  theorems,  are  proved  for  the 
first  time  after  the  introduction  of  Lebesgue  integrals. 

In  addition  to  a  complete  account  of  the  Riemann  and  Lebesgue 
integrals,  the  three  chapters  devoted  to  integratioa  contain  more  or  less 
extended  treatments  of  other  types  of  integrab,  such  as  the  Riemann- 
Stieltjes  integral,  the  Lebesgue-Stieltjes  integral,  Bellinger's  integrals,  the 
Denjoy  int^ral,  and  the  Young  integral.  Since  the  theory  of  integration 
is  BtiU  in  a  stage  of  active  development,  it  is  rather  too  much  to  expect  a 
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ti^tise  Bucb  Be  Frofeasor'B  Eob«on'H,  which  naturally  aims  to  include  only 
such  researches  as  have  reached  a  state  of  comparative  completeuesB,  to 
give  an  entirely  adequate  picture  of  the  present  state  of  the  theory.  More- 
over, some  authorities  might  disagree  with  him  as  to  the  relative  emphssiB 
he  accords  to  the  various  generalisHtions  of  the  notion  of  integration.  But 
the  reader  who  has  perused  with  care  the  230  odd  pages  devoted  to  this 
highly  important  topic  will  have  a  fairly  satisfactory  idea  of  the  wide 
extension  of  its  scope  involved  in  the  newer  definitions  and  the  much 
greater  power  of  these  definitions  in  dealing  with  the  applications  of  the 

The  reviewer  has  earlier  expressed  his  high  opinion  of  the  book  as  a 
whole.  It  is  hardly  to  be  expected  that  a  work  of  this  sin  and  scope  should 
be  free  from  minor  defects;  there  are  certain  of  these  that  it  seems  worth 
while  to  indicate.  Hobsoa's  references  to  the  literature  would  have  been 
much  more  valuable  to  the  reader  if  he  had  uniformly  included  dates  of 
publication  in  the  case  of  all  important  memoirs.  The  almost  uniform 
omission  of  such  dates  is  hardly  excusable  in  an  account  of  a  theory  where 
the  works  of  various  writers  have  so  many  interrelations  and  the  reader 
naturally  wishes  to  orient  himself  as  to  the  order  of  ideas  and  the  reaction 
of  one  hne  of  thought  upon  another.  The  use  of  the  symbol  "»  to  indicate 
approach  to  a  limit  also  seems  unwise  to  the  reviewer.  While  this  symbol 
has  had  some  connection  with  approach  to  a  limit  when  used  in  the  case 
of  asymptotic  series,  it  has  generally  been  used  to  represent  correspondence 
in  a  broader  sense.  The  symbol  -»  is  much  more  suggestive  of  the  under- 
lying notions  and  has  been  widely  adopted  by  analysta  in  the  time  that  has 
elapsed  since  its  introduction.*  It  does  not  appear  likely  that  Hobson's 
notation  will  supplant  it. 

Turning  now  to  Carslaw's  book,  we  find  that  the  first  volume  of  the 
second  edition  exhibits  an  expansion  over  the  corresponding  material  in 
the  first  edition  that  is  even  greater  proportionaUy  than  in  the  case  of 
Hobson's  book.  This  will  not  be  surprising  to  those  familiar  with  recent 
developments  in  the  theory  of  Fourier's  series  and  integrals,  for  many  of 
these  developments  have  been  of  special  significance  to  those  primarily 
interested  in  the  applications  of  the  theory.  The  new  material  added  by 
Garslaw  is  not  exclusively  composed  of  such  new  developments,  however. 
A  considerable  portion  of  it  is  devoted  to  a  more  elaborate  development 
of  certain  topics  of  pure  analysis  that  are  of  fundamental  importance  for 
those  who  seek  to  use  in  any  rational  manner  such  tools  as  Fourier's  series 
and  integrals  in  the  field  of  applied  mathematics. 

The  bo<^  begins  as  before  with  on  interesting  historical  introduction, 
which  in  the  present  edition  has  been  somewhat  revised  and  expanded. 
Chapter  I,  devoted  to  an  exposition  of  the  system  of  real  numbers,  and 
Chapter  U,  dealing  with  the  more  fundamental  properties  of  infinite 
sequences  and  series,  contain  substantially  the  same  material  as  in  the 

*  It  may  be  worthy  of  note  in  this  connection  that  this  Buluttn  has 
adopted  this  notation  from  the  beginning  <^  the  present  volume.  (The 
editore.) 
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fcst  edition,  tlMOgh  thej  hxn  been  oonsidenhlr  rarisBd.  Chapter  in 
of  tfae  pRsent  oditioi)  is  new  tnd  oontftias  a  davdopment  ot  the  notiona 
ot  fnnction  and  limit  and  aome  of  the  more  fundamental  )wapmtie«  of 
functions  ot  one  or  more  variables.  The  addition  of  this  ch^tcr  is  in  line 
with  a  suggeHtion  by  the  Ut«  J.  G.  Wright  in  the  oourae  of  hii  review  of  the 
fint  edition  in  this  Bnuxm. 

Ch^vter  IV  deab  with  the  same  materia  as  ibe  fint  part  of  Ch^ter 
IV  in  tlie  first  edilitu,  but  the  matninnT  tm  been  auoh  expanded  and 
revised.  An  adequate  ticKtment  of  tfae  Riemann  integral  and  ite  more 
important  properties  has  been  included  in  this  chapter.  Chapter  V  is  tfae 
originsl  Chapter  III  in  revised  fcmn  and  witii  a  oonsideraible  amount  of 
new  material  at  the  end.  Hub  inchidee  a  proof  of  Bramwich'a  theorem 
on  oonvei^enoe  factors  iriuch  ia  of  importance  in  many  applications  of 
Fourier's  series  and  allied  derdopmente,  and  a  discussioQ  of  tba  integration 
<rf  infinite  aeriee.  Chapter  VI  contains  the  remaining  portion  of  Chapter 
IV,  namely,  the  treatm«it  of  definite  integrals  involving  a  parameter. 
Hue  pwtion  also  hae  been  revised  and  ejqtanded. 

Ch^iter  VII  oorreapooda  to  the  original  Chapter  V  and  ia  devoted  to 
the  diaeuaaiott  ot  the  more  fundamental  theorems  with  regard  to  tfae  con- 
vergence and  summ^Hlity  (Ci)  of  the  Fourier  dev^pment  of  an  arbitrar; 
function.  Among  the  new  material  added  may  be  mentioDed  the  proof  of 
the  oonvergeace  of  Fourier's  series  by  means  of  Fej^s  tfaaorem  on  the 
summability  (CI)  and  a  graernl  theorem  with  regard  to  series  summafole 
(CI)  due  to  G.  H.  Hanlj;  also  a  discuaiaoa  <d  Poiaeon's  mtegral. 

Ch^ler  VTII,  dealing  mainly  with  the  uaifbrm  emivcrgenoe  of  Pourier's 
e  and  the  valifity  of  temi  -by  tefM 


such  series,  and  Chapter  IX,  devoted  to  the  oonaideratiaa  of  tfce  appmi- 
matioti  curves  and  Oibb'e  pbenomcDoo,  oorrseprotd  to  Chaptos  VI  and 
VII  of  the  (siginal  edition.  The  maMial  oa  GiU's  iihwiiMiiina  is  aew 
and  ia  founded  mninjy  on  BMxt'b  diaeoaaiaD  in  the  Annau  of  Mathk- 
lUTics  and  the  further  tnatmoat  of  the  Btd>j«ct  by  the  author  in  the 
AlfEKIClH  JorKTAI,  OF  Matbkhattcs. 

Chapter  X,  lAioh  deals  with  Fourier's  integnUs,  oom^xHids  to  the 
origmal  Chapter  VIII.  In  iu  ptesent  ft>rm  it  inoludea  reetnt  extansioas 
of  the  theory  of  tteae  integiab  due  to  Prtngafaeim.  Appendix  I,  lAidi  ia 
ttew,  fpvn  a  brief  aooount  of  oertMn  methods  of  hamMsue  analysis  that 
an  useful  when  the  fnnotion  to  be  devrioped  is  not  given  in  aoalytie 
form  but  only  by  meansef  a  curve  obtained  from  observationa.  Apfiendix 
II  contains  the  bibliography  of  Aj^endis  A  in  the  firat  edition,  brotight  up 
to  date.  This  bringing  up  to  date  invirfves  tbe  addition  of  aovec  and  a 
katf  pages  <rf  titles  for  tbe  period  ISOft-lSao. 

CHAUsa  N.  Hocms 
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SHORTER  NOTICES 

OnuTM  dt  a.  H.  Htdpkm.    Publi£ea  par  les  aoins  de  C.  Jordan,  H.  Pomcarfi, 

£.  Picard,  aveo  la  ooUaboratioQ  de  E.  Veeaiot.    Tome  III.*    Paria, 

Gautbier-Villars,  1021.    xii  +  518  pp. 

The  Paria  Aoademy  o(  Scdenera  propoeed  u  the  subject  of  tiie  p»nd 
priie  in  matbemattos  tot  1880  tbe  foUoinng  queetioa:  '"K)  perfect  in  wiine 
important  part  the  theory  of  ordinary  linear  differential  «quatioii8." 
Ha^ihen  submitted  a  meiootr  in  irhieb  he  proposed  to  determine  those 
ordinary  Inwar  differential  equations  which  are  reduciUe  to  integrable 
forma  by  means  of  buisfannationa  of  a  oertain  cUm;  and  the  priie  was 
Awarded  to  this  memoir.  The  text  of  Hermite's  report  on  the  memoir  is 
reproduced  in  an  article  on  Halphen  published  by  C.  Jordan  in  LiounLLS  'a 
JoDBNAL  in  1889  and  reprintad  on  ptigea  t  to  xii  of  tin  Tolmue  imder  review. 
(See  also  p.  33  <rf  toL  I  of  Halphen's  CUwtm.) 

Halphen  fotmuUtod  in  the  following  manner  the  emct  "douUe  qoee- 
tion"  which  he  treated: 

(1)  Having  given  a  linear  differential  equation  with  variable  X  and 
unknown  Y,  to  determine  if  there  euste  a  substitution 

X  -  r(X),        V  -  Yi.iX), 
such  that,  X  and  y  being  taken  for  the  new  variaUe  and  the  new  unknown, 
the  transformed  equation  belongs  to  one  of  the  following  three  categories: 
I.  Equations  with  constant  coefficients; 
II.  Equations  whose  general  integral  is  rational; 
III.  Equations  with  doubly  periodic  coefficients  with  the  same  periods 
and  with  a  uniform  genet&l  integral. 

(2)  Having  detennined  the  existence  of  the  substitntion,  to  effect  tbe 
integration. 

The  memoir  in  wUdi  he  treats  this  question  is  reprinted  on  pages  1-260 
of  tix  volume  under  review.  It  opens  with  an  eiroellent  foart«cn'page 
summary  of  the  reaidts  attained.  The  reqionae  to  the  first  question  is 
entirdy  decisive:  neoessaiy  and  sufficient  conditions  are  obtained  (and 
summariiedintiieintroduotion)  for  the  existence  of  the  substitution  named 
of  such  sort  that  one  may  apply  them  to  a  particular  equation  by  means 
of  strai^tforward  reckmiing.  The  propositions  relating  to  the  second 
part  are  not  quite  ao  definitive;  but  they  are  fai^reaohing  enough  to  have 
important  appUcationa,  particularly  to  equations  of  the  second  order. 

The  judgment  of  the  Academy,  awarding  the  grand  priie  to  Halphen 
for  this  memoir,  was  scarcely  rendered  when  the  Beriin  Academy  proposed 
for  the  Steiner  prise  "the  solution  of  an  important  question  in  the  theory 
of  twisted  algiiwaic  oaira."  In  1870  Haltihen  had  pubhshed  a  ebon 
note  on  llwi  iiii»ifiiiiiliiia  of  these  eurvea.  Henowretiumed  to  thissubject 
and  produced  his  classic  memoir  on  the  classification  of  twisted  rigebraic 
mrves  (i^inated  on  f^  2U-455  of  the  vMume  mder  review),  it  was 
erowoed  oowjoimtly  with  a  vamoir  b^  Noetber  subaitted  «■  tbe  smm 

*  Per  «  Avtt  Rview  rf  vclsmes  I  and  H  see  tUs  Bouxnn,  v<ri.  27 
(19M-31),'pp.  4SS-«eB. 
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occosioD.  By  many  this  is  esteemed  to  be  Halphea's  chief  work.  Some 
sccouDt  of  it  is  given  in  the  review  of  volumes  I  and  II  in  connection  with 
Poinoar^'s  analysis  of  the  memoir  on  pages  xxx-nod  of  volume  I. . 

Besides  these  two  master  memoirs,  volume  III  of  the  Otusret  oontains 
the  introductory  article  by  C.  Jordan  already  referred  to,  and  two  articles 
by  Halphen  cloeely  related  to  the  former  of  the  two  already  treated.  They 
both  deal  with  linear  differential  equations  of  the  fourth  order:  one  is  a 
brief  note  (pp.  457-461)  from  the  Couptkb  Rendub  and  the  other  is  a 
longer  article  (pp.  463-514)  from  the  Acta  Mathematica  on  the  invariants 
of  Unear  differential  equations  of  the  fourth  order. 

The  four  articles  reprinted  in  this  volume  may  justiy  be  said  to  contain 
two  great  contributions  by  Halphen.  The  one  is  the  memoir  on  twisted 
algebraic  curves  and  the  other  is  the  work  on  linear  differential  equations 
ooDtained  in  the  first,  third  and  fourth  papers.  Theae  are  all  entirely 
inspired  by  the  theory  of  differential  invariants  (to  which  Halphen  had 
previously  made  characteristic  contributions);  uid  they  are  treated  to- 
gether by  Halphen  himself  (vol.  I,  pp.  32-35)  in  the  summary  of  his  work 
prepared  by  him  on  the  oocasion  of  his  candidacy  before  the  Paris  Academy 
in  1885. 

R.  D.  Cabhicbael 

OrajAutd  and  Meekaniad  Compulatiott.    By  Joeeph  Lipka.     New  York, 

John  Wiley  and  Soub,  1018.    ix  +  2G4  pp. 

This  book  is  something  new  in  American  text-books.  It  treats  two 
subjects  of  vital  importance  to  ei^ineering  students  that  heretofore  have 
found  little  place  in  the  curricula  of  American  et^ineering  schools.  The 
first  part  of  the  book  is  devoted  to  the  graphic  solution  of  engineering 
problems  by  means  of  networks  of  scales,  various  kinds  of  coordinate 
paper,  the  charting  of  equations  in  three  variables  and  more  particularly 
by  means  of  alignment  chorte.  The  second  half  of  the  book  ia  concerned 
with  the  question  of  empirical  formulas  for  both  non-periodic  and  periodic 
curves  giving  numerical,  graphic  and  mechanical  methods  for  determining 
the  constants.  For  data  which  cannot  be  fitted  to  convenient  formulas, 
numerical,  graphic  and  mechanical  methods  are  developed  in  the  last 
two  chapters  for  interpolation,  differentiation  and  int^pation. 

The  book  is  rich  in  illustrations  and  applications  to  practical  engineering 
problems,  showing  clearly  the  value  of  the  graphic  methods  in  reducing 
the  drudgery  of  long  computations.  The  three  ch^ters  on  slignment 
charts  are  recommended  to  the  student  who  wishes  to  know  something  of 
the  nomographic  charts  of  Professor  M.  d'Ocagne.  The  work  is  also 
published  in  two  volumes. 

A.  R.  Cratborne 

Pwiktitmentheone.  By  Konrad  Knopp.  2d  edition.  Berlin  and  Leipiig, 
Vereinigung  wissenschaftlicher  Verleger.  Part  I,  1918,  140  pp.  Part 
II,  1920, 138  pp. 

This  "Funktiooentheorie"  is  a  completely  revised  edition  of  the  woric 
that  appeared  under  the  same  title  in  1913  in  the  Sonunlung  G&schen. 
It  is  issued  in  a  form  umilar  to  the  old  one  by  the  Vereinigung  wiss- 
enschaftlicher Verleger  which,  since  the  war,  has  continued  the  publishmg 
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activities  of  several  houses,  among  them  the  GAechen'eche  Verlagshand- 
lung. 

The  book,  groupiiig  its  material  around  the  centrally  important  concept 
of  the  monogenic  analytic  function,  affords  a  very  satisfactory  brief 
introduetioD  to  the  study  of  the  theory  of  functions  of  a  complex  variable. 
By  maintaining  throughout  sufficient  emphasis  upon  the  central  concept, 
and  by  connecting  various  parts  of  the  theoiy  by  their  relation  to  this 
concept,  a  balance  that  is  very  desirable  in  a  book  of  this  kind  is  secured 
between  the  more  and  the  less  theoretical  aspects  of  the  subject.  After  a 
chapter  od  point  seta,  Weft  (i.e.,  curves  consisting  of  a  finite  number  of 
rectifiable  pieces),  etc.,  there  are  taken  up  the  integral  theorems,  develop- 
ment in  series,  analytic  continuation  and  singular  points.  Then  follow,  in 
the  second  volume,  short  sections  on  entire  functions,  meromorphic  func- 
tions and  periodic  functions  (with  brief  mention  of  the  elliptic  functions); 
and  6naUy  a  section  on  multiple-valued  functions. 

The  book  is  clearly  written,  well  printed,  and  practically  free  from 
misprinta.  The  Cauchy  integral  theorem  is  proved  for  a  closed  Wtg  by 
means  of  approximating  polygonal  lines  and  by  reducing  the  theorem 
ultimately  to  the  case  in  which  the  area  enclosed  by  the  curve  is  a  triangle, 
in  a  maimer  similar  to  that  followed  by  Jordan  in  volume  I  of  his  Court 
iTATmiyse.  A  number  ot  well-choeen  exerciaea  are  distributed  throughout 
the  book. 

Abnold  DftESnBN 

RifiexioM  «ur  la  Mtiaphyiique  du  Caicvl  InfiniUsimcU.     By  Lazare  Camot. 

I  and  n.     Paris,  Gauthier-Villars,  1921. 

It  is  not  generally  known  that  this  treatise  was  translated  into  English 
by  William  Dickson  and  published,  with  notes,  in  the  Philosopbical 
Maoaeike  of  London,  volumes  9  and  10,  for  the  years  1800  and  1801. 
Maurice  Solovine,  the  editor  of  the  present  edition,  is  mistaken  when  he 
states  that  J.  K.  HauS's  German  translation  (ISOO)  and  G.  B.  Magistrini's 
Italian  translation  (1803)  antedated  translation  into  En^ish.  To  be  sure, 
a  later  English  Tenion,  prepared  by  William  Robert  Browell,  did  appear  at 
Oxford  in  1832.  The  various  translations  bear  testimony  to  the  high 
esteem  in  which  the  booklet  was  held  by  Camot's  contemporaries.  Camot 
makes  no  r«ferenoe  to  English  mathematicians  of  the  eighteenth  century 
who  came  after  Newton;  he  was  unacquainted  with  Bishop  Bericeley's 
onslaught  as  found  in  the  An altst.  Berkeley  and  Camot  exerted  a  strong 
influence  on  the  development  of  the  philosophy  of  the  calculus:  the  one 
by  his  destructive  criticism,  the  other  by  his  constructive  efforts.  Carnot 
lays  great  stress  on  the  doctrine  of  the  compensation  of  errors  in  infini- 
tesimal analysis,  being  unaware  that  before  him  this  view-point  had  been 
presented  by  Berkeley  and  others.  While  D'Alembert  and  Lhuilier  were 
partial  to  the  method  of  limits,  Camot  found  that  method  a  tortuous 
foot-path  in  which  it  was  difficult  to  avoid  being  bewildered.  Mathemati- 
cians interested  in  the  history  and  philosophy  of  the  calculus  will  welcome 
this  reprint  of  the  greatly  enlarged  edition  of  1813.  It  appears  in  the 
series  of  inexpensive  editions  of  Let  McAiret  de  la  PentU  Seientifique. 

Fi>)iuan  Cajobi 
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NOTES 

On  account  of  certain  r^ulationa  of  the  United  States  Poetoffice  De- 
partmeDt,  the  April-May  number  of  this  Bdixetin  was  given  only  one 
eerial  number,  though  it  is  in  fact  a  double  number.  It  is  number  4 
of  volume  28,  and  number  304  in  the  total  numbering.  For  this  Teaaon, 
the  present  volume  will  contAin  only  nine  numbers  according  to  this 
seri&l  numbering,  but  there  will  be  issues  for  each  of  ten  months,  as  usual, 
and  the  total  number  of  pages  in  the  volume  will  remain  at  approximately 
60O  pages,  as  usual.  The  only  irregularity  will  be  in  the  serial  number 
of  the  April-May  issue,  as  explained  above. 

On  April  18,  a  celebration  in  honor  of  Professor  Charlotte  Angas  Scott 
was  held  at  Bryn  Mawr  College  by  her  former  students.  (See  this  Bul- 
letin, vol.  28,  p.  72.)  In  the  afl«mooa,  after  an  addiess  of  welcome 
by  PresideDt  M.  Carey  Thomas  and  an  appreciation  of  Professor  Scott 
as  a  teacher  and  an  investigator  by  Miss  Marion  Reilly,  Professor  A.  N. 
Whitehead  gave  an  address  on  Some  principUs  of  physical  science.  The 
lecture  was  followed  by  a  tea  for  all  the  guests  at  the  Deanery,  the  home 
of  Presideot  Thomas.  At  a  dinner  in  the  evening,  there  were  present 
about  seventy  members  of  the  American  Mathematical  Society,  about 
seventy  former  students,  and  a  number  of  members  of  the  Faculty  of 
the  College.  Representatives  of  each  of  these  groups  gave  short  talks 
testifying  to  Professor  Scott's  early  brilliant  record  in  England,  to  the 
inspiration  and  encouragement  that  her  research  and  career  have  brought 
especially  to  women  beginning  graduate  work  in  mathematics,  and  to 
the  invaluable  services  that  she  renders  to  the  College  by  her  teaching, 
her  committee  work,  and  her  council. 

The  October  number  (vol.  43,  No.  4)  of  the  American  Jocrnal  of 
Mathematics  contains  the  following  papers:  On  some  propertie»  of  general 
manifoldi  reUiiing  to  Einstetn'e  theory  of  gravitation,  by  J.  A.  Schouten 
and  D.  J.  Struik;  Geomelrieal  theorenu  on  Einstein's  eosmological  equaliom, 
by  Eklward  Kasner;  On  the  Fermat  and  Hestian  points  for  the  non-euclidean 
triangle  and  their  analogues  for  the  tetrahedron,  by  C.  M.  Sparrow;  The 
Cauchy-Lipschitz  method  for  ihfinile  systems  of  differential  equations,  by 
W.  L.  Hart;  Boundary  value  and  expansion  problems;  formulation  of 
various  transcendental  problems,  by  R.  D.  Carmichael;  Reciprocity  in  a 
prMem  of  relative  maxima  and  miniTjui,  by  J.  K.  Whittemore. 

Professor  Gino  Loria  announces  that  the  Bou-ETTINO  ni  Bibliografia 
E  Storia  deujs  Scibneb  Mathehatiche,  which  he  founded  and  of  which 
he  has  been  editor  for  many  years,  will  in  future  be  published  as  an  his- 
torical and  bibliographical  section  of  the  Bollbitino  di  Matematica, 
of  which  Dr.  A.  Conti  is  editor.  It  is  proposed  to  retain  all  the  essential 
features  of  Professor  Loria's  Bollettino  under  the  new  form. 
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At  the  meellDtt  of  the  National  Academy  of  Sciences  held  at  Wash- 
ington April  24-26,  1022,  the  following  mathematical  papers  were  read: 
Some  extenaiona  in  the  mathemalia  of  hydro-ntechaniee,  by  R.  S.  Wood- 
ward; Normal  coordinolet  and  Einstein  tpaee,  by  G.  D.  Birkhoft;  Al^^e^ 
hraie  aolulUtne  of  Einstein's  cosmotofficai  equations,  by  Edward  Kasner; 
The  geometry  of  polks,  by  OswiiJd  \'<?b1eD.  Professor  H.  A.  Lorents,  of 
the  University  of  Leiden,  delivered  (he  evening  address  on  April  24,  at 
tbe  invitation  of  the  Academy  and  the  Carnegie  Institution  of  Washington. 
Professor  L.  P.  Eisenhart  was  elected  a  fellow  of  the  Academy,  and  Professor 
Albert  Einstein  a  foreign  associate. 

The  following  fourteen  doctoratca  with  mathematics  eis  major  subject 
were  conferred  by  American  universities  in  the  academic  year  1920-21; 
the  title  of  the  dissertation  is  added  in  each  case:  Nina  M.  Alderton, 
California,  Inuotutary  quartie  tTunsformations  in  space  of  four  dimentiom; 
Beulah  M.  Armstrong,  Illinois,  Mathematical  iruJuefum  tn  group  theory; 
E.  M.  Berry,  Iowa,  Diffuse  refiedion,  Rachel  Blodgett,  Radcliffe,  Defer- 
minaiion  of  the  coefficient  in  inierpolalion  formidit  and  a  study  of  the  ap- 
proximate solution  of  integral  equations;  P,  H.  Daus,  California,  Normal 
temory  fraction  ezpanaiona  for  the  c\Ae  roots  of  integers;  W.  E.  Edington, 
lUinois,  Abstract  group  deJinUions  and  applicatums;  M.  C.  Foster,  Yale, 
Reettiinear  eongrvvnces  referred  to  special  surfaces;  Philip  Franklin,  Prince- 
ton, Four  color  problem;  Mayme  I.  Logadon,  Chic^o,  Equivalence  and 
reduction  of  pairs  <tf  hermitian  forma;  Irwin  Roman,  Chicago,  Trans- 
formation of  wwea  through  a  symmetrical  optical  irulrument;  D.  V.  Steed, 
California,  Lines  on  the  hypersurfaee  of  order  2n  —  3  in  space  of  n  dimen- 
sions; Jung  Sun,  Syracuee,  Some  delerminanl  theorems;  Flora  D.  Sutton, 
Johns  Hopkins,  Certain  chains  of  theorems  in  reflective  geometry;  F.  E. 
Wood,  Chica^,  Certain  reUdiona  betaten  the  projective  theory  of  surfaces 
and  the  prtfjective  theory  of  congntejtcea. 

The  Carl  Zeiss  Foundation  of  Jena  announced,  at  tbe  meeting  of 
mathematicians  and  physicists  held  at  Jena  in  September,  1921,  the 
establishment  of  a  prise  in  memory  of  Ernst  Abbe,  "for  the  advancement 
of  the  mathematical  and  physical  sciences  and  their  applications."  The 
interest  on  a  fund  of  100,000  marks  will  be  awarded  every  two  years 
for  important  research  in  these  fields.  The  prise  will  be  awarded  for 
work  in  mathematics  in  1024,  in  pbysicsin  1926,  and  in  applied  mathematics 
and  physics  in  1928. 

Cambridge  University  has  awarded  a  Smith's  priK  to  E.  A.  Milne, 
of  Trinity  College,  for  an  essay  entitled  Studies  in  the  theory  of  radiative 

equilibrium. 

Professor  Ren£  Baire  has  been  elected  correspondent  of  the  Paris 

Academy  of  Sciences  in  the  section  of  geometry,  as  successor  to  the  late 
Professor  M.  Noether. 

Professor  A.  S,  Eddington  has  been  elected  a  foreign  honorary  member 
of  the  American  Academy  of  Arts  and  Sciences. 
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TIm  following  advanced  courses  in  mathemiitieB  are  announced  for 
the  academic  year  1922-23: 

Columbia  UuiVEBBnT.— By  Professor  T.  S.  Fiske:  DifferentLal  equa- 
tions (first  term).— By  Proteasor  F.  N.  Cole:  Algebra.— By  Professor  D. 
E.  Smith:  History  of  mBthematioi;  Practiciim  in  the  history  of  mathe- 
matics.— By  Professor  C.  J.  Keyser:  Introduction  to  matheniatioal  phi- 
loeophy  (first  term);  Logical  foundations  of  mathematics. — By  Professor 
Edward  Kaaner:  Einstein's  theory  of  gravitation. — By  Professor  W.  B. 
Fite:  Theory  of  fimctions. — By  Professor  J.  F.  Ritt:  Functions  i^  several 
complex  variables  (first  term);  Algebraic  numbers  (second  term). — By 
Dr.  G.  A,  Pfeiffer:  Isoperimetric  problems  (second  term). — ^By  Dr.  Jesse 
Dou^as:  Differential  geometry  (first  term). 

Cornell  UNiVEBsnr.— By  Professor  J.  I.  Hutchinson:  Entire  func 
tions.  By  Professor  Virgil  Snyder:  Algebraic  geometry. — By  Professor  F. 
R.  Sharpe:  Vector  analysis. — By  Professor  W.  B.  Carver:  Advanced 
calculus. — By  Profemor  Arthur  Ranum:  Differential  geometry. — Bv  Pro- 
fessor D.  C.  Gillespie:  The  definite  integral.— By  Professor  W.  A.  Hur- 
witi:  Infinite  series. — By  Professor  C.  F,  Craig:  Probabilities. — By  Pro- 
fessor F.  W.  Owens:  Projective  geometry. — By  Professor  H.  M.  Morse: 
Einstein's  theory  (first  term);  Dynamical  systems  (second  term), — By 
Professor  W.  L.  G.  Williams:  Modem  higher  algebra.— By  Dr.  F.  W.  Reed: 
Elementary  differential  equations. — By  Mr.  H.  8.  Vandiver:  Finite 
groups. — By  Dr.  G.  M.  Robison:  Advanced  analytic  geometry. 

Habvard  Untvfbsitt.^AII  courses  meet  throughout  the  year,  except 
those  marited  with  an  asterisk,  which-  meet  for  half  a  year. — By  Professor 
W.  F.  O^ood:  Differential  and  integral  calctJus  (advanced  course); 
Theory  of  functions  (introductory  course). — By  Professor  J.  L.  Coolidge: 
Probability";  Algebra*;  Algebraic  plane  curves. — By  Professor  E.  V. 
Huntington:  The  fundamental  concepts  of  mathematic8*,^By  Professor 
O.  D.  Kellogg:  Dynamics  (second  course);  Introduction  to  the  theory 
of  potential  functions  and  Laplace's  equation*;  Potential  functions  (ad- 
vanced course)*. — By  Professor  G.  D.  Birkhoff:  The  analytic  theory  of 
heat  and  problems  in  elastic  vibrations*;  Linear  differential  equations 
of  the  second  order,  real  variables*. — By  Professor  W.  C.  Graustein: 
Introduction  to  modern  geometry;  Differential  geometry  of  curves  and 
surfaces.— By  Dr.  J,  L,  Walsh:  Infinite  series  and  products*;  Theory  of 
tkumbere*;  Entire  functions*. — By  Dr.  Philip  Franklin:  Elementary 
theory  of  differential  equations';  Analysis  situs*. — Dr.  Walsh  and  Dr. 
Franklin  will  conduct  a  fortnightly  seminar  in  analysis.  Courses  of 
research  are  offered  by  Professor  Osgood  in  the  theory  of  functions,  by 
Professor  Coolidge  in  geometry,  by  Professor  Kellogg  in  the  theory  of 
potential  functions,  by  Professor  Birkhoff  in  the  theory  of  differential 
equations,  and  by  Professor  GrauBt«in  in  geometry. 

Professor  Alexander  Ziwet  has  presented  his  privat«  library,  consisting 
of  more  than  five  thousand  books  on  mathematics  and  mechanics,  to 
the  University  of  Michigan.  This  important  collection  includes  many 
rare  works. 
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At  the  UniveTBity  of  Strasbourg,  Dr.  E.  Bauer,  maltre  de  conf^renoea, 
lias  been  promoted  to  a  professorship  o(  mathematics. 

Mr.  W.  H.  Durfee,  of  Harvard  University,  has  been  appointed  aaaiBtant 
profeaaor  of  mathematics  at  Hobart  Coll^ce. 

Mr.  J.  A.  Northoott,  of  Columbia  University,  has  been  promoted  to 
as  assistant  profeasorehip  of  mathematics,  in  charge  of  extension  courses. 

Dr.  C.  A,  Nelson,  of  Western  Reserve  University,  has  been  appointed 
«S80ciate  in  mathematics  at  Johns  Hopkins  University. 

At  the  University  of  Minnesota,  Professor  A.  L.  Underhill  has  leave 
of  absence  for  the  year  1922-23;  he  expects  to  spend  the  year  in  France. 

The  following  appointments  to  inatructorsbips  in  mathematics  are  an- 
nounced: Cornell  University,  Mr.  W.  W.  Elliott;  Harvard  University,  Dr. 
Philip  Fianklin  (Pierce  instructor),  Mr.  K.  W.  Holbert,  Mr.  H.  C.  Shaub, 
Mr.  M.  M.  Slotnick,  and  Mr.  D.  V.  Widder;  University  of  Minnesota, 
Mr.  H.  W.  Chandler. 

Professor  D.  E.  Smith,  vice-president  of  the  Society,  and  Mrs.  Smith 
were  seriously  injured  in  an  automobile  accident  on  May  30  in  Northern 
France.  Both  recovered  after  being  in  a  hospitid  for  over  a  month. 
They  will  return  to  America  in  September. 

Sir  A.  B.  Kempe,  president  of  the  London  Mathematical  Society  in 
1804,  and  for  many  years  treasurer  of  the  Royal  Society,  died  April  27, . 
1922,  at  the  age  of  seventy-three  years. 

Professor  J.  B.  Coit,  of  Boston  University,  died  July  26,  1921,  at  the 
age  of  seventy-two  years. 

Dr.  G.  B.  Hoisted,  professor  of  mathemalica  at  the  University  of 
Texas  from  18^  to  1903,  and  later  at  St.  John's  College,  Kenyon  College, 
and  the  Colorado  State  Teachers'  College,  died  in  New  Yoric  City  March 
19,  1922,  at  the  age  of  sixty-nine  years.  Dr.  Halsted  had  been  a  member 
of  the  American  Mathematical  Society  from  the  time  of  its  organiKation, 
in  1891,  as  the  New  York  Mathematical  Society.  He  was  the  author 
of  several  books  and  papers  on  non-eucUdean  geometry,  and  on  the  foun- 
dations of  geometry. 
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NEW  PUBUCATIONS 

I.    HIGHER  MATHEMATICS 

Amdotsb  (H.).    L'cniTTe  Bcieotifique  de  Loplaoe.    Puts,  Pftyot,  1923. 

16mo.     162  pp. 
BcucHAK  (G.).    See  ENcrKMH-iDiK. 
BiANcai   (L.).    Lesoni  di  geomettitt  diSeretuule.    3&  ediaione  inten- 

meote  hfuaa  ed  ompli&ta,  ia  due  volumi.    Volume  1.    Pisa,  Spoerri, 

1021.    8vo.    800  pp. 
DvpoBT    ( — ,).    Les    tranaformationa    de    Backluud.    Paris,    Gauthioy 

Villan,  1921.    8to.     10  pp. 
Enctklof^die  der  nuthNnatischen  WusenBchaften.    Band  III    I,  H^ 

7:   G.  Bcrkban  UDd  W.  F.  Meyer,  Nexiere  Dndeokageometne.    H. 

RoOie,  Systeme  geometrisclier  Analvse,  Iter  TeiL     Leipiig,  TtebMr, 

1921. 
EncTXLOpXDtB  der  matfaematisehen  Wiasensahafteo.    Band  III   3,  Heft   ' 

G:    E.   Salkomld,    Dieifach-ortbogooale    FUoheosyBteme.     Ldpiig, 

TeuUMT,  1921. 
Fakkab  (A.).    Die  AuflOsung  einiger  unbeatunmten  GleichunffeK  hOheven 

Grades  durch  Iteihen.    Nagyenyed,  Aiud,  1920,    7  pp. 
aEmMOBB    (H.).     Die    Oedaukenwelt    dcx    Mathamatik.    Beriin    und 

Frukfwt,  Veriag  da  ArbeitagMMmnhaft,  1923.    900  pp. 
Hampel    (H.).    Ueber   Aoustsche    Kunm.    (Din.,    HaHe-Witteobog.) 

HaUe,  1921.    86  pp. 
HiLBBBT  (D).    Die    GniDdUgen    der  Geometrie.    5te  Auflage.     (Wis- 

aensduft  und  Hypotbese,  Nr.  7.)    Leipiig,  1922. 
JoKinoN  (W.  E.).    Locie.    Put  2:   DtoMoatntiTO  ialereitee,  deductive 

and  inductiTe.    Cambridfle,  Uotvenity  Preea,  1922.    20  +  25S  pp. 
KowAUEWfixi  (A.).    Die  BimtordiMCK.      MatbematiKbe,  philoeophiaaiie 

uad  teofaoiaohe  Betntcht«mgen  fibn  eine  neoe  kondnnatoriscdM  IdM. 

Hrft  1.     Leipng.  Engdnumi,  1922.     63  m). 
Mkxkr  (W.  F.).    See  ENCTKLOpJUtiB. 
Ncvius  (£.  H.}.    Multilinear  fuaotKm*  of  direetioK,  and  tiieir  ums  ib 

differential  geometry.    Cambridge,  University  PreM,  1981.    Svo. 
PoiB^  (J.).    Pr£oia  d'arithm£tique.     Paris,  Gauthier-ViUan,  1921.    Svo. 

6  +  64  pp. 
KoTHE  (H,).    See  EnctklopXoib. 
Rtrb  (F.).    a  coDtribution  to  the  theory  of  linear  homogeneous  geometoia 

diSefenoe  equations  (^-differenoe  equations).     (Diss.,  Lund.)    Lund, 

1S21.    45  pp. 
Salkowbki  (E.).    See  EnctxlopXdib. 
ScHXBEN  (G.).    Brennpunkte  und  Asymptoten  der  Kegelaohnitte  in  der 

nicht-euklidischea  Geometrie.     (Dim.)    Bonn,  1921. 
Weatbbrburn    (0.   E.).    Elemeutary   vector   analysis.    London,   Bell, 

1921.    28  +  184  pp. 
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n.    ELEUENTART  MATHEMATICS 

AnBCBT  (P.)  et  Pi^ielier  (0.)-  Exerdoefl  d'alfjAbre,  d'anolyae  et  de  trifto- 
Dontitrie.    Totne  1.    Pans,  Vuibert,  1921.    SOS  pp. 

Dickson,  (L.  E.).  Plane  trigonometrj.  New  Yori:,  Suboro,  1922. 
19  +  176  +  36  pp. 

DnracuBT  (F.).  SamBdong  voo  Atd^abei]  tur  Anwendnng  der  Differ- 
ential- und  Integralrechnung.  Teil  2:  Aufgaben  nir  Anwenduag  der 
IntogralrodiBmiK.    2te  Auflage.    Leipng,  1930. 

DooB  (A.  v.).    See  Ray  (H.  B.). 

Hau.  (W.  S.)'  Elements  of  the  differmtul  and  int^nl  ealoului.  2d 
edition,  revised.    New  York,  1922.    263  pp.  S2.75 

MoBXUX  (T.).  Pour  oompiecdra  rarithmMique.  Patia,  Dmn,  1921. 
Idmo.    212  pp. 

Obeho  (E.).  Solution  of  triangles.  A  treatiae  on  the  uae  of  fonnulaa 
and  Uie  praotieal  qiplication  of  trigonometry  and  Ic^taiithms  in  tbe 
solution  of  shop  proUems  invcdving  ri^t-an^ed  and  oblique-angled 
(mni^.    New  York,  1921.     100  pp.  tl.OO 

Papelieh  (Q.).    See  Adbkrt  (P.). 

Ray  (H.  B.)  aad  Doub  <A.  V.).  Preparatorr  matliematias  for  use  in 
technical  schools.     New  Yoric,  Wiley,  1921. 

BcHMiDT  (H.).  Zahl  und  Ponn.  Leit^tfasalicbe  Einf&hrung  in  die 
Matfaematik.    Hamburg,  1921. 

WuABLM  (J.).  Comprehensive  tables  of  compowtd  interest.  London, 
Kffin^m  Wilson,  1922.     1 12  pp. 

UI.    APPLIED  MATHEMATICS 
Aiioioao  (L.).    LoBOV  di  natetnatica  biaasaria. '  Volume  1.    NapoU, 

Majo,  1921. 
Baitb  (C).    Diqdaeenent  Meofenmetry  ap^ied  te  amustMS  and  ta 

gravitatiaB.    (Cbnwgie  Institution  Publioatiaa,  No.  3ia)    Waifaing- 

ton,  Canegw  Institutit^,  1931.    S  +  1«}  pp.  S2.S0 

Ban  (J.  M.).    See  Scniinmc  Ammucan. 
Bbobe  (H.  L.).    See  Wen.  (H.). 
CaAKuaB  (Q.).    Stadias  ■  tte  d^uBka  cf  tka  ttaih'a  atmotfktn. 

London,  Harrison,  1920.    28  pp. 
ItafOLa    (H.).    Bdativt^   foe  aH.    London,   Mci^aea,    1932.    ISna. 

8  +  172  pp. 
Eccus  (W.  H.).    ContfaniMH  wa'w  winiiM  telep^iky.     Part  1.    Lm- 

dm,  Wireless  Press,  1921.    7 +  407  pp.  25s. 

GKln   (L.).    Der   Atombau   m  ihnr   acueotan   EntwicUung.    Saohs 

Vortrfige.    Stutt^rt,  1921. 
Haommcb  (R.).    DanteOsttde  GwMnetiie.    ttv  Ted.    3le,    mUwmtt 

und  vermehrte  Auflage.    Berlin,  1921. 
KsTMn  (/.  M.).    A  ImiMB  an  prababii^.    Lmlni,  HaomiMan,  1921. 

11 +465  pp. 
LuioTTB  (M.).    CouTB  de  tn^canique  appliqu^e.    Paris,  Gauthier-Villars, 

1922.    8vo.    214  pp. 
LiPKA  (J.).    Graphical  and  mechanical  computation.     Part  2:    £iq>eri- 

mentaldata.    NewYo^  Wiley,  1921.     145  pp.  $2.00 
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LORma  (P.  H.).    Atomic ttteoiiet.    LodiIod,  Methueo,  1921.    9  +  218pp. 

12a.  6d. 
MjULLabd  (L.).    Le  mouvement  quaai  newtonieii  et  U  gnvitaUon.    Lwi> 

sanne,  Imprimeries  i^unieB,  1921. 
Mm    (G.).    Die   Einsteinsche   GnvitatioDBtheorie.    Veisuch  einer  all- 

gemeiD  veratOndlichen  DatBtellimg  der  Theorie.    Leipiig,  Hinel,  1921. 

4+67  pp. 
Mebkot  (W.).    Daa  WeltgeUUide  im  lichte  der  neueren  Forachung. 

Berlin,  Springer,  1021.    2  +  63  pp. 
d'Ocaonii  (M.).    Traiti  de  nomogr^hie.    Paria,  Gauthiei^Vill&ra,  1921. 

24  -(-  484  pp. 
Faok  (L.).    An  introduction  to  electrodynamics  from  the  standpoint  of  the 

electroQ  theory.    Boston,  Ginn,  1922.    0  +  134  pp. 
Pnrr  (E.).    See  Richabd  (P.  J.). 
Pic&HD  (£.).    La  thterie  de  la  relativiU  et  ses  applications  k  raatroDomie. 

Paris,  Gauthier-Villars,  1922.     16mo.    27  pp. 
PaiNaBHxiH  (P.).    FlouoreHienBUndPhospboreBEeniimLichte  der  neueren 

Atomtheorie.    Berlin,  Springer,  1021.    8  +  202  pp. 
Rhodes  (E.  C).    Smoothing.     (Tracts  for  Computera,  No.  6.)    London, 

Cambridge  University  Frees,  1921.    60  pp.  3s.  9d. 

Richabd  (P.  J.)  et  Petit  (E.).    Tbeorie  mathfimatique  dee  tamxttaaea. 

2e  Edition,  enti^rement  r«mani£e  et  miae  jk  jour.    2  volumes.     (En- 

cyclop^die  Scientifique.)    Paris,  Doin,  1922.    455  +  320  pp. 
RiCHTER  (H.).     Die  Entwicklung  der  BegrifTe  "Kraft,  Stoft,  Raum,  Zeit" 

durch  die  Philoaophie  mit  LSaung  des  Einstein  Problems.    Leipiig, 

Hillmann,  1921. 
SXnoerwau)  (R.).    Beitrfige  lur  etreckenweiaen  Errechnuim  von  Ge- 

BchoflBbahnen.    Leipiig,  Teubner,  1021. 
Scientific  Ahericait.    Relativity  and  gravitation,  by  various  writers. 

Essays  written  for  the  SctKNTinc  American's  competition,  edited 

byJ.  M.  Bird.    London,  Methuen,  1921.     14  +  345  pp.         8a.  6d. 
THiRRmo  (H.).    Die  Idee  der  Relativit&tstheorie.     Berlin,  Springer,  1921. 

4  +  170  pp. 
TiLaHER  (A.).    Relativisti  contemporanei.    3a  ediiione.    Roma,  Libreria 

de  Scienie  e  Lettere,  1921.    81  pp. 
Uhuch  (R.).    Untersuchungen  lur  Erkl&ning  der  Femwirkenden  Kiiite. 

Leipiig,  Teubner,  1920. 
ViLLAT  (H.)-    Aper^uB  th^oriquee  sur  la  r^istance  des  fluides.    Paris, 

Gauthiei-Villars,  1021.    8vo.     101  pp.  Fr.  8.00 

Voi/TERRA  (V.).    The  flow  of  electricity  in  a  magnetic  Geld.     Berkeley, 

University  of  California  Press,  1921.    8vo.    72  pp.  $1-25 

Weti.  (H.).    Space,  time,  matter.    Translated  by  H.  L.  Btose.    London, 

Methuen,  1922.    8vo. 
Wheeler  (S.  G.).    Entropy  as  a  tangible  conception.    London  and  Kew 

York,  1921.    76  pp.  $3.00 
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1922.J  APRIL  MEETING 


THE   APRIL  MEETING  OF  THE  SAN  FRANCISCO 
,  SECTION 

The  thirty-ninth  regular  meeting  of  the  San  Francisco 
Section  of  the  American  Mathematical  Society  was  held  at 
Stanford  University  on  Saturday,  April  8.  Professor  R.  E. 
Allardice  liresided.  The  total  attendance  was  twenty-one, 
including  the  following  sixteen  members  of  the  Society: 

Alderton,  Allardice,  B«mBteiD,  Blichfeldt,  Buck,  Cajori,  Daus,  Hukell, 
HoBluns,  Itehmer,  Libby,  W.  A.  Mumins,  Moreoo,  F.  R.  Morris,  Noble, 
Pauline  ^i>erry. 

Ttje  Secretary  of  the  Section  was  directed  to  send  a  letter 
of  felicitation  to  the  Chicago  Section  on  the  occasion  of  its 
twAity-fifth  anniversary,  and  a  letter  of  felicitation  to  Pro- 
fessor Scott  on  the  occasion  of  the  celebration  held  in  her 
iionor  at  Bryn  Mawr  College  on  April  18. 

The  dates  of  the  next  two  regular  meetings  of  the  Section 
were  fjeced  as  October  21,  1922,  University  of  California,  and 
April  i,  1923,  Stanford  University. 

Titles  and  abstracts  of  papers  read  at  this  meeting  follow 
below.*  The  papers  of  Professors  Bell  and  Carpenter  were 
read  by  title. 

1.  Dr.  P.  H.  D&us:  On  the  9olutUin(^  the  diophantiTie  equation 
3?  —  Dy'  =  ±  1.    Preliminary  report. 

The  author  finds  solutions  of  the  equation  X*  —  DY^  =  ±  I 
from  the  solutions  of  the  pellian  cubic  a:*  +  Z>y*  -f-  Z)V 
—  SDxyz  =  1,  and  shows  by  means  of  ternary  continued 
fractions  that  the  first  equation  cannot  have  more  than  one 
non-trivial  solution,  and  if  it  has  a  solution,  it  is  obtainable 
from  the  fundamental  solution  of  the  pellian  cubic. 

2.  Professor  Florian  Cajori:  Recent  aymholiama  Jot  deciirud 
fractions. 

The  author  describes  the  struggle  for  supremacy  of  the  dot 
and  the  comma  in  different  countries  during  the  eighteenth 
and  nineteenth  centuries,  as  the  decimal  separatrix.  During 
the  past  thirty-five  years  over  half  a  dozen  different  decimal 
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notationa  have  appeared  in  print,  viz.,  2.5  (in  the  United 
States),  2'5  (in  Great  Britain),  2,5  (the  common  notaUon 
on  the  European  Continent),  2'5,  2'5,  2,5  (three  notations 
occasionally  found  in  Spanish  hooks),  2,s,  2.^  (two  notations 
found  in  Scandinavia  and  Denmark). 

3.  Professor  Florian  Cajori:  Pricked  leUers  and  idtimate 
ratios. 

In  the  Philosophical  Transactions  (London),  vol.  3, 
p.  763,  N.  Mercator  used  in  1668  the  dot  placed  over  the  letter 
/  or  over  a  number,  to  indicate  an  infinitesimal  difference, 
similar  to  the  use  of  the  dot  in  x  among  certain  English  writers 
(after  Newton  in  1693  had  used  i  in  print  to  designate  a 
fluxion  or  velocity)  to  denote  infinitely  small  quantities. 
Mercator  used  in  1668  the  Latin  forms  for  "prime"  and 
"ultimate  little  ratios";  Newton  first  used  in  print  the  phrase 
"prime  and  ultimate  ratios"  in  1687.  It  is  possible  that 
Newton  adopted  this  terminology  from  Mercator,  but  his 
use  of  the  dot  in  private  papers  antedates  Mercator's  us^  of 
it  in  print. 

4.  Professor  B.  A.  Bernstein;  The  complete  existential  theory 
cf  Hurwiiz't  postulates  for  abelian  groups  and  fields. 

In  a  previous  paper,  the  author  determined  those  sets  of 
Hurwitz's  postulates  for  abelian  groups  and  fields  that  are 
completely  independent.  In  the  present  paper  he  obtains 
the  complete  existential  theory  of  Hurwitz's  remaining 
postulate-sets  and  thus  establishes  the  complete  existential 
theory  of  all  of  the  sets.  The  complete  paper  will  appear  in 
this  Bulletin. 

5.  Professor  E.  T.  Bell:  Periodicities  in  the  theory  qf  par- 
titions. 

Theta  functions,  not  merely  theta  constants  as  customary, 
being  used  in  the  analysis  of  partitions,  it  is  shown  that 
Euler's  P{n)  is  connected  with  six  new  denumerants  by  a 
remarkable  system  of  periodic  relations.  Two  kinds  of 
periodicity  are  involved:  ordinary  (as  in  analysis);  numerical 
(periodicity  of  residues  with  respect  to  an  integer  modulus). 
Either  or  both  can  occur  in  one  relation.  The  theory  is 
closely  connected  with  cyclotomy,  Lucas'  u„,  ii„,  and  the 
algebraic  integers  of  a  realm.  The  paper  will  appearjn^the 
Annals  of  Mathematics. 
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6.  Professor  E.  T.  Bell:  A  revUion  qf  the  BemorUlian  and 
Evlerian  functiona. 

Four  functions  of  a  single  variable  are  taken  as  fundamental 
instead  of  the  usual  pairs  of  Raabe,  Schlomilch,  Worpitzky, 
Glaisher  and  others,  and  by  these  the  theory  is  reduced  by 
the  symbolic  method  to  a  simple  and  symmetric  form. 

7.  Professor  E.  T.  Bell:  Trigotwrnelry  and  the  numbers 
B,  E,  G,  Rcf  Bernoulli,  Euler,  Genocchi,  and  Lucas. 

All  general  relations  between  numbers  B,  E,  G,  R  of  dif- 
ferent ranks  can  be  obtained  briefly  and  systematically  by 
Blissard's  umbral  calculus  as  an  isomorph  of  trigonometry. 
A  set  of  22  such  relations  involving  an  arbitrary  analytic 
function  is  given.  The  set  is  complete  in  that  it  contains  at 
least  one  relation  of  each  type.  A  relation  is  of  type  r  if  it 
involves  precisely  r  of  the  symbols  B,  E,  G,  R. 

8.  Professor  C.  A.  Noble:  Retention  of  a  salt  solviion  in  a 
tank  of  flowing  water. 

The  author  assumes  that  a  salt  solution  of  given  strength 
is  continuously  admitted  into  a  stream  of  water  which  flows 
uniformly  through  a  system  of  n  tanks;  that  the  contents  of 
each  tank  is  agitated;  and  that  the  salt  diffuses  instanta- 
neously. He  deduces  the  differential  equation  for  the  amount 
of  salt  remaining  in  the  nth  tank  at  the  time  t,  and  solves 
this  equation. 

9.  Professor  A.  F.  Carpenter:  Generalization  of  a  theorem 
on  Jlecnode  cumea  of  ruled  surfaces. 

In  this  paper  the  author  proves  that  a  necessary  and 
sufficient  condition  that  the  planes  osculating  the  flecnode 
curve  and  the  complex  curve  of  a  ruled  surface  at  the  four 
points  in  which  they  intersect  any  ruling  form  a  harmonic 
pencil  is  the  vanishing  of  the  invariant 

P^l  A.  _  P"  A- 


This  theorem  generalizes  certain  results  formerly  obtained 
by  the  author  {Transactions  of  this  SociExy,  vol.  16  (1915), 
p.  509).  The  paper  further  determines  the  differential 
equations  of  the  ruled  surface  generated  by  the  axis  of  the 
pencil  of  osculating  planes  and  shows  that  if  the  tangents  to 
one  branch  of  the  flecnode  curve  of  the  given  ruled  surface 
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cut  out  one  branch  of  the  flecnode  curve  of  the  second  ruled 
surface,  the  same  is  true  of  the  tangents  to  the  other  branch 
of  the  flecnode  curve,  that  a  corresponding  situation  holds 
for  the  respective  complex  curves,  and  finaUy  that  the  two 
ruled  surfaces  are  undw  these  conditions  space  duals. 

10.  Professor  Florian  Cajori:  The  fnstory  oj  trigoTwmetric 
notationa. 

The  author  describes  trigonometric  notations  used  by  early 
writers,  beginning  with  Thomas  Finck,  who  in  1583  used 
contractions  sin.,  ian.,  aec,  nn.com.,  tan.com.,  aec.com.;  he  had 
very  few  followers  in  his  time.  In  Great  Britain,  in  1618 
and  1631,  severe  contractions  like  a,  t,  s  co,  t  co  were  introduced 
by  Oughtred,  Norwood  and  others  for  sine,  tangent,  cosine, 
cotangent,  but  seldom  did  any  two  authors  or  even  any  one 
author  always  adhere  to  exactly  the  same  set  of  symbols. 
About  1760  these  severe  contractions  were  abandoned  in 
England.  There  and  on  the  continent  abbreviations  of  three 
or  four  letters  (five  letters  for  coaec)  were  usually  preferred, 
but  no  unanimity  exists  even  today.  The  origin  is  traced 
of  notations  for  the  inverse  functions  (arc  sin  (Euler),  sin"'* 

(J.  F.  W.  Herschel),  ^x  (M.  Ohm)),  also  for  hyperbolic 

sm 
functions  (sinh  {V.  Riccati  and  J.  H.  Lambert),  Sin  (C. 
Gudennann))  and  for  parabolic  functions  (J.  Booth). 

11.  Dr.  F.  R.  Morris:  ArrangemetU  of  interest  tables  for 
Liberty  Bonds. 

The  usual  plan  of  interest  tables  for  bonds  is  to  place  the 
time  until  maturity  and  rate  of  income  in  the  two  margins 
and  the  value  of  the  bond  in  the  body  of  the  table.  However, 
it  is  often  desirable  to  read  the  rate  directly.  In  the  case  of 
Liberty  Bonds,  compact  tables  may  be  constructed  such 
that  rate  may  be  read  if  the  market  price  on  a  given  date  is 
known.  With  time  and  rate  as  ai^uments  the  computation 
is  direct;  with  time  and  value  as  arguments  the  computation 
is  indirect  and  rather  diflicult. 

12.  Professor  H.  F.  BlichfeMt:  Notes  on  diophatUine  approxi- 
mations.   Preliminary  report. 

The  following  is  a  well  known  theorem:  n  irrational  numbers 
ai,  ■  ■ ',  Un  being  given,  as  well  as  a  positive  number  c  ar- 


ovGooglc 


1922.]  EABTEB  MEETING  285 

bitrarily  small,  then  a  set  of  n  rational  fractions  x^jy,  ■••,  xjy 
can  be  found  such  that  |a,-  —  x,7y|  <  t  and  also  <  i/y'^+"" 
(i  =  \,  2,  ■  •  ■,  n),  where  5  is  a  fixed  number  depending  upon  n 
only  (cf.  Transactions  of  this  Society,  vol.  15  (1914), 
pp.  234-5;  L.  E.  Dickson,  History  of  the  Theory  of  Numbers, 
vol.  2,  p.  95  ff.).  A.  Hurwitz  has  proved  (loc.  cit.)  that 
S  =  1/V5  for  n  =  2;  and  H.  F.  Blichfeldt  that  5  ^  l/^-^S 
f or  n  =  3  (proof  not  yet  published).  In  Mathematischg 
Annalen,  vol.  83  (1921),  p.  77  ff.,  there  is  a  proof  by  O. 
Perron  that  S  >  (l/n)[0.35/{n  +  1)1"  approximately.  The 
present  writer,  using  Perron's  method  with  refinements  based 
on  the  principles  of  the  geometry  of  numbers,  obtains  the 
somewhat  better  result  5  >  (Ar/Vn)(2/Vn)''  approximately, 
where  iV  is  a  fixed  number. 

B.  A.  Bernstein, 
Secretary  of  the  Section. 


THE  EASTER  MEETING  OF  THE  SOCIETY 
The  two  hundred  twenty-second  regular  meeting  of  the 
American  Mathematical  Society,  being  the  seventeenth  regular 
Western  meeting,  and  the  forty-ninth  regular  meeting  of  the 
Chicago  Section,  was  held  at  the  University  of  Chicago  on 
Friday  and  Saturday,  April  14  and  15,  1922,  in  honor  of  the 
twenty-fifth  anniversary  of  the  Chicago  Section.  The 
attendance  at  these  meetings  was  approximately  one  hundred 
fifty,  among  whom  were  the  following  one  hundred  four 
members  of  the  Society: 

E,  S.  Allen,  F.  E.  Allen,  Baker,  Beckwith,  Bliss,  Blumberg,  Bradsh&w, 
Brabana,  Brooke,  Bussey,  G.  C.  Cainp,  Carmichael,  Chapman,  Chittenden, 
Coble,  Crathorae,  H.  B.  Curtis,  Curtis*,  Dalaker,  H.  T.  Davis,  Deaton, 
Dickson,  Doll,  Dowling,  Dresden,  Escott,  Everett,  EversuU,  Feldstein- 
Tartakovsky,  Feltges,  Fields,  Fry,  Gibbens,  Glenn,  Gouwena,  Green, 
W.  L.  Hart,  M.  0.  Baseman,  E.  R.  Hedrick,  HUdebrandt,  Hoar,  Hodge, 
Ingraham,  Dunham  Jackson,  Kinney,  Lane,  Lennes,  Logsdon,  Lunn, 
McGaw,  M.  M.  McKelvey,  J.  V.  McKelvey,  N,  B.  MacLean,  MacMillim, 
March,  MarshaU,  T.  E.  Maaon,  Meacbain,  B.  I.  Miller,  E.  B.  Miller,  G.  A. 
Miller,  Miser,  0.  N.  Moore,  E.  H.  Moore,  E.  J.  Moulton,  F.  R.  Moulton, 
A.  L.  Nelson,  Newson,  Olson,  C.  I.  Palmer,  Pitcher,  J.  F.  Reilly,  R.  G.  D. 
Richardson,  Rider,  H.  h.  Rieti,  Risley,  Roever,  Roman,  Schottenfela, 
Schweitzer,  Shaw,  W.  G.  Simon,  Skinner,  Slaught,  Edwin  R.  Smith, 
Stecker,  Steimley,  Stouffer,  E.  L.  Thompson,  B.  M.  Turner,  J.  S.  Turner, 
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UnderhilJ,  Wahlin,  Walton,  Warren  Weaver,  Waoiynaki,  WUder,  K.  P. 
WilliamB,  F.  E.  Wood,  Rowjoe  WootU,  J.  W.  Young,  J.  W.  A.  Young, 
Zehring,  Ziwet. 

The  Council  announced  the  election  of  the  following  persons 

to  memberslup  in  the  Sodety : 

Profeaaor  Horace  Seely  Brown,  Hamilton  Cdlege; 

Miss  Beas  Marie  Everaull,  UniveTsity  of  Cinemoati; 

Rev.  FranciB  Joseph  Geret,  Loyola  College,  Baltimore; 

Professor  Eteanora  Harris,  Central  Missouri  State  Teachers  College; 

Professor  Albert  Anton  Heini,  Tsing  Hua  College; 

Mias  Anna  Margaret  Mullikin,  Oak  Lane,  Pa.; 

Mr.  Percy  Charles  Herbert  Pappa,  Mutual  Benefit  Life  Insurance  Com- 
pany, Nevark; 

Professor  Harry  Munson  Showman,  University  of  California,  Sout^ieni 
Branch; 

Mr.  Willis  Whited,  Consulting  Bridge  Engineer,  Pennsylvania  State  High- 
way Department; 

Proteawr  Emma  Kirtland  Whiton,  University  of  Redlands. 

Professor  A.  B.  Coble  was  reelected  a  member  of  the 
Editorial  Committee  of  the  Transactions,  for  a  term  of 
three  years  beginning  October  1,  1922.  The  President  was 
requested  to  appoint  a  committee  to  prepare  nominations  for 
officers  and  other  members  of  the  Council  to  be  elected  at  the 
annual  meeting  in  December. 

On  behalf  of  the  committee  that  had  collected  a  fund  in 
honor  of  Professor  E.  H.  Moore,  Professor  Arnold  Dresden 
tendered  the  fund  to  the  Society.  The  trust  was  accepted, 
under  the  conditions  of  the  bequest.  A  complete  account  is 
given  elsewhere  in  the  present  number  of  this  Bulletin. 

The  sessions  of  Friday  morning  and  Saturday  were  devoted 
to  the  reading  of  the  papers  listed  below.  On  Friday  after- 
noon Professor  A.  B.  Coble  gave  the  sj-mposium  lecture  on 
Cremona  tTansformations  and  applications  to  algebra,  geometry, 
and  modular  junctions.  The  prt^ram  for  Saturday  morning 
was  made  up  of  three  papers  delivered  by  invitation  in  special 
celebration  of  the  anniversary  of  the  Chicago  Section. 

On  Friday  evening  a  dinner  was  held  at  the  Quadrangle 
Club  at  which  one  hundred  six  persons  were  present. 
Toasts  were  responded  to  by  Professor  Coble  who  spoke  for 
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the  Chicago  Section,  Professor  Richardson  who  spoke  for  the 
Society,  Professor  Ziwet  and  Mrs.  H.  B.  Newson  who  spoke 
for  the  eaiiy  members  of  the  Chicago  Section,  and  Professor 
Hildebrandt  who  spoke  on  Professor  E.  H.  Moore  as  mathe- 
matician, teacher  and  man.  At  the  close  of  Professor  Hilda- 
brandt's  remarks.  Professor  Dresden  presented  to  Professor 
Moore  a  beautifully  illuminated  and  bound  manuscript  con- 
taining a  statement  of  the  establishment  of  the  Eliakim  Has- 
tings Moore  fund,  of  which  mention  has  already  been  made. 

At  the  meetings  of  the  Society,  President  G.  A.  Bliss  pre- 
sided, relieved  by  Vice-President  R.  D.  Carmichael  and 
Professors  A.  B.  Coble,  L.  E.  Dickson,  and  E.  H.  Moore. 

Titles  and  abstracts  of  the  papers  read  at  the  various 
sessions  follow  below.  Miss  Carlson's  paper  was  read  by 
Professor  Jackson.  The  papers  of  Dr.  Zeldin,  Dr.  Wiener, 
Professors  Copeland,  Glenn,  Crum,  and  R,  L.  Moore,  Dr. 
Woods,  Dr.  Speiser,  Mr.  Wilder,  and  Professor  Hart  were 
read  by  title.  Professor  Carr  was  introduced  by  Professor 
MacMitlan,  Dr.  Speiser  by  Professor  Dickson,  and  Mr. 
Wilder  by  Professor  R.  L.  Moore. 

1.  Professor  R.  D.  Carmichael:  Abstract  definiiiom  c^  the 
ayrmnetric  and  aitemating  groups  and  certain  other  permvtation 
groups. 

The  most  interesting  of  the  theorems  given  in  this  paper 
is  the  following:  If  k  operations  are  subject  to  the  sole  de- 
fining conditions  that  each  is  of  order  three  and  the  product 
of  each  pair  of  them  is  of  order  two,  then  they  generate  a 
group  which  is  simply  isomorphic  with  the  alternating  group 
of  degree  4+2.  About  a  score  of  theorems  are  given,  each 
of  which  affords  the  abstract  definition  of  some  infinite  class 
of  permutation  groups,  several  of  these  theorems  being  de- 
voted to  various  abstract  definitions  of  the  sjinmetric  and 
alternating  groups. 

2,  Professor  D.  R.  Curtiss:  On  the  zeros  of  successive  polars 
of  a  binary  form. 

A  theorem  due  to  J.  H.  Grace  states  that  if  a  binary  form 
written  as  f{z)  in  non-homogeneous  notation  is  apolar  to  a 
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foTiD  ^(z),  then  it  has  a  zero  within  any  circle  enclosing  all 
the  roots  of  0(2).  In  the  present  paper  it  is  shown  that  this 
is  equivalent  to  the  following  statement,  which  has  been 
proved  in  another  way  by  Dr.  J.  L.  Wabh:  Let  zi,  Zj,  •  •  ■,  a. 
lie  within  a  drcular  region  C  and  satisfy  an  equation 

F(zuzt,  ■•■,z„)  =  0. 
where  F  is  symmetric  in  the  z's  and  is  a  linear  function  of 
each  Zi'i  then  the  equation  F(z,  z,  ■■  ■,  z)  =  0  has  at  least  one 
root  in  C.  A  proof  is  given  by  mathematical  induction,  and 
the  theorem  is  shown  to  be  a  special  case  of  one  regarding  the 
zeros  of  successive  polars  of  a  form  which  can  be  deduced  from 
results  due  to  Laguerre. 

3.  Professor  D.  R.  Curtiss:  RelatwTia  between  kindred  P  and 
Q  functions. 

In  his  lectures  on  the  hypergeometric  function,  Klein 
stated  without  proof  the  theorem  that  every  Q  function  of 
order  k  could  be  expressed  linearly  with  constant  coefficients 
in  terms  otk+  I  kindred  P  functions.  This  statement  would 
seem  to  have  been  based  on  a  count  of  constants,  and  is,  in 
fact,  untrue  in  certain  special  cases.  The  present  author 
gives  a  proof  of  its  correctness,  with  a  method  for  obtaining 
such  representations,  in  case  the  families  concerned  are 
irreducible.  This  method  also  applies  to  many  reducible 
cases.  As  a  corollary  it  follows  that  in  these  reducible  cases, 
as  well  as  in  the  irreducible  case,  every  k+  2  Q  functions  of 
order  k  which  have  the  same  exponents  are  linearly  dependent. 
A  similar  examination  is  made  of  the  relations  between  a  Q 
function  and  a  kindred  P  function  and  its  derivative. 

4,  Professor  C.  N.  Moore:  On  the  equivalence  of  the  Ceshro 
and  Haider  means  for  mtdtiple  limits. 

In  a  paper  previously  presented  to  the  Society  (this  Bul- 
letin, vol.  25  (1919),  p.  257)  the  author  has  established  a 
theorem  with  regard  to  generalized  limits  in  General  Analysis 
which  includes  as  special  cases  the  Knopp-Schnee-Ford 
theorem  with  regard  to  the  equivalence  of  the  Cesiiro  and 
Holder  means  for  series,  the  analogous  theorem  of  Landau 
for  integrals,  and  other  similar  theorems  dealing  with  simple 
limits.  In  the  present  paper  this  theorem  is  extended  to 
the  case  of  multiple  limits,  so  that  it  now  includes  as  special 
cases  correspondji^  theorems  relating  to  multiple  series, 
multiple  integrals,   and  other  multiple  limits.    The  main 
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part  of  the  proof  consists  in  tKe  establishment  of  an  identical 
relation  between  Cestlro  and  Holder  means  for  multiple 
limits,  wbich,  though  considerably  more  complicated  for  the 
general  case,  is  analogous  to  Schur's  identity  (Mathe1iIa.ti5CHE 
Annalen,  vol.  74  (1913),  p.  452)  for  the  case  of  simple  series. 

5.  Miss  Bess  M.  Evereull:  On  convergence  factors  in  triple 
series  and  the  triple  Fourier  aeries. 

In  this  paper  it  is  shown  that  if  couvergence  factors  satis- 
fying certain  conditions  are  introduced  into  a  triple  series 
summable  (CI),  the  resulting  series  will  converge  and  will 
approach  the  value  to  which  the  original  series  is  summable, 
as  the  convergence  factors  approach  unity.  It  is  also  shown 
that  the  Fourier  development  of  a  function  of  three  variables 
that  is  finite  and  integrable  (Lebesgue)  will  be  sununable 
(CI)  to  the  value  of  the  function  at  every  interior  point  of  a 
region  throughout  which  the  function  is  continuous.  The 
foregoing  results  are  used  to  show  that  the  formal  develop- 
ments that  arise  in  discussing  certain  problems  in  the  flow  of 
heat  really  furnish  the  desired  solution  of  the  physical  problem. 

6.  Professor  E.  B.  Stouffer:  Independent  sets  of  coaxial 
minors  of  determinants. 

It  is  known  that  there  cannot  be  more  than  n*  —  n  +  1 
independent  coaxial  minors  of  a  detenninant  of  the  nth  order. 
The  author  determines  two  such  sets  of  coaxial  minors,  and 
obtains  the  expressions  for  the  elements  of  the  determinant 
in  terms  of  the  minors  belonging  to  each  independent  set. 
If  one  or  more  of  the  columns  of  the  original  determinant  are 
replaced  by  corresponding  columns  from  other  determinants 
of  the  nth  order  with  independent  elements,  a  set  of  determi- 
nants is  obtained  for  which  a  complete  system  of  independent 
coaxial  minors  is  determined.  The  independence  of  certain 
sets  of  sums  of  coaxial  minors  of  detemainaats  is  also  proved. 
This  is  of  importance  in  invariant  theory. 

7.  Professor  P.  R.  Rider:  On  the  minimizing  of  a  class  of 
definite  integrals. 

Several  problems  in  the  calculus  of  variations  lead  to  the  con- 
sideration of  a  definite  integral  of  the  form  J"/,'  [(l+i/'')''ly"]dx. 
These  are  of  peculiar  interest  because  the  second  derivative 
appears  in  the  integrand,  and  comparatively  few  problems  of 
that  kind    have    been    completely    solved.     For  example. 
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Euler's  historic  problem  of  finding  the  curve  which  with 
its  evolute  encloses  a  minimum  area  gives  rise  to  the  particular 
■case  m  =  2  in  the  above  integral.  The  case  m  =  \  arises  in 
the  problem,  treated  by  Rider  and  Dunkel,  of  obtaining  the 
curve  which  with  its  caustic  encloses  a  minimum  area.  In 
finding  the  curves  of  minimum  mean  radius  of  curvature  with 
respect  to  the  arc  and  with  respect  to  the  abscissa,  we  are 
led  to  the  cases  m  =  2  and  m  =  3/2  respectively.  In  this 
paper  the  author  obtains  the  equations  of  the  extremals  or 
minimizing  curves  for  these  cases,  and  proves  sufficient  con- 
ditions for  a  minimum.  The  question  of  the  determination 
of  the  arbitrary  constants  that  occur  in  the  equations  of  the 
extremals  is  taken  up,  and  it  is  shown  that  an  extremal  can 
always  be  passed  through  two  given  points  and  be  made  to 
have  prescribed  slopes  at  these  points.  Various  cases  of 
variable  end  conditions  are  considered.  The  theory  is 
illustrated  by  means  of  the  curve  of  minimum  mean  radius  of 
curvature  with  respect  to  x. 

8.  Miss  Elizabeth  Carlson:  On  the  approximate  representation 
of  periodic  functiom  of  tv>o  variables. 

It  has  been  proved  by  D.  Jackson  (Transactions  of  this 
Society,  vol.  22)  that  if /(i)  is  a  given  function  of  period  2ir, 
if  n  is  a  given  positive  integer,  and  if  m  is  a  real  number 
greater  than  1,  then  there  exists  one  and  only  one  trigono- 
metric sum  T„n{x)  of  order  n,  for  which  the  integral  of  the 
mth  power  of  the  absolute  value  of  the  difference  between 
f(x)  and  Tmnix)  reaches  a  minimum.  The  corresponding 
theorems  for  functions  of  two  variables  are  proved  in  this 
paper.  Also,  a  sufficient  condition  for  the  convergence  of 
T«Ux,y)  to  f(x,y)  is  found  to  be  that  hm^o  wC5)/6""  =  0, 
where  w{6)  is  the  modulus  of  continuity  olf{x,y). 

9.  Professor  G.  A.  Miller:  Svbstitviion  groups  whose  cycles 
of  the  game  order  coviain  a  given  number  of  letters. 

The  total  number  of  letters  in  all  the  cycles  of  order  k 
contained  in  the  group  G  may  be  found  as  follows:  Select  a 
set  of  cycles  of  order  k  composed  of  all  the  different  cyles  of 
this  order  found  in  G.  Let  X  be  the  number  of  the  complete 
sets  of  conjugates  under  G  contained  in  this  set.  The  total 
number  of  letters  in  all  the  cycles  of  order  k  found  in  G  is 
then  Xy,  g  being  the  order  of  G.  The  triply  transitive  group 
of  degree  6  and  order  120  is  the  only  group  which  is  not 
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symmetric  but  has  the  property  that  the  total  number  of 
letters  in  all  of  its  cycles  of  tbe  same  order  is  exactly  equal  to 
the  order  of  the  group  for  every  cycle  which  appears  in  the 
group.  A  necessary  and  sufficient  condition  that  a  transitive 
group  of  degree  n  contain  a  complete  set  of  distinct  conju- 
gate cycles  whose  total  number  of  letters  is  less  than  the 
order  of  the  group  is  that  the  class  of  this  transitive  group  be 
less  than  n  —  1.  There  are  exactly  six  transitive  groups 
which  are  not  alternating  but  ha^ve  the  property  that  the 
total  number  of  letters  in  all  the  cycles  of  the  same  order 
save  one  is  the  order  of  the  group,  while  for  this  one  the  total 
number  of  letters  is  twice  the  order  of  the  group. 

10.  Dr.  S.  D.  Zeldin:  Cor^ormoZ  tTansformaliona  of  linear 
homogeneom  difference  equations  and  their  invariants. 

In  this  paper  Dr.  Zeldin  shows  that  the  most  general  con- 
formal  transformation  which  leaves  invariant  a  linear  homo- 
geneous difference  equation  of  the  type  po(v)u^+n  +  pi(i')tM-»-i 
+  ■  ■  ■  +  pnWu.  =  0,  where  u  and  v  are  the  circular  co- 
ordinates of  a  point  in  two  dimensional  space,  is  of  the  form 
"  =  <PiO<  Wt.  =  CU(,  where  ^{fl  satisfies  one  of  the  two  equa- 
tions p(f  +  1)  —  ifiii)  =  ±  1,  and  c  is  an  arbitrary  constant. 
He  also  determines  the  functions  of  the  p's  which  form  in- 
dependent absolute  invariants. 

11.  Dr.  Norbert  Wiener:  A  new  form  of  integral  expansion. 
The  author  develops  the  formula 

+  {«+  3;)'']y_"ie""''-»rfM)/(«)du 
for  even  functions  f(,x)  which  are  uniformly  analytic  over 
(—  1,  1).  He  discusses  the  conditions  of  validity  of  this 
formula,  contrasting  it  with  Fourier  expansions.  He  shows 
that  if  it  is  valid  for  a:  =  0,  f{x)  is  uniquely  determined  by  its 
values  in  the  neighborhood  of  a:  =  I. 

12.  Professor  Lennie  P.  Copeland:  Note  on  certain  semi- 
invariants  qf  nrlines. 

In  this  paper  the  semi-invarianti^'e  conditions  that  one 
n-line  be  a  pole-polygon  of  a  second  n-line  are  determined. 
It  is  proved  that  there  exist  Z  +  (m  —  2)(m  —  1)  necessary 
and  sufficient  conditions  that  two  n-Iines  be  mutual  pole- 
polygons.  If  one  It-line  is  a  pencil,  the  second  is  also,  and 
they  have  coincident  vertices. 
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13.  Professor  0.  E.  Glenn:  Renduea  offigurate  numbers. 

Systems  of  residues  (modulo  p,  a  prime)  may  be  developed 
as  follows:  Select  a  sequence  (r)  of  integers,  ii^nite  one  way, 
satisfying  any  law,  and  employ  its  terms  as  the  initial  numbers 
of  appropriate  orders  of  differences  in  a  table  of  differences. 
The  numbers  in  this  table  are  of  the  form 


=  2rj 


(?) 


and  their  residues  are  arranged,  in  general,  in  symmetrically 
relbted  geometric  figures  that  may  be  delimited  by  formulas. 
Thus  we  obtain,  for  instance,  all  numbers  of  the  type  of  JV 
which  are  divisible  by  p.  Among  the  results  of  the  paper  is 
given  a  determination  of  all  combinatory  numbers 


(l) 


which  are  divisible  by  p"  and  not  by  p"*', 

14.  Professor  W.  L.  Crum:.  /nfer-wnofe  correlation  and 
the  swxesrive  meamreg  of  dispersion  in  an  ordered  statistical 
aeries. 

In  this  paper  fonnulas  are  developed  for  calculating  the 
coefficients  of  correlation  between  the  variates  and  (1)  those 
next  preceding,  (2)  those  preceding  by  two  time-intervals,  and 
so  on  up  to  ^  time-intervals.  It  is  shown  that  these  formulas 
are  expressible  in  terms  of  the  standard  deviations  of  the 
series  of  original  items  and  of  their  successive  finite  differences. 
Several  of  the  correlation  coeSieients  are  worked  out  for 
particular  illustrations  from  historical  statistics.  The  writer 
then  presents  the  hypothesis  that  we  may  measure  dispersion 
in  an  ordered  series  by  a  succession  of  numbers,  beginning 
with  the  standard  deviation  and  including  the  successive 
inter-variate  correlation  coefficients  as  far  as  we  like.  If  the 
correlation  coefficients  fall  off  rapidly,  the  series  is  highly 
unstable;  if  they  remain  nearly  equal  to  the  basic  coefficient, 
the  series  is  relatively  stable. 

15.  Professor  W.  L.  Crum:  Inier-mriaie  partial  regression 
equations  in  an  ordered  statistical  series. 

This  paper  seeks  to  examine  the  phenomena  of  fluctuation 
in  an  ordered  series  from  a  somewhat  different  point  of  view 
from  the  usual  attempt  to  discover  fundamental  periodicities. 
Instead  of  considering  that  there  is  a  more  or  less  closely 


ovGoogIc 


1922.3  EASTEK  BfEETINO  293 

periodic  tendency  for  values  of  the  variable  to  repeat  them- 
selves, the  paper  studies  the  hypothesis  that  there  is  an 
average  tendency  for  the  items  of  a  series  to  bear  a  definite 
relation  to  the  items  next  preceding,  to  those  next-but-one 
preceding,  etc.  The  obvious  method  for  discovering  such  a 
relation  is  by  the  use  of  partial  regression  equations,  and 
general  properties  of  these  are  developed  for  the  kind  of 
series  under  consideration.  Application  of  the  theoretictd 
results  is  made  to  certain  historical  economic  series  with  a 
view  to  testing  the  validity  of  the  hypothesis  and  to  determin- 
ing its  practical  utility  in  the  problem  of  prediction  in  time 
series. 

16.  Professor  R.  L,  Moore:  Concerning  relatively  uniform 
convergence. 

In  this  paper  the  author  shows  that  if  a  sequence  of  measur- 
able functions  converges  at  every  point  of  an  interval  /,  then 
it  converges  relatively  uniformly  over  some  subset  of  /  whose 
measure  is  identical  with  that  of  I. 

17.  Professor  R.  L.  Moore:  On  the  cvt-^pmnta  qf  corUinuoua 
curves  and  qf  cither  connected  point  sets  in  space  of  two  di- 
mensions. 

A  proper  subset  £  of  a  point  set  M  is  said  to  disconnect  M 
in  the  strong  sense  provided  M  —  K\s  not  connected.  It  is 
said  to  disconnect  M  in  the  weak  sense  provided  not  every 
two  points  <ti  M  —  K  can  be  joined  by  a  closed  and  connected 
subset  ot  M  ~  K.  The  present  paper  contains,  among  other 
results,  the  following: 

(I)  No  bounded,  dosed  and  connected  point  set  M  con- 
tains a  closed  and  connected  subset  K  which  contains  an 
uncountable  set  of  points  each  of  which  disconnects  M,  but 
not  K,  in  the  strong  sense. 

(II)  In  order  that  a  closed,  connected  and  bounded  point 
set  M  shall  be  a  continuous  curve  which  contains  no  simple 
closed  curve  it  is  necessary  and  sufficient  that  every  closed 
and  connected  subset  of  M  contain  uncountably  man>'  points 
each  of  which  disconnects  M  (in  the  strong  sense). 

(III)  In  order  that  the  continuous  curve  M  shall  contain 
no  simple  closed  curve  it  is  necessarj-  and  sufficient  that  if  K 
denotes  the  set  of  all  those  points  [X]  of  M  such  that  X  dis- 
connects M  then  no  subset  of  K  shall  disconnect  M,  even  in 
the  weak  sense. 
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18.  Professor  F,  E.  Carr:  A  aolvtion  cf  a  spinning  oblate 
spheroid  two  body  problem. 

The  problem  de&ls  with  the  precessional  movement  of  the 
spheroid  and  was  suggested  by  the  non-rigorous  treatment 
which  the  earth's  precession  received  from  Foisson,  Serret 
and  others.  The  solution  for  p,  the  precession,  has  the  form 
p  =  P^  +  P,  where  Pq  is  a  power  series  with  constant  coeffi- 
dents  and  P  a  power  series  with  periodic  coefficients,  in  a 
parameter  denoting  the  eccentricity  of  the  spheroid.  The 
solution  for  the  motion  of  the  second  body  is  analogous  to 
and  a  generalization  of  one  of  the  solutions  obtained  by  W.  D. 
MscMillan,  and  reduces  to  that  solution  for  a  special  case. 
The  solution  is  not  general,  but  arises  from  a  special  set  of 
initial  conditions.  When  applied  to  the  system  of  the  earth 
and  moon  and  the  earth  and  sun,  the  solution  gives  results 
that  agree  closely  with  observed  values. 

19.  Dr.  Roscoe  Woods;  The  elliptic  modtdar  functiona 
aasociaied  with  the  elliptic  norm  curve  EP. 

Professor  Bessie  I.  Miller  has  discussed  (Transactions 
OF  THIS  Society,  vol.  17  (1916),  p.  259)  the  elliptic  norm 
curves  E"  for  n  =  3,  4,  and  5,  for  which  eases  the  genus  of 
the  associated  modular  group  is  zero.  In  the  present  paper, 
which  will  appear  in  full  in  an  early  number  of  the  Trans- 
actions OF  THIS  Society,  the  case  m  =  7,  for  which  the  genus 
is  3  and  which  is  fairly  typical  of  the  general  case,  is  considered. 

20.  Dr.  Andreas  Speiser:  Die  Zerleffung  von  Primzaklen  in 
atgebraiscken  ZahlkoTpern. 

In  this  paper,  which  will  appear  in  an  early  number  of 
the  Transactions  of  this  Society,  the  problem  of  the 
decomposition  of  a  prime  number  in  an  algebraic  number 
domain  is  shown  to  be  identical  with  a  certain  problem  in  the 
theory  of  linear  substitutions  in  a  Galois  field. 

21.  Professor  G.  A.  Bliss:  A  boundary  value  problem  in  the 
calculus  of  variations. 

For  problems  of  the  calculus  of  variations  with  fixed  end- 
points  it  has  been  shown  by  several  authors  that  the  Jacob! 
necessary  condition  for  a  minimum  is  closely  associated  with 
a  boundary  value  problem  of  the  linear  differential  equation 
theory.  In  the  present  paper  an  analogous  situation  is 
studied  for  a  case  when  the  end-points  are  variable,  and  the 
correspondences  between  the  two  theories  are  exhibited. 
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22.  Professor  J.  F.  Reilly:  Certain  generaUzations  qf  09- 
cuUUory  ititerjxdation. 

The  Sprague-King  formula  for  oscillatory  interpolation 
makes  use  of  differences  to  order  five,  and  requires  that  the 
curve  have  second  order  contact  with  the  partial  interpolation 
curves  at  the  extremities  of  the  interval  to  which  the  formula 
is  applicable.  The  author  shows  how  this  formula  can  be 
generalized  first  to  make  use  of  differences  to  order  2A  +  1, 
where  A  is  a  positive  integer;  and  second  to  require  that  the 
curve  have  contact  of  order  k  with  the  partial  interpolation 
curves.  Further,  it  is  indicated  how  these  generedizations 
apply  to  formulas  emplojing  central  differences  of  four 
different  types;  (1)  the  ordinarj-  central  differences  of  j/n; 
(2)  the  central  differences  relative  to  the  interval  between  yit 
and  j/iM-i;  (3)  the  odd  central  differences  relative  to  the  interval 
between  t/t  and  ^j^-i,  and  the  even  central  differences  of  yk, 
as  used  by  Gauss  and  Karup;  and  (4)  the  even  central  dif- 
ferences of  yk  and  y^+i,  as  used  by  Everett  and  Buchanan. 

23.  Professor  Arnold  Dresden:  A  report  on  the  acientific 
work  of  the  Chicago  Section,  1897-1922. 

This  paper  appears  in  the  present  number  of  this  Bulletih. 

24.  Professor  J.  B.  Shaw:  On  functional  tramforviationa. 
The  first  part  of  the  paper  is  concerned  with  the  structure 

of  linear  operators  of  the  type  representable  by  integral 
transformations,  the  second  part  with  functions  of  these 
operators,  and  the  third  part  with  algebras  of  such  operators 
built  upon  a  given  fundamental  complex. 

Examples  are  used  to  introduce  the  notions  such  as: 
(l)y_V(9;ry  -  3^  -  3/  +  219  +  2)0dy  with  fundamental 
functions  1,  x,  (33?  -  1).  (2)  jT^^il^i^f  -  9^^  +  3xf 
—  5y^+  4y  —  x)()dy  with  fundamental  functions  1,  x, 
(3x'  —  1),  (Sy*  —  Zy).  In  case  (1)  the  transformation  con- 
verts the  functions  into  numerical  multiples  of  themselves; 
in  case  (2)  it  converts  each  into  a  multiple  of  the  preceding, 
and  1  into  0.  (3)  JV[x{l  —  y),  y{\  —  x)\{)dy  with  normalized 
fundamental  functions  V2  sin  mry/nV,  a  denumerable  in- 
finity. (4)  JT^e~^^~'^Qdy  with  normalized  fundamental 
functions  V2  cos  (x  cota  —  a)('^ir  sin  a),  a  continuous  in- 
finity of  fundamental  functions.     (5)   J"^  and  {)rfy  with  the 
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fundamental  functions  x*^  where  0£a<  1,  and  n  runs 
from  1  to  00 ,  integrally. 

For  each  of  these  operators  an  identity  transfonnation 
exists  which  gives  the  so  called  expansion  of  the  function 
in  terms  of  the  fundamental  functions. 

In  the  second  part  of  the  paper  the  real  character  of  the 
various  solutions  of  integral  equations  is  brought  out,  such 
as  the  Neumann  solution,  Fredholm's  solution,  Volterra's 
solution,  and  the  linear  algebra  solution.  In  the  third  part 
the  use  of  a  given  set  of  fundamental  functions  belon^ng  to 
a  given,  transformation  in  determining  other  related  trans- 
formations is  shown. 

26.  Professor  E.H.Moore:  On  the  determinant  of  an  kermitian 
matrix  JnUh  quatemionic  elemenU.  Definition  and  elementary 
properties  with  applicationt. 

This  paper  will  appear  in  an  early  number  of  this  Bulletin. 

26.  Dr.  T.  C,  Fry:  Trigonometric  expansions  of  aperiodic 
functioju. 

At  the  summer  meeting  of  the  American  Mathematical 
Society  at  Wellesley  in  September,  1921,  a  discussion  arose 
regarding  methods  for  determining  the  amplitudes  of  sinu- 
soidal components  in  functions  which  are  not  themselves 
periodic.  In  the  course  of  this  discussion  a  paper  by  W.  L. 
Hart  (On  trigonometric  series,  Annals  of  Mathematics  (2), 
vol.  18,  p.  99)  was  frequently  mentioned  and  the  criticism  was 
made  that  the  restrictions  imposed  by  Hart  rather  seriously 
interfered  with  the  usefulness  of  the  results.  In  the  present 
paper  the  author  attacks  this  problem  from  the  standpoint 
of  the  theory  of  divergent  limits  and  removes  the  most  serious 
of  these  restrictions. 

27.  Mr.  R.  S.  Hoar:  MatheTnatical  paradoxes  involved  in 
the  new  Bucyrus  gasoline  shoziel. 

The  new  gasoline  shovel  just  put  out  by  the  Bucjtus 
Company  ia  the  first  one-engine  shovel  of  any  size.  Its 
peculiar  construction  involves  enough  apparent  mathematical 
paradoxes  to  furnish  the  material  for  a  large  part  of  a  course 
in  mechanics.  For  example,  the  digging  part  of  the  shovel 
is  forced  against  the  bank  by  the  weight  of  the  bank,  rather 
than  by  the  engine.    Also,  it  has  a  one-part  hoist  which  is 
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apparently  a  two-part  hoist,  and  the  direction  of  the  hoisting 
force  is  at  an  angle  of  about  45  degrees  from  its  apparent 
direction.  The  object  of  this  paper  is  to  place  these  paradoxes 
at  the  disposal  of  teachers  of  mechanics,  and  to  inject  a  bit 
of  mathematical  recreation  into  the  programme. 

28.  Professor  E.  W.  Chittenden:  On  permrdable  quadratic 
fontta  in  infinitely  many  tariablea. 

The  first  part  of  the  paper  contains  a  determination  of  the 
properties  of  the  most  general  limited  quadratic  form  K(x) 
in  infinitely  many  variables  perroutable  with  a  given  limited 
fonn  H(,x),  The  results  obtained  are  applied  in  the  second 
part  of  the  paper  to  obtain  the  solutions  of  non-linear  matricial 
equations. 

29.  Professor  J.  S-  Turner:  A  fundamental  system  of  in- 
variants of  a  modular  group  of  transformations. 

In  this  paper  the  author  considers  the  group  H  of  all  linear 
homogeneous  transformations  x'max  +  by,  y'  =  cx+dy, 
ad  —  be  =  I  (mod  p'),  where  a,  b,  c,  d  are  integers  and  p  is  an 
integral  prime,  and  shows  that  any  invariant  I(x,  y)  of  this 
group  is  an  invariant  of  the  group  G:  x'  s  a-^x  +  biy,  y'  =  ci.x 
+  diy,  a\di  —  biC\  =  1  (mod  p),  where  oi,  6j,  c\,  d\  are  integers. 
It  is  proved  Hx,  y)  =  R(L,  Q)  +  pF{x,  y)  (mod  p*),  where 
L,  Q  are  the  known  fundamental  invariants  of  the  group  G, 
and  R,  F  denote  rational  and  integral  functions  of  their 
arguments  with  integral  coefiScients.  By  means  of  the 
transformation  x'  ^  x  -\-  py,  y'  =  y  (mod  p*),  it  is  then 
proved  that  R{L,  Q)  =  Ri{L-,  Q"),  F{x,  y)  =  f  ,(i,  Q)  (mod 
p).  Finally,  it  is  proved  that  i',  Q",  pL'Q^,  where  a,  ^  =  0, 
1,  •  ■  • ,  p  —  l,a,0,  not  both  zero,  form  a  fundatAental  system 
of  (independent)  invariants  of  the  group  H. 

30.  Professor  F.  H.  Hodge:  Note  on  a  generalusation  of  the 
strophoid. 

A  circle  tangent  to  the  Y  axis  is  drawn.  This  drcle  plays 
the  same  rdle  in  the  determination  of  the  curve  in  question 
as  that  taken  by  the  Y  axis  in  the  ordinary  construction  of 
the  strophoid.  This  leads  to  a  curve  of  the  sixth  order.  If 
the  radius  of  the  circle  is  increased  indefinitely,  this  curve 
approaches  the  strophoid  as  the  limiting  case. 
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31.  Professor  E.  P.  Lane:  Ruled  rurfaces  of  Green-recipTOcal 


The  author  considers  an  arbitrary  non-developable  surface 
5  and  associates  with  this  surface  an  arbitrary  F'-congruence 
and  the  reciprocal  F-eongruence,  in  the  sense  of  G.  M.  Green. 
Corresponding  to  an  arbitrary  curve  on  iS  there  is  a  ruled 
surface  R'  of  F';  the  lines  of  F  reciprocal  to  the  generators 
of  R'  form  the  corresponding  ruled  surface  R.  The  present 
paper  investigates  the  properties  of  such  corresponding 
ruled  surfaces.  The  formulas  herein  developed  furnish,  in 
particular,  a  very  brief  and  elegant  method  of  determining 
those  ruled  surfaces  R'  and  it  which  are  developable.  The 
theorem  of  Green,  that  the  conjugate  of  a  F-tangent  intersects 
the  corresponding  generator  of  the  corresponding  developable 
A  in  a  focal  point,  is  generalized  in  the  form:  The  conjugate 
qf  a  tang»TU  to  the  curve  on  S  that  corresponds  to  an  arbitrary 
ruled  surface  R  of  the  V-congrtiertee  intersects  the  corresponding 
generator  of  Rat  the  point  where  R  is  touched  by  the  corresponding 
tangent  plane  of  S.  A  class  of  curves  called  irUersedor  curves 
is  defined  for  R'  and  R.  Applications  are  made  to  as>'mptotic 
ruled  surfaces  R'  and  R,  which  correspond  to  asymptotic 
curves  on  S.  These,  with  the  canonical  quadric,  serve  to 
characterize  the  pair  of  covariant  reciprocal  congruences 
defined,  in  Green's  notation,  by  the  conditions  «„  =  y3,  =  0. 

32.  Professor  K.  P.  Williams:  The  Laplace-Poisson  mixed 
equation. 

The  author  investigates  the  analytic  character  of  the  formal 
solutions  which  Borden  has  obtained  for  the  Laplace-Poisson 
mixed  equation 

fix  +  1)  +  p{x)f'ix)  +  q(x)fix  +  1)  +  r{x)fix)  =  0. 
The  asymptotic  form  of  the  solutions  is  also  considered. 

33.  Mr.  H.  T.  Davis:  A  criterion  from  integrtU  equations 
relating  to  the  existence  of  solutions  for  the  one-dimensional 
boundary  value  problem. 

In  this  paper  the  known  existence  of  solutions  of  a  linear 
hMnogeneous  differential  equation  with  a  parameter  of  the 
Sturmian  type  for  one  set  of  boundary  conditions  is  used  to 
prove  the  existence  of  solutions  which  satisfy  a  second  set  of 
boundary  conditions.  If  Gi(x,  /)  is  the  Green's  function  for 
the  first  system,  and  Gj(ar,  0  the  Green's  function  for  the 
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second  system,  then  y^*  {Gi{x,  x)  —  Gi{ar,  x)]dx  +  0  is  shown 
to  be  a  sufficient  condition  that  the  values  of  the  parameter 
for  which  solutions  exist  for  the  two  problems  shall  either 
coincide  or  alternate  with  one  another, 

34.  Mr.  H.  T.  Davis:  A  general  criterion  relating  to  the 
existence  of  aolTiiions  for  the  one-dimsvMonal  boundary  valve 
problem. 

Suppose  Fi  is  the  determinant  whose  zeros  are  characteristic 
values  of  one  boundary  value  problem,  and  Fj  the  determinant 
belonging  to  a  second  boundary  value  problem.  The  product 
F  =  F^■Ft  is  used  to  furnish  a  criterion  for  the  existence  of 
solutions  for  one  system,  supposing  the  existence  of  solutions 
has  already  been  proved  for  the  other.  An  application  is 
then  made  to  the  general  self-adjoint  system  of  second  order. 

35.  Mr.  R.  L.  Wilder:  A  continuous  curve  in  the  rdle  of  a 
apace. 

The  author  shows  that  if  the  set  of  points  constituted  by  a 
continuous  curve  is  regarded  as  a  space  S,  then  if  certain 
terms  are  suitably  defined,  many  theorems  which  are  true  in 
ordinary  space  hold  true  for  the  space  S. 

In  particular,  it  is  shown  that  Theorems  1-16  of  R.  L, 
Moore's  paper  On  the  foundalions  of  plane  analysis  sit-us 
(Transactions  of  this  Society,  vol.  17  (1916),  pp.  131-164) 
hold  true.    In  addition,  the  following  theorems  are  proved: 

(1)  If  it  is  a  domain  with  respect  to  S,  and  B,  the  boundary 
of  R  with  respect  to  jS,  is  connected  im  kleinen,  then  any 
point  P  in  B  can  be  joined  to  any  point  in  A  by  a  simple 
continuous  arc  lying  wholly  in  R  except  for  the  point  P. 

(2)  In  order  that  a  closed  and  bounded  point  set  shall  be 
connected  im  kleinen,  it  is  necessary  and  sufficient  that  it 
be  the  sum  of  a  finite  (or  vacuous)  set  of  continuous  curves, 
together  with  a  finite  (or  vacuous)  set  of  isolated  points. 

36.  Professor  N.  J.  Lennes:  Continuous  transformations  in 
analysis  situs. 

For  a  given  Jordan  curve  j  and  a  fixed  point  P  within  it, 
tins  paper  describes  the  construction  of  a  set  [j]  of  Jordan 
curves  such  that  (1)  every  curve  lies  within  j  and  contains 
P  as  an  interior  point;  (2)  through  every  point  within  j,  except 
P,  there  is  one  and  only  one  curve  of  the  set  \j\.  If  any  curve 
ji  of  the  set  Ij]  is  removed,  the  remainder  of  the  set  consists 
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of  two  sets  of  curves  [j]i  and  [j\t  such  that  (a)  no  point  in 
either  set  is  a  limit  point  of  points  in  the  other;  (b)  every 
point  of  ji  is  a  limit  point  of  points  in  [j]i  and  also  of  points  in 
[j\i.  The  act  of  curves  \j\  is  said  to  constitute  a  corUinuous 
U'aruiformaHofi  of  any  one  of  its  curves  iato  any  other  or  into 
the  point  P. 

Such  a  set  can  he  constructed  transforming  any  plane  curve 
into  any  other  provided  the  curves  have  no  point  in  common 
and  one  of  the  curves  does  not  have  a  point  interior  to  and 
another  point  exterior  to  the  other  curve. 

The  problem  is  proposed  to  construct  a  continuous  trans- 
formation of  a  doubly  dosed  conHmious  curve  not  lying  in  a 
plane  into  a  plane  Jordan  curve.  This  problem,  connected 
with  the  theory  of  "knots,"  is  not  completely  solved, 

37,  Professor  N.  J.  Lennes:  On  the  foundtUiona  of  the  theory 
of  sets. 

In  the  Mathematische  Annalen,  vol.  65,  E.  Zermelo 
gives  a  set  of  axioms  for  sets  (Mengen),  one  of  his  purposes 
being  to  formulate  a  theory  which  should  not  involve  the 
contradiction  that  has  been  shown  to  follow  from  Cantor's 
classical  definition  of  "Menge."  The  purposes  of  the  present 
paper  are:  (1)  to  show  that  though  it  follows  from  Zermelo's 
axioms  that  there  are  sets  having  cardinal  numbers  such  as 
thai  of  the  continuum  and  higher,  it  cannot  be  shown  that  an 
arbitrary  collection  of  objects  more  than  finite  in  number  is 
a  set;  (2)  to  modify  Zermelo's  theory  so  as  to  identify  as  a 
set  any  collection  of  objects  having  the  same  cardinal  number 
as  that  of  some  Zermelo  set;  (3)  to  study  the  independence 
of  Zermelo's  axioms.  It  is  proved  that  except  for  the  "axiom 
of  choice"  (Axiom  der  Auswahl)  Zermelo's  axioms  are  in- 
dependent. Similar  independence  proofs  are  given  for  the 
axioms  with  which  it  is  proposed  to  replace  Zermelo's  set. 

38.  Professor  L.  E.  Dickson:  An  error  in  the  theory  of 
differential  equations  by  Lie's  method. 

In  Lie-Scheffer's  Viffereniialglnchungen,  pp.  412-433,  it  is 
proved  that  every  differential  equation  of  the  second  order  in 
two  variables  which  is  invariant  under  tn'O  infinitesimal 
transformations  generating  a  two-parameter  group  can  be 
integrated  by  quadratures,  except  in  the  last  of  four  cases, 
when  it  is  also  necessar>'  to  integrate  an  auxiliary  differential 
equation  of  the  first  order.     But  the  last  esse  is  not  excep- 
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tional,  and  abo  requires  ooly  quadratures.  The  oversight 
was  due  (p.  424)  to  not  making  full  use  of  the  Ii>-pothesis 
(UiUi)  s  Uif  of  that  case.  In  fact,  the  long  Chapter  18  can 
be  compressed  into  two  pages  by  noting  that  under  the  former 
hypothesis  or  the  remaining  one  (I7t^i)  =  0,  the  infinitesimal 
transformation  Uif  leaves  invariant  the  partial  differential 
equation  Uif  =  0,  whence  a  solution  ^  of  the  latter  may  be 
found  by  quadratures.  When  0  and  y  are  taken  as  new 
variables,  Uif  becomes  Fdfjdy,  which  is  reduced  to  dfjdyi  by 
choice  of  a  function  yi  of  0  and  y  found  by  an  obvious  quadra- 
ture. It  is  now  a  simple  matter  to  obtain  the  four  types  of 
canonical  forms  of  V\,  Vi  by  quadratures  only. 

39.  Professor  L.  E.  Dickson:  Present  stains  cf  the  history 
of  the  theory  qf  numbers. 

The  purpose  of  this  preliminarj-  communication  is  to  an- 
nounce (1)  that  the  third  volume  of  the  writer's  History  of  the 
Theory  of  Numbers,  entitled  Arithmetical  theories  of  quadratic 
and  higher  forma,  is  being  put  in  type  for  the  Carnegie  In- 
stitution of  Washington,  and  (2)  that  the  publication  will 
soon  be  undertaken  by  the  National  Research  Council  of  a 
report  prepared  by  Professors  Dickson,  H.  H.  Mitchell, 
Vandiver  and  W^lin  on  algebraic  numbers  and  related 
topics,  chiefly  from  1S94  to  date,  with  the  primary  aim  to 
supplement  the  report  by  Hilbert  in  the  yearbook  of  the 
German  Mathematical  Society  for  1894. 

40,  Professor  W.  L.  Hart:  The  determination  of  a  seasonal 
variaiion. 

I-«t  y  ^  /(')  represent  a  statistical  table,  in  which  (  =  0, 
1,  -  -  -,  124  months,  where  (  =  0  is  January,  first  year,  (  =  15 
is  March,  second  year,  etc.  The  method  of  monthly  means 
for  determining  the  seasonal  variation  present  in  the  function 
f(t)  consists  of  forming  a  January  entry  equal  to  the  arithmetic 
mean  of  ail  the  given  Januarj  values,  ■  ■  ■ ,  a  December  entry 
equal  to  the  mean  of  the  December  values.  The  author 
states  certain  useful  properties  of  this  method.  He  also  gives 
an  obvious  justification  of  its  use  in  the  case  of  economic 
dala,  affected  by  the  business  cycle,  by  virtue  of  a  certain 
well  known  propeity  of  the  trigonometric  functions.  Atten- 
tion is  called  to  the  relatively  complicated  character  of  the 
method  for  determining  seasonal  variation  which  has  been 
used  by  Professor  W.  M.  Persons,  and  an  example  is  con- 
sidered which  illustrates  the  possible  inaccuracy  of  his  method. 
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41.  Dr.  V,  D.  Gokhale:  Concerning  compact  Kiirachdk  fields. 
In  the  paper  JJeher  lAmesbildung  und  die  allgemeirte  Kor- 

pertheorie  (Jottrnal  fdr  Mathematik,  vol.  142),  Kiirschfik 
seta  up  abstract  fields  with  a  modulus  ("bewertete  Korper"). 
This  modulus  plays,  in  the  general  field,  essentially  the  same 
r6le  as  the  absolute  value  in  the  fields  of  classical  analysis,  \iz., 
real  number  system,  complex  number  system,  etc.  Kiirschfik 
proves  that  every  abstract  field  of  this  type  has  the  (smallest) 
algebraically  closed  and  perfect  extension. 

In  the  present  paper  the  author  sets  up  the  notion  com- 
yactneas.  This  notion  is  analogous  to  M.  Fl^ch^'s  com- 
pactness and  to  the  J-compactness  in  E.  H.  Moore's  General 
Analysis.  It  is  a  generalization  of  the  following  property 
in  the  point  set  theory:  Every  infinite  set  of  points  in  a  bounded 
domain  has  at  least  one  condensation  point.  He  then  studies 
the  properties  of  algebraically  closed  and  compact  fields  and 
compactness  uader  the  adjunction  of  algebraic  elements. 
Using  Ostrowski's  results,  he  proves  the  theorem  that  the 
smallest  algebraically  dosed  extension  of  a  compact  field  is 
•compact  if  and  only  if  it  can  be  obtained  by  adjoining  a  single 
Algebraic  element.  The  last  part  of  the  paper  develops  a 
complete  existential  theory  of  the  four  properties:  (1)  having 
a  characteristic  other  than  zero,  (2)  algebraic  closure,  (3) 
perfection  and  (4)  compactness.  Out  of  the  2*  =  16  possi- 
bilities 11  are  shown  to  be  existent  and  the  remaining  5  non- 
existent. 

42.  Professor  W,  H.  Roever:  A  second  mechanism  for 
illustrating  lines  of  force. 

Several  years  ago  the  author  designed  a  mechanism  for 
illustrating  certain  systems  of  lines  of  force  and  stream  lines 
(see  Zeitschrift  FiJB  Mathematik  und  Physik,  vol.  62 
(1914),  and  also  Bulletin  of  the  Mount  Weather  Ob- 
servatory, vol.  6  (1914),  Part  5).  In  the  mechanism  ex- 
hibited at  this  meeting,  one  of  the  two  wheels  of  the  former 
mechanism  is  replaced  by  a  striped  curtain  which  moves 
with  uniform  linear  velocity  just  behind  a  uniformly  rotating 
spoked  wheel.  For  suflBciently  rapid  motions  of  the  curtain 
and  wheel  the  paths  of  the  points  of  intersection  of  the  spokes 
of  the  wheel  with  the  stripes  of  the  curtain  become  distinctly 
visible.  These  curves  were  shown  to  be  identical  with  lines 
of  force  of  the  field  resulting  from  the  introduction  of  a  source 
(or  a  sink)  in  an  originally  constant  field  of  force. 
Arnold  Dresden,  R.  G.  D.  Richardson, 

Secretary  of  the  Chicago  Section,         Secretary  of  the  Society. 
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A  REPORT  ON  THE  SCIENTIFIC  WORK  OF  THE 
CHICAGO  SECTION,  1897-1922* 

From  December,  1896,  forward,  meetings  were  held  in  or 
near  Chicago  twice  a  year  regularly,  in  the  spring  and  during 
the  Christmas  holidays. 

The  number  of  papers  presented  at  these  meetiogs  of  the 

Section  is  1,102.     If  we  classify  these  papers  on  the  basb  of 

the  encyclopedic  classification,  the  result  is  as  follows: 

Arithmetic  aod  Algebra 335  or  30  per  cent. 

Analysis 380  "  35 

Geometry 248  "  22        " 

Mechanics  (Jnol.  Math.  Physics) 93  "    S        " 

History,  Pedagogy,  Philoaopby 46  "    4        " 

It  is  found  that  the  335  papers  on  arithmetic  and  algebra 
were  presented  by  84  authors,  giviag  an  average  of  4  papers 
per  author;  the  380  papers  in  anal^'sis,  by  135  authors,  which 
is  shghtly  less  than  3  papers  per  author;  the  248  papers  in 
geometry,  by  118  authors;  in  mechanics  93  papers,  by  33 
authors;  in  history,  etc.,  46  papers,  by  18  authors.  While 
thus  the  average  number  of  papers  presented  by  each  author 
in  each  separate  field  is  between  3  and  4,  this  average  is  very 
misleading.  For  in  the  first  place,  the  same  author  occurs 
frequently  in  more  than  one  group,  the  total  number  of 
authors  being  278,  giving  a  general  average  of  4  papers  per 
author.  But  also  this  figure  gives  a  very  wrong  impression 
of  the  relative  distribution  of  the  papers.  For  out  of  the 
278  authors,  about  one  half,  exactly  133,  presented  one  paper 
each,  i.e.,  about  10  per  cent  of  the  papers.  More  striking 
still  is  the  fact  that  there  is  a  group  of  10  authors,  constituting 
less  than  4  per  cent  of  the  total  niunber,  who  have  contributed 
329  papers,  which  is  about  30  per  cent  of  the  total;  and  finally, 
there  is  one  author  who  has  to  his  credit  70  of  the  titles,  or 
over  6  per  cent  of  the  total.  In  view  of  such  extremes, 
averages  mean  very  little.  If  one  groups  the  authors  ac- 
cording to  the  number  of  papers  they  have  presented,  the 

*  Parta  of  a  report  presented  before  the  Society  on  April  15,  1922. 
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number  in  each  group  decreases  very  rapidly  as  the  number  of 
papers  per  author  increases.    The  result  is  aa  foUows: 

133  authors  having  presented    1  paper  each  133 

43       "  "  "  9.      ^'         ••  tut 


The  10  authors  coming  last  in  this  group  are: 
W.  D.  MacMillan        G.  A.  Bliss  F.  R.  Moulton 

E.  H.  Moore  E.  J.  Wilczynski        R.  D.  Carmichael 

A.  R.  Schweitzer  J.  B.  Shaw  G.  A.  Miller 

L.  E  Dickson 

If  now  we  inquire  as  to  the  publication  of  these  papers, 
we  find  that  in  arithmetic  and  algebra  there  have  been 
pubUshed  213  out  of  335  (64  per  cent),  in  analysis  217  out  of 
380  (57  per  cent),  in  geometry  147  out  of  248  (59  per  cent), 
in  mechanics  49  out  of  93  (53  per  cent)  and  in  history,  etc., 
23  out  of  46  (50  per  cent)— a  total  of  649  out  of  1,102  (59 
per  cent). 

I  shall  not  attempt  to  evaluate  the  relative  importance  for 
the  work  of  the  Section  of  published  va  ius  unpublished 
papers.  Doubtless  there  are  many  papers  that  have  fulfilled 
their  total  possible  usefulness  to  author  and  public  when 
once  presented,  I  do  not  believe  therefore  that  100  per  cent 
publication  b  an  end  to  be  too  diligently  pursued.    The 
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meetings  of  the  Section  would  lose  a  good  share  of  their 
value  if  there  were  no  room  for  airing  views,  proposing  ques- 
tions, and  making  suggestions  which  might  not  be  suitable  to 
appear  in  print.  On  the  other  hand,  a  small  ratio  of  published 
to  presented  papers  would  not  be  a  sign  ci  the  most  whole- 
some development.  The  figures  presented  above  give  but 
a  rough  idea  of  the  general  character  of  the  published  material 
because  they  include  a  variety  of  journals  of  varying  grade 
and  standard.  For  that  reason  it  seemed  worth  while  to 
single  out  for  separate  mention  the  group  of  papers  published 
in  the  Tbanbactions.  This  group  consists  of  166  papers, 
which  is  about  one  fourth  of  the  published  papers,  or  15  per 
cent  of  the  total  number  of  papers  presented.  It  is  interest- 
ing to  note  that  not  a  single  one  of  the  21  completed  volumes 
of  the  Transactions  is  without  several  Chicago  Section  papers, 
the  number  averaging  8  per  volume  and  running  as  high  as 
12  and  13  in  some  volumes. 

I  have  thus  dwelt  somewhat  at  length  upon  the  papers 
offered  for  presentation  at  the  meetings  of  the  Chicago  Section, 
because  I  feel  that  this  aspect  of  our  meetings  is  perhaps  most 
widely  useful.  For  a  mathematician  to  know  that  he  can 
find  a  group  of  more  or  less  informed  colleagues  who  will  at 
least  listen  to  what  he  has  to  say  about  his  own  work,  and 
perhaps  comment  on  it  with  a  measure  of  understanding  of 
what  he  is  working  for,  encourage  him  if  he  deserves  it,  dis- 
courage him  if  it  be  otherwise,  must  be  for  him  a  stimulus 
of  which  each  one  of  us  can  best  appreciate  the  value  from  his 
own  experience.  This  value,  we  will  agree,  I  think,  depends  to 
some  extent  upon  the  quality  and  the  quantity  of  our  auditors. 
Since  of  the  former  of  these  characters  it  is  difficult  for  me  to 
speak,  I  shall  make  a  brief  statement  about  the  latter.  The 
attendance  of  our  meetings  is  very  variable.  During  the 
first  ten  years  Pk  number  of  members  present  never  exceeded 
30.  Since  then  it  has  never  fallen  below  30,  jumping  up  to 
84  in  December,  1908,  when  the  A.  A.  A.  S.  met  in  Chicago, 
to  fall  back  to  33  at  the  following  meeting  in  April,  1909, 
Since  then  the  attendance  at  the  meetings  has  growh  fairly 
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steadily  to  an  average  of  about  50.  A  year  ago  the  number 
went  up  to  83,  and  if  our  expectations  are  not  disappointed, 
all  previous  records  will  be  surpassed  on  the  present  occasion. 
(The  attendance  at  the  meeting  of  April  14  and  15  included 
104  members.)  But  this  growth  in  numbers  is  but  an  out- 
ward sign  of  an  inner  development.  And  this  inner  develop- 
ment was  the  result  of  careful  and  thoughtful  nurture  on  the 
part  of  those  who  carried  the  responsibility. 

At  the  meeting  of  April,  1897,  the  Chicago  Section  was 
formally  organized  with  E.  H.  Moore  as  chairman,  T.  F. 
Holgate  as  secretary,  and  Professors  Ziwet  and  Hathaway 
as  members  of  the  program  committee.  In  December,  1905, 
Professor  H.  E.  Slaught  was  elected  secretary  of  the  Section, 
and  he  continued  to  serve  in  that  office  for  ten  years,  until 
December,  1915,  No  one  can  appreciate  the  devotion  which 
he  gave  to  his  work  as  secretary  more  than  his  successor  does, 
unless  it  be  those  who  were  associated  with  him  on  the  pro- 
gram committee.  It  was  during  the  second  decade  of  its 
existence  that  the  Section  took  its  big  strides  forward  and 
all  those  who,  like  myself,  began  to  attend  the  meetings  during 
that  time  know  to  how  large  an  extent  it  was  his  work  that 
led  it  forward. 

The  Section  entered  upon  a  period  of  vigorous  develop- 
ment in  1905.  A  committee  was  appointed  to  consider  means 
of  improving  the  meetings  of  the  Section.  As  a  result  of  the 
work  of  this  committee,  there  were  held  in  December,  1907, 
joint  meetings  with  Sections  A  and  D  of  the  A.  A.  A.  S.,  in- 
cluding a  symposium  on  the  teaching  of  mathematics  to 
engineers.  The  following  year  the  Section  appointed  a  com- 
mittee to  study  the  possibility  of  improving  the  character  of 
the  mathematical  appointments  in  our  colleges  and  uni- 
versities, resulting  in  a  report  adopted  by  the  Section  and  a 
tentative  plan  proposed  by  Professor  Wilczynsld  and  published 
in  the  Bulletin.  Joint  meetings  with  the  A.  A.  A,  S,  and 
with  engineering  organizations  were  held  in  Minneapolis  in 
1910,  in  Cleveland  in  1912,  in  Columbus,  Ohio,  in  1915,  in 
St.  Louis  in  1919,  and  in  Toronto  in  1921.    In  April,  1911, 
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the  Society  met  in  Chicago  to  hear  Professor  B6eher's  presi- 
dential address.  In  1913  the  Council  of  the  Society  took 
ofEcial  notice  of  the  growing  importance  of  the  meetings  of 
the  Chicago  Section  by  resolving  that  "the  meetii^  of  the 
Chicago  group  are  henceforth  to  be  designated  as  meetings  of 
the  Society."  Prom  1911  on  the  retiring  chainnan  delivered 
an  address.  When  voting  in  1913  to  make  the  chairman's 
address  a  permanent  feature,  the  Section  expressed  the 
opinion  "that  there  are  too  few  papers  giving  a  general  survey 
of  any  field  of  mathematics."  For  a  short  period,  time  was 
set  aside  on  each  program  for  "informal  notes  and  queries" 
in  the  hope  that  in  that  way  more  general  participation  in 
the  discussion  might  be  secured.  These  different  efforts  to 
give  the  meetings  a  broader  scope  led,  in  1915,  to  a  proposal  by 
Professor  Van  Vleck  that  a  s>'mposium  be  arranged  on  some 
topic  of  wide  interest.  But  it  was  not  until  1917  that  the 
proposal  was  carried  into  effect;  at  that  time  Professors  Bliss 
and  Hildebrandt  gave  lectures  on  the  Lebesgue  Integral. 
From  that  time  on  a  symposium  address  has  been  ^ven  at 
the  April  meeting  of  each  year. 

Arnold  Dresden, 
Secretary  ^  the  Chicago  Section. 


ELIAKIM  HASTINGS  MOORE  FUND 

BT  ARNOLD  DRESDEN 

A  group  of  former  students  of  Professor  E.  H.  Moore, 
wishing  to  use  the  opportunity  afforded  by  the  twenty-fifth 
anniversary  meeting  of  the  Chicago  Section  to  present  to 
Professor  Moore  a  testimonial  of  their  respect  and  apprecia- 
tion, brought  together  a  fund  to  be  used  for  furthering  mathe- 
matical interest  in  this  country.  This  fund  was  contributed 
to  by  one  hundred  and  seventy-four  persons,  former  graduate 
students  of  mathematics  at  the  University  of  Chicago,  or 
members  of  the  American  Mathematical  Society  definitely 
identified  with  its  Chicago  Section.  On  the  evening  of  April 
14,  1922,  a  beautifully  bound  and  illuminated  manuscript 
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contaioing  s  statement  of  the  establishment  of  the  Eliakim 
Hastings  Moore  Fund  was  presented  to  Professor  Moore. 
The  names  of  the  contributors  to  the  fund  are  preceded  by 
the  following  statement: 

"  Conscious  of  the  great  influence  which  you  have  exerdsed 
upon  the  development  of  mathematical  science  throughout 
this  country,  particularly  in  the  ISCddle  West,  during  the  last 
twenty-five  years, 

Admiring  the  outstanding  qualities  of  your  researches  in 
various  fields  of  mathematics. 

Grateful  for  the  inspiration  and  the  encouragement  which 
you  have  given  to  those  who  have  come  to  the  University  of 
Chicago  to  study  mathematics, 

Recognizing  the  large  contribution  which  you  have  made 
to  the  creation  and  the  growth  of  the  Chicago  Section  of  the 
American  Mathematical  Society, 

Deeply  appreciative  of  the  friendship  which,  during  many 
years,  you  have  shown  toward  those  who  have  had  the  good 
fortune  to  know  you, 

The  undersigned  members  of  the  American  Mathematical 
Society,  formerly  students  of  mathematics  at  the  University 
of  Chicago,  or  members  of  long  standing  in  the  Chicago 
Section,  have  wished  to  use  the  opportunity  afforded  by  the 
twenty-fifth  anniversary  meeting  of  the  Chicago  Section  to 
present  to  you  a  testimonial,  which  is  intended  to  link  your 
name  in  the  years  to  come  with  the  development  of  mathe- 
matics in  this  country. 

To  this  end  they  have  contributed  to  a  fund  which  is  to  be 
offered  for  trusteeship  to  the  American  Mathematical  Society 
upon  the  following  conditions: 

1.  The  fund  is  to  be  known  as  the  Eliakim  Hastings  Moore 
Fund. 

2.  The  interest  on  the  fund  is  to  be  used  at  the  discretion 
of  the  Council  of  the  Society,  and  upon  the  recommendation 
of  a  committee  appointed  from  time  to  time  for  this  purpose, 
in  furtherance  of  such  mathematical  interests  as 
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(a)  The  publication  of  important  mathematical  books  and 

memoirs; 

(b)  The  award  of  prizes  for  important  contributions  to 

mathematics; 
it  being  further  recommended  that  during  the  next  ten  years 
preference  be  given  to  the  former,  and  that  publication  of 
Professor  E.  H.  Moore's  researches  in  General  Analysis  or 
other  fields  shall  have  precedence  over  all  other  claims. 

3.  The  fund  is  to  be  kept  intact  by  the  American  Mathe- 
matical Society,  except  in  so  far  as  it  is  used  to  aid  in  the 
publication  of  Professor  Moore's  researches.  For  this  special 
purpose  a  part  of  the  principal,  not  exceeding  one  third,  may 
be  used  provided  the  interest  on  the  remainder  be  allowed  to 
accumulate  until  the  fund  has  been  restored  to  its  original 
value." 

At  its  meeting  on  April  15,  the  Council  cf  the  Society  ac- 
cepted the  trusteeship  of  this  fund  as  recorded  elsewhere  in 
the  Bulletin. 

It  is  hoped  that  the  Eliakim  Hastings  Moore  Fund,  which 
has  now  reached  approximately  t2,000,  may  be  the  nucleus  of 
a  much  larger  fund  to  be  ultimately  established  and  to  be  at 
the  dbposal  of  the  American  Mathematical  Society  for  aid 
in  the  publication  of  important  mathematical  work.  The 
fund  will  remain  open  for  contributions  at  any  time,  and  it  is 
hoped  that  those  who  are  interested  and  who  had  no  oppor- 
tunity to  join  in  the  testimonial  at  the  time  of  its  foundation 
may  do  so  later.  Contributions  may  be  sent  to  the  Secretary 
of  the  Society,  Professor  R.  G.  D.  -Richardson,  Brown  Uni- 
versity, Providence,  Rhode  Island. 
The  UNiVERfliTT  op  Wisconsin. 
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NOTE  ON  THE  DIVISION  OF  A  PLANE  BY  A 
POINT  SET* 


A  plane  set  of  points  K  is  said  to  divide  a  plane  5  if  the  set 
S  —  Kh  composed  of  two  mutually  exclusive  domains  5i,  St. 
of  which  /C  is  a  common  boundary,  where  by  domain  is  meant 
a  connected  open  set.  The  condition  that  K  be  a  simple 
closed  curve  or  an  open  curve  has  been  stated  by  J.  R.  Klinef 
in  terms  of  the  concept  "connected  im  kleinen."  In  proving 
that  the  set  ^  is  a  connected  set,  Kline  employs  the  condition 
"connected  im  kleinen." 

If  we  assume  that  K  is  bounded  and  that  we  have  at  our 
disposal  the  parallel  and  perpendicular  straight  lines  of  a 
number  plane,  then  the  connectedness  of  K  is  established  by 
other  writers,  for  example  Hausdorff,  Grundziige  der  Mengen- 
lehre,  page  346,  Theorem  XII.  Hausdorff  calls  attention,  in 
a  footnote  to  page  342,  to  the  difficulty  of  extending  his  argu- 
ment to  the  case  of  unbounded  sets. 

It  seems  in  view  of  the  importance  of  the  theory  of  open 
curves  as  indicated  by  R.  L.  Mooret  and  of  the  importance  in 
general  of  the  fundamental  theorems  of  plane  analysb  situs 
that  it  is  of  interest  to  show  that  the  set  K  is  connected, 
whether  bounded  or  not,  without  the  use  of  the  restriction 
employed  by  Ktine  or  of  the  properties  of  straight  lines  and 
rectangles.  The  present  note  is  concerned,  therefore,  with 
the  proof  of  the  following  theorem. 

Theorem.  Let  K  be  a  plane  point  set,  S,  the  set  of  ail  potnto 
c^  the  plane,  and  denote  by  Si,  Si  tim  mutually  exclusive  domain* 
such  that 

S-K=Si+Si. 
Then  if  every  point  ^  K  ii  a  limit  point  of  both  Si  and  Si,  the 
set  K  is  closed  and  connected. 

•  Presented  to  the  Society  Nov.  26,  1921. 

t  Concerning  approackabtlily  of  gim^  doted  and  open  curves.  Trans- 
ACnONB  OF  THiB  SociBTT,  vol.  21  (1920),  pp.  451-458. 

t  R.  L.  Moore,  On  the  JmmdaUona  of  ptarte  an^)^y*U  lUu*.  Tranb- 
AcnOHS  OF  THIS  SociETT,  vol.  17  (1916),  pp.  131-164.  Thia  paper  will 
be  referred  to  as  "Foundations." 
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Prfx^.  The  set  A  b  closed.  For  any  limit  point  of  K  is 
evidently  a  common  limit  point  of  Si  and  St.  But  no  limit 
point  of  iSi  can  belong  to  the  domain  Sj,  and  likewise  no  limit 
point  of  Si  can  belong  to  Si.    Such  a  point  must  belong  to  K. 

Assume  that  the  set  K  is  not  connected.  Then  there  exist 
two  mutually  exclusive  closed  subsets  Ki  and  Kt  of  K  such 
that  K=  Ki_+  Kt.  Let  Pi  denote  a  point  of  Ki  (i  =  1,  2). 
We  may  enclose  Pi  in  a  region  Ri  which  contains  no  point  of 
Kt^i.*  Let  Ji  be  a  simple  closed  curve  lying  in  Ri  and  con- 
taining Pi  as  an  interior  point.  Let  Pi,-  be  a  point  of  Sj  lying 
within  Ji.    Since  Sj  is  a  domain,  there  is  an  arc 

PiiXPii 
lying  entirely  in  Sj.    Let  Aij  be  the  last  point  which  this 
arc  has  in  common  with  ^i  and  let  An  be  the  first  point  which 
the  arc  has  in  common  with  Jt  after  Aij  on  Pu  X  Pij. 

Since  the  point  An  lies  on  the  boundary  of  Ji,  it  may  be 
connected  with  Pi  by  an  arc  Pi  X  Aij  which,  except  for  the 
end-point  Aij,  lies  entirely  within  Ji.  Furthermore  the  arcs 
Pi  X  Ai\  and  Pi  X  An  may  be  constructed  so  that  they  have 
no  common  point  besides  Pi. 

From  the  arcs  so  defined  we  construct  a  simple  closed  curve 
J. 

J:  PiAiiAtvPiAitAiiPi. 

Let  H\  denote  the  set  of  all  points  of  K\  which  are  interior  to 
J  but  not  interior  to  ^i.    The  set  Hi  b  closed. 

Case  I.  No  point  of  H^  lies  on  Ji.  Then  the  points  of  Jt 
which  lie  in  J  lie  in  Si  +  Sf  There  exist  points  of  J\  within 
J,  since  by  Theorem  40  of  the  FoundaHoru  it  is  possible  to 
join  Pi  and  Pj  by  an  arc  Pj  X  Pj  such  that  P,XPti  lies 
entirely  within  J.  This  arc  must  meet  Ji  in  at  least  one  point. 
It  follows  readily  that  there  is  an  arc  An  X  Au  of  Ji  which 
lies  in  J  and  therefore  in  Si  +  Sj.  This  is  contrary  to  Lemma 
A  of  the  paper  of  J.  R.  Kline.{ 

Qodulo  2. 

■  fi,  that  is,  the 

set  of  all  points  of  the  tmsAXB  except  its  eod-points. 

t  Loo.  cit.,  p.  452.     Every  arc  joining  a  point  of  S|  to  a  point  of  St 
'  '  IS  a  point  of  K. 
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Case  II.    The  curve  Jy  contaiD»  a  point  of  Hi.    From  the 
Heine-Borel  property  we  may  assume  a  finite  set  of  regions 
CD  fi.,  A,  ■■-,«», 

covering  Hi.  We  may  without  loss  of  generality  assume  that 
the  boundary  of  each  region  Rk  Qc  =  1,  2,  ■  -  ■,  m)  is  a  simple 
closed  curve  Ji,.  We  will  also  assume  that  no  point  of  J,  Jj, 
or  Kt  lies  in  or  on  the  boundary  of  any  of  the  regions  Rk- 
By  hypothesb  some  of  the  regions  R*  have  points  in  common 
with  the  interior  of  J\.  Let 
(2)  Ri.Rt,  ■■■,Rp.    (pSm), 

be  a  subset  of  the  regions  (1)  such  that  Ri  +  ■  ■  ■  +  Rp  forms, 
with  the  interior  of  Ji,  a  connected  set.  Then  the  curves 
Ji,  Ji,  Ji,  •■■,Jp  form  a  finite  family  G of  closed  curves  whose 
interiors  form  a  connected  set.  By  theorem  42  of  the  Founda- 
tions there  is  a  simple  closed  curve  J  which  satisfies  these 
conditions:  every  point  of  J  belongs  to  some  curve  of  G;  the 
interior  of  J  contains  the  interiors  of  all  thecurves  of  the  set  G. 

The  curve  J  meets  J  in  the  points  A^  and  in  no  other  points. 
We  may  show  as  in  Case  I  that  there  is  a  point  XonJ  which 
is  interior  to  J,  and  that  the  arc  An  X  Ait  of  the  curve  J  lies 
within  J. 

We  will  show  that  no  point  of  Au  X  An  is  in  K.  By  con- 
struction no  point  of  A'l  lies  on  any  curve  of  the  set  G.  Sup- 
pose Q,  a  point  of  Ki,  lies  on  the  arc  ^u  X  An.  Then  Q  must 
lie  on  one  of  the  curves  of  the  set  G.  If  Q  is  on  Ji,  it  must 
belong  to  H\  since  Q  is  interior  to  J.  Consequently  Q  is  in 
Hi  in  any  case  and  must  lie  in  some  region  Rjt  Qc  ^  m)  of  the 
regions  (1).  Suppose  that  Q  lies  on  J,  (q  ^  p).  Then  Rk 
must  contain  an  interior  point  of  •/,.  But  the  interior  of  J, 
is  connected  with  R|.  Consequently  Rt  is  connected  with  Ri 
and  is  interior  to  J.  It  follows  that  Q  is  an  interior  point  of 
J,  contrary  to  hypothesis. 

Since  no  point  of  K  lies  on  An  X  Ait,  we  have  obtained 
an  arc  connecting  a  point  of  Si  with  a  point  of  Si  which  con- 
tains no  point  of  K.    This  again  contradicts  Lemma  A. 

The  proof  that  the  set  K  is  connected  is  completed. 

ThX  UNtVBReiTT  OF  lOWA 
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NOTE  ON  STEADY  FLUID  MOTION 

BY  8.  D.   EELOIN 

In  a  previous  paper*  I  have  shown  how  to  find  special 
invariant  configurations  of  the  projective  and  linearoid  groups 
investigated  by  Wilczynskif  in  connection  with  steady  fluid 
motion.  It  is  the  purpose  of  this  note  to  show  how  the  group 
whose  general  infinitesimal  transformation  is 

should  be  simplified  in  order  to  represent  the  steady  motion 
of  a  fluid  under  the  influence  of  forces  possessing  a  potential. 
If  the  external  forces  have  a  potential,  then,  as  is  known,  the 
functions  u,  v,  w  must  be  such  that  the  expression 

Kudx  +  Kvdy  +  Ktcdz 

is  a  complete  differential,  or,  what  amounts  to  the  same  things 

dKu  _  dKw 

dz         dy         ' 

dKw     dKu      . 

<»  -d^--eT  =  ''^ 

dKu  _  ajgp  _  Q 

By        dx 
Performing  the  operations  indicated  by  equations  (1)  we  get: 
-  .  du    dv  ,      3*0      . 

ax    ax         asr 
,,,      du    dw  ,      3*w  ,       ^w    ,        dhe 
dx    dx         dx'        dxdy  dxdz 

,   dv    dw.dw    dw_^ 
dx    dy      dx    dz         ' 

^^'         dxdy^    df^     dydz^dy    dy  ^  dy    dz       "' 

•Journal  or  Mathematics  anb  Phksics  (Mass.  Inst,  of  Tech.), 
vol.  1  (1921),  p.  54. 

t  Transactions  of  this  Society,  vol.  1  (1900),  pp.  339-352. 
.     i  This  class  of  groups  bae  been  isTestigated  by  Sophua  Lie  in  connection 
witb  two-point  invariants.     See  Lie-£ngel,   Tkeorie  der  TraHsfornuitiom- 
gruppen,  vol.  3,  AbtheilunK  5. 
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which  can  be  written  in  the  form 

dx\    dx        dy 

[July, 


—  {        ^J-        ^J~  —\    = 

dy\    dx         dy  dz  ) 


W  i7     «^+''ie+«'^     =0- 


From  (a)  follows  at  once  that  Kv  can  be  a  junction  cf  y  only. 
From  (b)  we  see  that  Kw  muat  be  a  function  of  y  and  z  alone, 
and,  since  by  virtue  of  (c)  Kw  must  be  a  function  of  x  and 
z  alone,  it  follows  that  Kw  can  be  a  function  of  z  only. 

If  the  fluid  is  incompressible,  we  have  the  equation  of  con- 
tinuity 

du.dv.dw  _  _ 

dx     dy     dz 
and  therefore  u>  is  a  linear  function  of  z. 
In  the  case  of  irrotational  motion,  since 

3w_dp_j,  ^_^=n  ^"—^=(1 

dy      dz        '        dz      dx         '         dx      dy 

we  must  have,  in  the  above  infinitesimal  transfonnation  I^, 

u  a  function  of  x  alone,  f>  a  function  of  y  alone,  and  w  a  function 

of  z  alone.    There  exists  then  a  velocity  potential,  say  F,  where 

=  ^,  =^,  =^, 

dx  dy  dz 

and  the  orthogonal  trajectories  of  the  family  of  surfaces 
F  =  fu{x)dx  +  fv{y)dy  +  fwiz)dz  =  constant 
represent  the  stream  lines.     These  stream  lines  are  the  inter- 
sections of  the  two  families  of  cylinders  obtained  by  solving 
the  equations 

dx   ^   dy  _    dz 

The  separately  invariant  points  will  be  found  by  solving  the 
equations 

u{x)  =  0,         v{y)  =  0,         w{z)  =  0. 

MA38ACHUBETT8    INSTITUTE   OF   TECHNOLOGY 
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TWO  BOOKS  ON  ANALYSIS 

Lezioni  di  Analiti  Infinitesinudt.     By  Giulio  Vivanti.  2d  edition.  Torino, 

S.  Lattea  and  Co.,  1920.    vii  +  693  pages. 
Lezioni  di  Calcolo  InfiniteHmale.     By  Ernesto  Pascal.     Milano,  Ulrico 

Hoepli,    Part  I,  4th  edition,    1919,    viu  +  330  pages.    Part    II,    4th 

edition,  1918,  xii  +  313  pages.  Part  III,  2d  edition,  1918,  xi  +  325  pages. 

Permitting  oneself  a  variation  on  a  weU  known  theme,  one  could  perhaps 
say  to  a  nation:  "Show  me  your  fundamental  course  in  analysis  and  I  will 
tell  you  who  you  are  mathematically."  For  doubtlesa,  a  valuable  estimate 
of  a  nation's  state  of  development  in  mathematics  can  be  obtained  by 
considering  the  form  in  which  the  fundamentals  of  the  infinitesimal  calculus 
are  presented  to  the  students  of  that  nation. 

If  the  two  works  under  review  may  be  taken  as  representative  Italian 
courses,  one  must  form  a  high  estimate  of  the  esteem  in  which  mathe- 
matica  is  held  in  that  country.  In  scope,  point  of  view  and  method  of 
approach,  they  are  broad  and  scholarly.  They  cover  practically  the  same 
ground  except  for  Pascal's  third  volume  which  is  devoted  entirely  to  the 
calculus  of  variations  and  to  the  calculus  of  finite  difTerences.  They 
are  not  encyclopedic  like  the  French  cours  d'analyse;  neither  are  they 
written  on  the  superficial  plan  of  BO  many  of  our  American  college  texts. 
From  them  a  student  can  learn  enough  to  be  well  prepared  for  special 
study  in  analyeis,  as  well  as  for  work  in  the  applied  sciences — he  will  at 
least  have  acquired  that  which  be  is  to  apply.  Both  intended  for  technical 
students,  the  authors  do  not  hesitate  to  include  the  elements  of  the  theory 
of  point  sets  and  other  topics  usually  regarded  in  our  classes  as  material 
unfit  for  the  training  of  "practical  men."  In  his  preface,  written  May 
1917,  Pascal  says  "It  is  certain  that  through  the  profound  changes  irtiich 
the  critical  spirit  has  made  in  the  foundations  of  the  calculus,  even  a  course 
intended  for  those  for  whom  mathematics  is  a  means  rather  than  an  aim, 
cannot  but  use  the  new  results  which  have  been  reached  ...  it  would 
therefore  exhibit  a  shortsighted  view  and  little  esUem  for  the  ability  of 
the  future  engineer,  to  believe  that  it  would  be  sufficient  for  them,  at  least 
if  they  can,  to  learn  to  operato  the  calculus  in  about  the  way  in  which 
a  workman  knows  how  to  operate  a  machine  made  by  others,  and  of 
which  he  does  not  know  the  inner  connections." 

Is  not  this  a  point  of  view  worth  the  consideration  of  our  teachers  of 
engineering  students?  Not  merely  for  the  mathematical  specialist,  but 
for  the  person  concerned  with  the  tq>plied  sciences,  a  fundamental  theoretical 
course,  not  merely  a  working  course,  is  requisite  if  these  applications  are 
to  be  more  than  mere  mechanical  adaptations  of  the  thoughts  of  others. 

The  two  books  differ  In  their  method  of  treatment,  inasmuch  as  Vivantl 
is  in  favor  of  and  Psacal  opposed  to  the  fusion  of  differential  and  integral 
calculus.  The  Lezioni  of  Vivanti  consists  of  the  following  six  parts: 
1.  Analytical  introduction  (90  pp.),  II.  Derivatives  and  integrals  of 
functions  of  one  variable  (150  pp.).  III.  Derivatives  and  integrals  of  fune- 
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tioos  of  several  variables  (84  pp.),  IV.  Geometrical  applications  (183  pp.), 
V.  DiSereatial  equations  (138  pp.),  VI.  Calculus  of  variations  (20  pp.). 

In  the  analytical  intfoduction  are  asKinbled  thooe  notions  from  the 
theory  of  functions  of  a  real  variable  which  form  the  irreducible  minimum 
for  a  sound  development  of  the  calculus:  real  numbers,  sequences  and 
series,  greatest  lower  and  least  upper  bounds,  continuity,  uniform  con- 
vergence, etc.  This  part  reveals  what  an  excellent  expositor  the  author  is. 
The  reviewer  notioed  with  pleasure  several  neat  proofs,  such  as  the  one 
on  page  39,  in  which  it  is  shown  that  lim/(x)  =  o  implies  tiiatlim6^<'>  —  b*. 

In  the  arrangement  of  the  material,  in  the  working  out  of  details,  in  the 
style  and  the  form,  a  masMrly  hand  shows  itself.  This  section  provides 
for  the  reader  an  enjoyment  which  I  would  only  spoil  by  dwelling  on  the 

With  such  preparation  a  thorough  treatment  of  the  calculus  becomes 
possible.  A  curious  sUp  occurs  on  page  140,  where  from  the  uniform  con- 
vergence of  a  series  of  functions  /i(x)  on  an  interval  (ob),  the  conclusion 
appears  to  be  drawn  that  a  series  of  functional  valuee/i(zi)  must  converge 
for  arbitrary  choice  of  the  Xi.  It  is  surprising  to  find  in  this  book  the 
notation  d/(ar,  0)lda  where  [a/d,  yl/dxU,  t  is  meant,  a  notation  no  longer 
used  in  our  better  texts  and,  in  my  judgment,  very  undesirable.  Space  is 
lackmg  for  detailed  mention  of  the  many  instances  of  elegance  in  treatment 
found  throughout  these  part«  of  the  book. 

It  seems  curious  that  with  such  free  fusion  of  the  two  divisions  of  the 
calculus,  there  should  be  such  a  sharp  separation  between  the  calculus 
and  its  geometric  applications,  to  which  the  largest  single  psrt  of  the  book 
is  devoted.  In  the  first  20  pages  of  this  section  we  find  an  exposition  of  the 
elements  of  vector  analysis  which  follows  the  methods  of  Burali-Forti  and 
Marcolongo.  Throughout  the  rest  of  the  section  these  methods,  as  well 
as  the  ordinary  methods,  are  used  in  the  applications  to  differential  geom- 
etry, which  in  many  instances  ore  improved  and  simplified  in  this  way. 
The  incorporation  of  the  vector  treatments,  assembled  in  an  appendix  in 
the  first  edition  of  the  Lezioni,  as  an  organic  part  of  the  book  in  this  new 
edition,  bears  witness  to  the  vogue  which  the  work  of  Burali-Forti  and 
Marcolongo  has  given  these  methods. 

In  Part  V,  particular  mention  should  be  made  of  the  simple  and  straight- 
forward discussion  of  the  singular  integral  and  its  geometrical  interpreta- 
tion, as  welt  as  of  the  treatment  of  the  linear  bomi^eneous  equation  with 
constant  coefficient*  by  the  use  of  simple  relations  boldii^  between  the 
properties  of  the  linear  differential  operator  and  the  associated  algebraic 
functions.  A  brief  section  devoted  to  the  calculus  of  variations  treats 
a  few  of  the  classical  problems  and  merely  mentions  some  of  the  others. 
Numerous  examples  are  worked  out  in  the  text.  For  further  exercises 
the  reader  should  consult  the  companion  volume,  the  author's  Bsereizi* 
The  misprints  are  very  few  and  do  not  seriously  mar  the  typographical 
excellence  of  this  book. 

1  this  Bulletin, 
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In  the  tliree  volumes  of  Pascal's  Lexumi  on  the  other  hand,  misprints 
are  quite  numerous,  particularly  in  volume  3,  where  some  fifty  were 
noticed  on  slightly  over  three  hundred  duodecimo  pages.  Enough  has 
been  said  above  in  comparing  the  two  works  to  make  further  discussion 
of  the  firat  two  volumes  of  Pascal's  Lexioni  superfluous.  The  third  volume 
is  little  different  from  the  first  edition  of  ISO?  of  which  the  flrst  part 
appeared  in  a  German  translation  by  Schepp  in  1899.*  It  appears  to  be 
a  reprint  of  this  earlier  volume  rather  than  a  new  edition.  It  is  this 
which  accounts  for  the  apparent  disr^ard  of  the  important  developments 
in  the  calculiu  of  variations  during  the  last  twenty  years.  It  stilt  frankly 
represents  the  old  school,  so  that  a  detailed  criticism  from  the  modern  point 
of  view,  for  which  the  book  furnishes  ample  opportunity,  would  dearly 
be  out  of  place.  The  extensive  bibliographies  inserted  at  various  points 
form  a  viduable  feature.  It  is  surprising,  however,  that  in  the  list  of 
treatises  on  page  10,  apparently  revised  since  the  earlier  edition,  Hada- 
mard's  Le{on»  is  not  mentioned,  while  there  b  mention  made  of  a  Lthrbtieh 
der  VonalumsrwAnunjr  by  Carath^odory  and  Zermelo,  which,  although 
announced  repeatedly,  has  not  yet  appeared  and  does  not  occur  on 
Teubner's  later  lists  of  future  publications. 

AsNOLD  Dresden 


SHORTER  NOTICES 

AUgemeirie  Tkeorie  der  Raumkurven  und  FlOehen.  By  V.  Kommerell  aud 
K.  Kommerell.  Vols.  I  and  II,  third  edition.  (Sammlung  Schubert, 
XXIX  and  XLIV.)  Berlin  and  Leipz^,  Vereinigung  wi^senschaftlicher 
Verleger,  1921.     184  +  !96  pp.    28  +  13  figs. 

The  third  edition  of  these  two  volumes  is  so  nearly  a  reprint  of  the 
second  edition,  which  has  already  been  reviewed  in  this  Buuubtin,!  that 
an  account  of  its  contents  is  quite  unnecessary.  The  arrangement  of 
material  is  precisely  the  same  in  the  two  editions,  but  many  of  the  dis- 
cussions have  been  slightly  amplified  in  the  later  one  and  the  few  errors 
in  printing  have  been  corrected.  The  only  new  material  appears  in  the 
derivation  of  curves  from  given  properties  and  in  the  definition  of  the 
ChristoSel  symbols. 

These  two  volumes  should  be  intcUigible  to  the  student  who  has  little 
training  beyond  the  calculus,  yet  they  present  an  excellent  treatment  of 
the  essentials  of  diiTerential  geometry.  The  student  who  has  read  them 
should  have  no  difficulty  with  the  more  extensive  treatments  of  Bianchi, 
E^isenhart,  Forsyth  and  others.  Such  a  presentation  of  differential  geom- 
etry as  this  by  Kommerell  and  Kommerell,  if  available  in  English,  would 
increase  the  teaching  of  that  important  subject  to  the  advanced  students 
in  our  American  univereities. 

E.  B.  SronFFBR 

■  See  the  review  by  £.  R.  Uedrick  in  this  Bclletik,  vol.  12  (1906), 
p.  172. 

t  Vol.  21  (1915),  pp.  99-100. 
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Thret  Leeturet  on  Permat's  La»t  Theorem.    By  L.  J.  Mordell.    Cambridge, 

UDiveraity  Press,  1921.    30  pp. 

The  pamphlet  consists  of  three  lectures  on  Fermat's  laat  theorem,  given 
at  Bickbeck  College,  Loadon,  in  Mar«h  1020.  The  lectures,  as  stated  in 
the  preface,  were  intended  primarily  for  persons  with  a  mathematical 
training,  but  not  necessarily  for  those  who  had  made  a  special  study  of  the 
theory  of  numbers.    The  work  is  divided  into  three  chapters. 

The  first  chapter  contains  a  brief  discussion  of  Fennat's  work  and  the 
history  of  the  theorem.  It  also  contains  the  consideration  of  the  early 
proofs  of  the  impossibility  of  Fermat's  equation  x'  -\-  y'  =  z"  for  the 
cases  n  =  3,  4,  5,  and  7. 

The  second  chapter  is  an  eicposition  of  Hummer's  work  in  attempting 
to  prove  the  theorem.  Algebraic  numbers  and  the  arithmetic  b  an  alge- 
braic domain  are  discussed,  showing  bow  the  failure  of  the  unique  factorisa- 
tion in  such  a  domain  necesdtates  the  introduction  of  ideal  numbers. 
The  nature  of  these  ideal  numbers  is  very  clearly  and  briefly  presented. 
The  author  explains  in  an  elegant  manner  the  main  points  in  Hummer's 
work  leading  to  the  proof  of  the  impossibility  of  the  solution  of 
*'  -W  V*  —  z'  in  the  domain  defined  by  the  primitive  pth  roots  of  unity, 
when  the  class  number  of  the  domain  is  prime  to  p.  The  chapter  ends  by 
a  mention  of  the  more  recent  results  based  on  Hummer's  work. 

In  the  last  chapter  the  author  discusses  the  methods  of  Libri  and  Sophie 
Germain  and  the  results  obtained  by  these  methods,  of  which  may  be 
mentioned  Dickson's  proof  of  the  impossibility  of  a  solution  of  Fermat's 
equation  in  integers  prime  tap  {p  the  exponent)  when  p  <  7000. 

G.  E.  Wabun 

The  A  haoluU  Relations  o/  Time  and  Space.     By  Alfred  A.  Robb.    Cambridge, 

University  Press,  1921.     80  pp. 

This  is  really  a  contribution  to  the  geometry  of  point  events  in  which 
stress  is  laid  upon  the  importance  of  the  ideas  of  before  and  after.  To 
illustrate  his  ideas,  the  author  makes  frequent  use  of  cones,  somewhat  after 
the  manner  of  Minkowski,  and  introduces  the  idea  of  conical  order.  The 
reviewer  believes  that  a  reader  will  find  it  helpful  in  studying  Robb's 
logical  analysis  if  he  also  uses  the  geometric  representation  of  a  point  event 
by  a  closed  surface  completely  surrounding  the  point.  An  event  A  may 
then  be  regarded  as  after  an  event  B  if  the  representative  surface  of  A 
completely  surrounds  the  representative  surface  of  B.  If  the  two  repre- 
sentative surfaces  intersect  or  are  external  to  one  another,  the  event  A 
is  neither  before  nor  after  B.  The  geometry  thus  visualized  may  be  re- 
garded OS  a  wave-geometry,  the  representative  surface  of  an  event  A  being 
the  locus,  at  the  very  beginning  of  things,  of  point  events  whose  combined 
influence  results  directly  in  the  occurrence  of  the  event  A.  The  simplest 
assumption  one  can  make  is  that  the  representative  surface  is  a  sphere 
with  A  as  center,  but  a  more  general  assumption  is  suitable  for  Einsteinian 
geontetry  and  for  the  geometry  of  light  waves  in  a  material  medium  or  of 
sound  waves  in  a  windy  atmosphere. 

H.  Bateuan 


ovGoogIc 


1922.J  SHORTER  NOTICES  319 

PkUoBopky  and  the  New  Pkysica.     An  Estay  on  the  Relalivity  Theory  and 
the  Theory  of  Quanla.    By  L.  Rougier,     Authoriied  translation  frwn 
the  author's  corrected  text  of  La  maUrialUation  de  I'inergU  by  M. 
MasiuB.     Philadelphia,  Blakiston,  1921.     16mo.     18  +  159  pp. 
The  title  of  this  tnuialation  is  BOmewhat  misleading.     That  of  the 
origina],  La  MaUriiditalion  de  I'Energie,  gives  a  better  idea  of  the  scope  of 
this  work,  which  is  an  eitcellent  presentation  of  the  way  in  which  the  old 
dualiatic  view  of  matter  and  energy  haa  given  way  to  the  modem  merging 
of  these  two  concepts  into  each  other.    The  foundation  for  the  modem 
view  was  laid  when  Sir  J.  J.  Thomson  ebowed,  in  1S81,  that  the  inertia  of 
an  electrically  charged  sphere  ia  increased  by  its  motion.     This  led  to  the 
conception  of  electromagnetic  momentum  in  the  ether,  and  the  author 
shows  how  the  theory  of  relativity  has  solved  the  difGcultiea  which  this 
conception  involves  when  it  was  combined  with  the  stationary  ether  re- 
quired for  optical  phenomena. 

The  book  was  apparently  written  before  the  author  was  familiar  with 
the  general  theory  of  relativity,  for  Einstein's  first  value  for  the  deflection 
of  the  light  from  a  star  by  the  sun's  gravitational  field  is  given.  This  is, 
however,  corrected  in  a  note  later  on.  The  author  appears  to  be  aatistied 
that  the  displacement  of  the  solar  spectral  lines  towards  the  red,  demanded 
by  the  theory  of  relativity,  has  been  experimentally  confirmed,  although 
this  is  far  from  being  true. 

Comii^  to  the  theory  of  quanta,  it  is  difficult,  as  the  author  shows,  to 
avoid  the  conclusion,  if  the  consequences  of  the  theory  of  relativity  be 
accepted,  that  radiation  is  propagated  by  means  of  discrete  elements  or 
quanta.  But  until  it  is  shown  that  the  differential  equations  of  optics, 
which  are  wholly  successful  in  interpreting  all  ordinary  optical  phenomena, 
are  consistent,  perhaps  only  to  a  first  approximation,  with  a  quantum 
theory  of  radiation,  one  can  hardly  agree  with  the  author  in  his  eittreme 

There  is  a  wrong  reference  to  Poincar^'s  paper  on  the  dynamics  of  the 
electron  on  page  73.  The  correct  one  is  given  in  the  bibliography  on  page 
IM.  E.  P.  Adams. 

Dot  ExientririliUtprimip  alt  Korrelat  xitr  RelatiiritSUtheorU.     By  K.  M. 

Kohler.     Vienna,  Franz  Deuticke,  1921. 

In  this  seventy-page  pamphlet  the  author  presents  the  restricted  theory 
of  relativity  in  a  novel  form  by  studying  the  geometry  of  the  one-parameter 
family  of  spheres 

{a  -  yO'  +  J/"  +  «■  =  CC,  J  >  0. 
His  conclusions  are  in  accord  with  Epstein's  theory  and  his  method  is  of 
interest.  He  spoils  an  otherwise  interesting  paper,  however,  by  claiming 
to  have  found  a  means  of  distinguishing  between  absolute  motion  and  rest 
by  correlating  these  two  states  with  the  eccentricity  and  concentricity  of 
the  electro-magnetic  waves  emitted  by  the  body  in  question.  Since  he 
shows  clearly  that  to  an  observer  moving  with  a  moving  body  the  waves 
emitted  by  it  would  appear  to  be  concentric,  his  claim  is  not  to  be  treated 
seriously.  This  claim  is  not,  however,  organically  related  to  the  remainder 
of  tiie  p^>er.  C.  N.  Reynolds,  Jr. 
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NOTES 

At  the  meeting  of  the  Intemfttional  AatroDomical  Union,  held  at  Rome, 
May  2-10, 1922,  Dr.  W.  W.  CampbeU,  of  the  Lick  ObBervatory,  was  elected 
presideDt  tor  the  coming  three  yeare.  Profewor  TuJiio  Levi  Civita  was 
appointed  ch&irmaa  of  the  committee  on  relativity. 

The  Jablonowsld  Society  announces  the  following  priie  proUem  for 
1924:  In  extending  the  Gaussian  algorithm  of  the  arithmetic-geometric 
mean  to  the  case  of  two  arbitrary  functions  «)(z,  v)  and  ^<z,  y)  two  infinite 
aequences z,  zi,  ■■■,  z.,  ■■■,i/,Vi,  ■■■,  jf.,  ■■■  are  obtained,  starting  from 
any  two  numbers  x  and  y,  by  means  of  the  recurrence  formulas 
z,  ■-  y(z._i,  y.-i),  y,  *•  itix.-i,  V.-]).  The  Society  desires  a  discuaaion 
of  such  sequences  for  some  simple  functions  v(z,  y)  and  ^(z,  y)  for  which 
an  independent  representation  of  the  members  of  the  sequences  defined  by 
the  recurrence  formulas  can  be  found.  Competing  memoirs  should  be 
sent  to  the  JabloDowski  Society  at  the  Library  of  the  University  of  Leipiig 
before  October  31,  1924;  they  should  be  written  in  German,  Latin,  or 
French. 

Professor  Henri  Lebesgue,  of  the  Sorbonne,  has  been  elected  a  member 
of  the  Paris  Academy  of  Sciences  in  the  section  of  geometry,  as  successor 
to  the  late  Camille  Jordan. 

Princeton  University  has  conferred  the  honorary  d^ree  of  doctor  of 
science  on  Professor  A.  G.  Webster,  of  Clark  University. 

Mr.  W.  W.  Rouse  Ball,  of  Trinity  College,  Cambridge,  has  offered  to 
the  University  a  sum  of  £500  to  constitute  a  trust  fund  for  the  provision 
of  occasional  lectures  dealing  either  with  some  particular  development  of 
mathematics  or  with  some  application  of  mathematics  to  science. 

The  Royal  Sodety  of  Edinburgh  has  conferred  its  Keith  priie  (1919- 
1921)  on  Professor  R.  A.  Sampson  for  his  astronomical  researches,  including 
bis  papers  on  Sludiei  in  clacks  and  lime  kee]nng,  published  in  ita  Proceed- 
ings during  the  period  of  the  award.  The  same  Society  has  conferred 
its  James  Scott  prize,  established  in  1918  for  a  lecture  or  essay  on  the 
fundamental  concepts  of  natural  philosophy,  on  Professor  A.  N.  Whitehead, 
tor  his  lecture  entitled  The  rdattdneaa  nf  nature. 

The  British  commissioners  of  1851  announce  the  following  appoints 
ments  to  senior  studentships  in  mathematics  for  1922:  Mr.  A.  E,  Ingham, 
research  student,  Cambridge  University;  Mr.  J.  E.  Jones,  lecturer. 
University  of  Manchester.  Holders  of  these  studentships  are  given  the 
opportunity  of  devoting  their  whole  time  tor  a  period  of  not  less  than  two 
years  to  scientiiic  research. 

The  following  advanced  courses  in  mathematics  are  announced  for  the 
academic  year  1922-23i 

UNivERsrrY  OF  Chicago. — All  courses  meet  four  times  a  week  for  a 
quarter  of  twelve  weeks.  Courses  which  continue  for  more  than  one 
quarter  are  indicated  with  Roman  numerals,  as  I,  II,  III,  or  IV. — By 
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Profeaeor  E.  H.  Moore:  Vectors,  matrioea,  and  quateraioas;  Matrices  in 
general  analyaiB  I,  II,  III,  IV.— By  Profeflsor  L.  E.  Dickson:  Theory  of 
numbers  I,  II;  Solid  analytics;  Theory  of  equations. — By  ProfesBor 
H.  E.  Slaught:  Differential  equationa;  Elliptic  integrt^;  Calculus  I. — 
By  Professor  G.  A.  Bliss:  Definite  integrals;  EUiptic  functions;  Calculus 
II,  111.— By  Professor  E.  J.  Wilczynski:  Projective  difTerenlaal  geometry 
I,  II;  Functions  of  a  complex  variable;  Calculus  I,  II. — By  Professor 
F.  B.  Moulton:  Analytic  differential  equations  I,  II,  III;  Advanced 
ballistics  I,  II,  III. — By  Professor  W.  D.  MacMillan:  Analytic  mechanics 
I,  II,  III;  Celestial  mechanics. — By  Professor  A.  C.  Lunn:  Units  and 
dimensions;  Dynamics  of  continuous  media;  Canonical  equations  and 
quantum  theory;  Thermodynamics. — By  Dr.  Mayme  I.  Logsdon:  Theory 
of  algebraic  invariants;  Calculus  I,  II,  III.— By  Professor  J.  W.  A.  Young: 
Limits  and  series.  Courses  in  research  are  also  offered  by  Professor  Moore 
in  Foundations  of  matliematics  and  in  General  analysis,  by  Professor 
Bliss  in  Analysis,  by  Professor  Dickson  in  Algebra  and  Theory  of  numbers, 
by  Professor  Wilciynski  in  Geometry,  and  by  Professor  Lunn  in  Applied 
mathematics. 

University  of  Ilunoih.— By  Professor  E.  J.  Townsend:  Real  vari- 
ablea.— By  Professor  G.  A.  Miller:  Finite  groups.- By  Professor  J.  B. 
Shaw:  Linear  operators. — By  Professor  A.  B.  Coble:  Differential  geom- 
etry.—By  Professor  R.  D.  Carmichael:  Linear  differential  equations  in 
real  variables. — By  Professor  A.  Emch:  Automorphic  functions. — By 
Professor  A.  R.  Crathome:  Theory  of  statistics. — By  Professor  A.  J. 
Kempner:  Modem  algebra. — By  Professor  H.  Blumberg:  Introduction  to 
higher  mathematics. 

Johns  Hopkins  Uniybrbitt. — By  Professor  F.  Morley:  Higher  geom* 
etry  (first  term);  Theory  of  functions  (second  term). — By  Professor  A. 
Cohen:  Applications  of.calculus,  differential  equations,  and  mechanics. — 
By  Professor  L.  S.  Hulburt:  Advanced  calculus;  Projective  geometry  and 
higher  plane  curves.— By  Dr.  J.  R.  Musselman:  Elementary  theory  of 
probabiUty. — Professor  Morley  will  conduct  a  seminary  and  a  reading  class. 

MABSACHvaETTB  iNSTTTm!  OP  TECHNOLOGY. — By  PTofessor  F.  8. 
Woods:  Advanced  calculus. — By  Professor  C.  L.  E.  Moore:  Theoretical 
aeronautics. — By  Professor  H.  B.  Phillips:  Thermodynamics. — By  Pro- 
fessor J.  Lipka:  Analytical  mechanics. — By  Dr.  N.  Wiener:  Fourier's 
series  and  integral  equations. — By  Dr.  George  Rutledge:  Theory  of  func- 
tions.- By  Dr.  S.  D.  Zeldin:  Vector  analysis.- By  Dr.  J.  S.  Taylor: 
Mathematics  of  investment. 

University  of  Michiqan. — By  Professor  J.  L.  Markley:  Solid  analytic 
geometry  (first  term);  Theory  of  functions  of  a  complex  variable;  Theory 
of  functions  of  real  variables. — By  Professor  J.  W.  Glover:  Theory  of 
probability  (first  term);  Finite  differences  (second  term);  Advanced 
mathematical  theory  of  interest  and  life  contingencies. — By  Professor 
W.  B.  Ford:  Advanced  calculus,  with  especial  reference  to  Fourier  series 
and  harmonic  analysis;  Infinite  series  and  products;  Elements  of  the 
calculus  of  variations  (first  term). — By  Professor  L.  C.  Karpinski:  Higher 
algebra;    Theory  of  numbers;    History  of  mathematics. — By  Professor 
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J.  W.  Bttkdshsw:  Introduction  to  modem  geometry  (second  term);  Pro- 
jective geometry. — By  Professor  R.  B.  Robbing:  Casualty  actuarial  theoiy- 
— By  Mr.  R.  W.  Barnard:  Differential  equations  (first  term);  Mathe- 
maticfJ  theory  of  statistics,  advanced  course. — By  Professor  A.  Ziwet: 
Hydrodynamics. — By  Profeeeor  P.  Field:  Projective  geometry  for  engi- 
oeera  (first  term);  Vector  analysis  (second  term). — By  Professor  T.  B. 
Running:  Graphic^  methods  (first  term);  Empirical  formulas  (second 
term);  Advanced  calculus  (first  term). — By  Professor  T.  E.  Hildebrandt: 
Theory  of  the  potential  (first  term). — By  Piofessor  V.  C.  Poor:  Theoretical 
mechanics. — By  Professor  L.  J.  Rouse:  Fourier  series  (second  term). 

Univbrsitt  of  PbkiTstlvania.— ^By  Professor  E.  S.  Crawley:  Modem 
analytic  geometry  (first  term);  Differential  equations  (first  term);  Higher 
plane  curves  (second  term). — By  Professor  G.  H.  Hallett:  Infinite  series 
and  products  (first  term);  Functions  of  a  complex  variable  (second  term). 
— By  Professor  H.  B.  Evans:  Quaternions  and  vector  methods  (second 
term). — By  Professor  O.  E.  Glenn:  Calculus  of  variations. — By  Professor 
F.  H.  Safford:  Mathematical  theory  of  elasticity. — By  Professor  G.  G. 
Chambers:  Introduction  to  higher  algebra. — By  Professor  H.  H.  Mitchell: 
Linear  groups  (first  term);  Advanced  calculus  (second  term). — By  Pro- 
fessor M.  J.  Babb:  History  of  mathematics. — By  Professor  F.  W.  Beal: 
Differential  geometry. — By  Professor  J.  R.  Kline:  Foundations  of  mathe- 
matics (first  term);  Continuous  transformaUons  (second  term). 

UmvBHSiTT  OP  Wisconsin. — By  Professor  E.  P.  Lane:  Modem  analyt- 
ical geometry. — By  Professor  E.B.  Van  Vleck:  Functions  of  a  real  variable; 
Integral  equations. — By  Professor  H.  W.  March:  Theoretical  hydro- 
dynamics.— By  Professor  C,  S.  Shcht«r;  Potential  theory. — By  Professor 
E.  B.  Skinner:  Higher  algebra. — By  Professor  A.  Dresden;  Calculus  of 
variations. 

Yalb  UNtVBRSirr. — By  Professor  E.W.Brown:  Mechanics;  Advanced 
mechanics;  Hydromechanics. — By  Profeaaor  J.  Pierpont:  Functions  of  a 
complex  variable;  Projective  and  differential  geometry;  Approximation 
methods.^ — By  Professor  P.  F.  Smith:  Differential  equations. — By  Pro- 
fessor W.  A.  Wilson;  Theory  of  aggregates. — By  Professor  E.  J.  Miles: 
Advanced  caltnilus;  Calculus  of  variations. — By  Professor  J.  I.  Tracey: 
Advanced  analytic  geometry. — By  Professor  W.  L.  Crum:  Mathematical 
statistics.— By  Professor  J.  K.  Whittemore:  Advanced  differential  geom- 
etry. 

Professor  A.  Sommerfeld,  professor  of  mathematical  physics  at  the 
University  of  Munich,  will  be  in  residence  at  the  University  of  Wisconsin 
for  the  first  semester  of  the  coming  academic  year.  He  will  hold  during 
that  period  the  Karl  Schuri  Memorial  Professorship,  which  was  established 
at  the  University  of  Wisconsin  in  1910,  and  is  resumed  with  this  appoints 
ment  after  the  interruption  caused  by  the  war.  Professor  Sommerfeld  is 
expected  to  offer  a  three-hour  course  on  Atomic  stmctuie,  and  a  three-hour 
course  either  on  the  Analysis  of  wave  propagation,  or  on  the  General 
theory  of  relativity.  Professor  Sommerfeld  is  known  to  American  scholars 
in  puro  mathematics  as  well  a^  to  tho%  in  mathematical  physics. 
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Profeasor  L.  Tonellj,  of  the  University  of  ParmBi,  has  been  appointed 
profeaaor  of  higher  analysis  at  the  University  of  Bologna. 

Professor  L.  Silla,  of  the  University  of  CagUari,  baa  been  appointed 
professor  of  rational  mechanics  at  the  University  of  Genoa. 

ProfesBor  E.  Bertioi,  of  the  University  of  Pisa,  has  retired  from  active 

At  the  Univetsity  of  lille,  Profeasor  A.  Chatelet  has  been  transferred 
from  the  professorship  of  general  mathematics  to  that  of  rational  mechanics; 
Dr.  Gunbier  succeeds  him  as  professor  of  general  mathematics. 

At  Cambridge  University,  Mr.  E.  A.  Milne,  of. Trinity  College,  has  been 
appointed  University  lecturer  in  astrophysics,  and  Mr.  S.  Lees,  of  St. 
John's  College,  University  lecturer  in  thermodynamica. 

Profeasor  W.  R.  Burwell,  of  the  Univeraity  of  Tenneasee,  has  been 
appointed  assistant  professor  of  mathematics  and  dean  of  freshmen  at 
Brown  University. 

Profeasor  K.  D.  Swartiel,  formerly  of  the  University  of  Ohio,  has  been 
appointed  head  of  the  department  of  mathematics  at  the  University  of 
Pittsburgh. 

Miss  Helen  Barton,  of  Welleeley  College,  has  been  appointed  dean  of 
women  at  Albion  College. 

Mr.  W.  H.  Hill,  of  the  University  of  Colorado,  has  been  appointed 
assistant  professor  of  mathematics  at  the  Manual  Training  Normal  School, 
Rttsburg,  Kansas. 

Mr.  H.  K.  Cummings  has  resigned  his  instructorship  in  mathematics 
at  Brown  University  to  accept  a  position  in  the  Bureau  of  Standards  at 
Washington. 

At  Iowa  State  College,  Associate  Professor  J.  T.  Colpitis  has  been 
granted  leave  of  absence  for  the  coming  year  to  study  at  Cornell  University; 
Assistant  Professor  E.  C.  Kiefer  has  been  granted  leave  of  absence  for  the 
coming  year  to  study  at  the  University  of  Michigan;  Dr.  H.  C.  Goesard, 
formerly  of  the  University  of  Oklahoma  and  the  U.  S.  Naval  Academy, 
has  been  appointed  to  an  assistant  professorabip. 

Professor  W.  J.  Risley  baa  resigned  as  professor  of  mathematics 
at  James  Millikan  Univeraity,  where  he  has  been  since  1910,  to  accept 
a  position  as  head  of  the  department  of  mathematics  at  the  Colorado 
School  of  Mines. 

Professor  William  Marshall,  who  has  been  acting  head  of  the  depart- 
ment of  mathematics  at  Purdue  University  during  the  past  year,  has  been 
appointed  head  of  the  department  there. 

At  the  California  Institute  of  Technolc^^,  Professor  Harry  Bateman, 
formerly  profeasor  of  aeronautical  research  and  mathematical  physics, 
has  been  made  professor  of  mathematics,  theoretical  physics,  and  aero- 
nautics; Dr.  Clyde  Wolfe,  formerly  instructor,  has  been  made  assistant 
professor  of  mathematics;  Dr.  R.  C.  Tolman  haa  been  appointed  profeaaor 
of  physical  chemistry  and  mathematical  physics. 
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At  the  UoiveTBity  of  Manitoba,  Mr.  F.  8.  Nowlan  baa  been  promoted 
to  an  assistant  profeesoTship  of  matbemAtica. 

Profeseor  J.  D.  Bond,  of  Louisiana  State  University,  baa  been  appointed 
associate  professor  of  matbematica  at  tbe  University  of  Tennessee. 

At  the  University  of  Colorado,  Asaiatant  Professor  G.  H.  li^t  baa  been 
promoted  to  a  full  profeasorship  and  Dr.  Claribel  Kendall  to  an  asaiatant 
profeasorship. 

At  the  University  of  Washington,  Asaociate  Profeaaor  E.  T.  Bell  baa 
been  promoted  to  a  full  profeaaorsbip  and  Dr.  L.  L.  Small  to  an  aaaistant 
professorship.  Dr.  Hemumce  MuUenteister  has  been  granted  a  year's 
leave  of  absence  for  study  in  Holland;  her  place  will  be  taken  by  Miss 
E.  D.  Pepper. 

AasLstant  Professor  R.  B.  Robbina  will  return  to  the  Univeruty  of 
Michigan  after  two  vt»n'  absence  in  actuarial  work  in  tbe  departments  of 
insurance  of  Miaaouri  and  New  York. 

At  the  University  of  California,  Profeaaor  C.  A.  Noble  has  been  granted 
a  term'a  leave  of  absence,  which  he  will  spend  in  Europe. 

At  the  Georgia  School  of  Technology,  Profeaaor  B.  M.  Boerckel  has 
reaigued  and  Mr.  R.  M.  Mundorff  baa  been  appointed  assistant  professor. 

At  Dartmouth  College,  Asaiatant  Professor  F.  M.  Morgan  has  resigned. 


University  of  California,  Dr.  P.  H.  Daus  (transferred  to  southern 
branch),  Dr.  B.  C.  Wong; 

Carnegie  Inatitute  of  Technology,  Mr.  George  Parks; 

Dartmouth  College,  Dr.  B.  H.  Brown; 

Georgia  School  of  Technology,  Mr.  H.  K.  Fohner; 

Hood  College,  Miss  M.  C.  Packer; 

University  of  Iowa,  Mr.  R.  E.  Kennon; 

Iowa  State  College,  Mr.  R.  G.  Robinson; 

Univeraity  of  Michigan.  Mr.  R.  V.  Churchill,  Mr.  C.  C.  Craig; 

University  of  Missouri,  Mr.  C.  G.  Jaeger; 

University  of  Nebraska,  Mr.  F.  S.  Harper; 

New  York  Univeraity,  Mr.  F.  W.  John; 

Univeraity  of  Pennaylvania,  Mr.  J.  M.  Thomas; 

Pennsylvania  Stat«  College,  Mr.  R.  H.  Marquis; 

Purdue  University,  Dr.  W.  E.  Edington,  Mr.  W.  J.  Wagner; 

Randolph-Macon  CoUege,  Mr.  J.  W.  Blincoe; 

Smith  College,  Miss  Constance  Wiener; 

Syracuse  University,  Miss  May  Sperry; 

Wellesley  College,  Misa  F.  M.  Merriam; 

University  of  Wisconsin,  Mr.  E.  B.  KeUer,  Mr.  A.  H.  Wwt. 
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Profeesor  O.  Tedone,  of  the  Univeraity  of  Genoa,  died  April  18,  1922, 
at  the  age  of  fifty-two  years. 

Frofeasor  Hermann  Graaamann,  of  the  Univeraity  of  Giessen,  died  in 
January,  1922,  at  the  age  of  sixty-fire  years. 

Professor  J.  C.  Kapteyn,  professor  of  astronomy  and  mechanics  at  the 
University  of  Groningen,  died  June  18,  1922. 

Professor  Pierre  Boutroux,  of  the  Coll^  de  France,  died  June  26,  1922. 
Professor  Boutroux  hod  been  a  member  of  the  American  Mathematical 
Society  since  1913. 

Professor  James  McMahon,  of  Cornell  University,  died  June  1,  1922, 
at  the  age  of  sixty-six  years.  Professor  McMahon  had  been  a  member  of 
the  American  Mathematical  Society  since  its  organization  (as  the  New 
York  Mathematical  Society)  in  1891.  He  was  lor  seven  years  aasociate 
editor  of  the  Annals  of  Mathematics,  and  waa  secretary  of  section  A, 
general  secretary,  and  vice-president  of  the  American  Association  for  the 
Advancement  of  Science. 


NEW  PUBLICATIONS 

I.     HIGHER  MATHEMATICS 

Bknnt  (L.  B.).    Plane  geometry.    An  account  of  the  more  elementary 

properties  of  the  conic  sections,  treated  by  the  methods  of  co-ordinate 

geometry,  and  of  modem  projective  geometry,  with  applications  to 

practical  drawing.     London,  Blackie,  1922.     8  +  336  pp. 
BiEBERBACu  (L.).     Fuuktionentheone.     (Teubnera  Technische  Leitf&den, 

Band  14.)     Leipzig,  Teubner,  1922.     118  pp. 
BORBL  (E.).    See  Livr  {P.). 
Caktan  (E,).    Lemons  sur  les  invariants  int^graux.    Paria,  Hermann, 

1922.     10  +  210  pp. 
Denjot  (A.).    Calcul  dea  coefficients  de  la  a^rie  trigonom^trique  con- 

vergente  la  plus  g£n£rale  dont  la  somme  est  une  fooction  donn^e. 

Paris,  Gauthier-Villars,  1921.    4to.     16  pp. 
GoURSAT  (E.).    Le^ns  sur  le  probl^me  de  Pfaff.    Paris,  Hermann,  1922. 

8  -I-  387  pp. 
Haao    (J.).    Cours    complet    de    matb£matiques    sp^ciales.    Tome    2: 

G£om£trie.     Paria,  Gauthier-Villara,  1921.    8vo.    6  -)-  662  pp. 
Hadahard  (J.).    See  Jdvbt  (G.),  L£vt  (P.). 
Jdvet  (G.).    Introduction  au  calcul  tensorial  et  au  calcul  difKrentiel 

absolu.    Preface  de  M.  J.Hadamard.    Paris,  Blancbard,  1022.    8vo. 

2  -f- 101  pp. 
KowAUiwsKi  (G.).    Die  klassischen  Problems  der  Analysis  dee  Unend- 

Uchen.     Ein  Lehr-  und  Uebungsbuch  fOr  Studierende  sur  EmfOhrung 

in   die    Infinitesimalrechnung.    2te   Auflage.    Leipzig,    Ei^Unann, 

1921.    8vo.    8-1-342  pp. 


ovGoogIc 


326  NEW  PUBLICATIONS  [3aiy, 

LtTT  (P,).    Lemons  d'aii&Iyae  fonctioimelle.    Avec  une  preface  do  M.  J. 

Hadtuoord.     (CoUection  de  Monographiea  sur  la  Thforie  desfonctions, 

publi£e  sous  la  direction  de  M.  E.  Bord.)    Puis,  GautKier-VUIan, 

1922.    fl  +  442  pp. 
LiKDOW   (M.).     Differentialicleichungen.     (Aua  Natur  uad  Geistestrelt, 

Nr.  589.)    Leipzig,  1921. 
Post  (J.  F.).    Ueber  die  DMstellunp  gaocer  Zahlen  als  Summen  von  Bieben 

Kuben.     (Diss.,  Halle-Wittenbei^.)    Halle,  Hohmann,  1020.    36  pp. 
RiEHLE    (A.).    Ueber   den   Bertimschen   Sats   und   seine  ErweiterunK. 

(Diaa.)    Ttibingen,  1920. 
Simon  (P.).     La  recherche  des  lieux  g^omStriques  en  g£oiii6trie  analytique. 

Paris,  Colin,  1922.    8vo.    232  pp. 
Ubleb  (A,).    Sur  les  s^riee  i^tafuchaiennes.     (Diss.,  Lund.)    Lund.  1921. 

fi7pp. 

II.     ELEMENTARY   MATHEMATICS 


Babtholohew  (W,  E.).    See  Edoerton  (E.  I.). 

Edoerton  (E.  I.)  and  Babtbolouew  (W.  E.).  Busineas  mathematics. 
New  York,  Ronald  Press  Company,  1921.    6  +  305  pp. 

FoHD  {W.  B.).  A  brief  course  in  college  algebra.  New  York,  MacmilUn, 
1922. 

Keal  (H.  M.)  and  Leonard  {C.  J.).  Mathematics  for  shop  and  drawing 
students.    New  York,  Wiley,  1921. 

Leonard  (C.  J.).    See  Keal  (H.  M.)- 

Passano  (L.  M.).  Calculus  and  graphs  simplified  for  ft  first  brief  course- 
New  York,  MftcmiUan,  1921.     8  +  167  pp. 

SicELOFF  (L.  p.),  Wbntwobth  (G.)  and  Smith  (D.  E.).  Analytic  geom- 
etry.   Brief  course.    Boston,  Gion,  1922.    fi  +  180  pp.  S1.80 

Smith  (D.  E.).    See  Siceloff  (L.  P.). 

Wentwobth  (G.).    See  Siceloff  {L.  P.). 

III.    APPLIED  MATHEMATICS 
Bach  (C).    Elastisit&t  und  Festigkeit.    8te,  vermehrte  Auflage.    Unter 

Mitwirkung  von  R.  Baumann.     Berlin,  Springer,  1920. 
Baumann  (R.).    See  Bach  (C). 
Bavtnk  (B.).    Grundrisa  der  neueren  Atomistik.     Leipzig,  Hirzel,  1922. 

8vo.    6  +  130  pp. 
Bbllsnot  (H.).    See  Bokn  (M.)- 
Bi*ANC  (A,).    Rayonnement.    Principes  scientifiques  de  I'^clairage.    Paris, 

Colin,  1921.     16mo.    212  pp. 
BoREL  (E.).    L'espace  et  le  temps.    Paris,  Alcan,  1922.     16mo.    245  pp. 
Born  (M.).    La  constitution  de  la  matidre.    Traduit  par  H.  Bellenot. 

Paris,  Blanchard,  1922.    gvo.    84  pp. 
BftOMwiCH  (T.  J.  I'a.).    Examples  in  optics.    Cambridge,  Bowes  and 

Bowes,  1921.     16  pp. 
Case  (J.).    Notes  and  examples  on  the  theory  of  heat  and  heat  engines. 

Cambridge,  HefFer,  1922. 
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CiARKE  (H.  T.).    See  Planck  (M.). 

Clibbens  (D.  a.).    The  principlea  of  the  phase  theory.     Heterogeneous 

equililnu  between  salts  and  theii  aqueous  solutions.     London,  Mac- 

millan,  1920.    20  +  382  pp.  258. 

Cowi.sr  (W.  L.)  and  Levy  (H.).    Aeronautics  in  theory  and  experiment. 

2d  edition.    London,  Arnold,  1020.     12  +  331  pp.  258. 

Ddbroca  (M.).    Au  Bujet  de  la  tfa£orie  de  la  relativity  restreinte.     le 

partie.    Dijon,  Imprimerie  R.  de  Thorey,  1921.    8vo.    76  pp. 
Eiisi.Er  (H.  H).    See  Glbicben  (A.). 
F0PPL  (A.).    VorleaungendberteehaischeMechAnik.    Bandl:  EinfUhrung 

in  die  Mechanik.    7te  Auflage.     Band  2:    Grapbische  Statik.     5te 
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CKBMONA  TRANBFOBUATIOXS 


CREMONA  TRANSFORMATIpNS  AND  APPLI- 
CATIONS TO  ALGEBRA,  GEOMETRY, 
AND  MODULAR  FUNCTIONS* 


1.  Introduction.  Two  of  the  most  highly  developed  fields 
of  modern  mathematics  are  those  associated  with  the  projective 
group  and  the  birational  group.  We  have  on  the  one  hand 
projective  geometry  with  its  analytic  counterpart  in  the  theory 
of  algebraic  forms,  and  on  the  other  hand  algebraic  geometry 
and  algebraic  functioos.  Between  these  two  domains  there 
lies  the  group  of  Cremona  transformations  for  which  as  yet  no 
distinctive  geometry  and  no  distinctive  invariant  theory  has 
been  formulated.  It  seems  opportune  therefore  to  give  this 
brief  r€sum6  of  achievement  in  this  field  along  the  somewhat 
scattered  lines  in  which  research  has  been  pursued,  to  indicate 
certain  problems  that  await  solution,  and  to  point  out  certain 
directions  in  which  results  of  importance  may  be  expected. 

Several  topics  are  omitted  which  perhaps  first  occur  to  one's 
mind  when  Cremona  transformations  are  mentioned.  The 
most  important  of  these  omissions  is  the  quadratic  transfer- 
formation.  This,  first  introduced  analytically  by  Plucker'"t 
in  1829  and  by  Magnus*^*  in  1831  as  a  reciprocal  radii  trans- 
formation, has  been  the  subject  of  repeated  investigation  down 
to  recent  papers  of  Emch'^'.  It  is  for  the  geometer  a  power- 
ful instrument  for  simplifying  a  problem  or  for  extending 
a  theorem. 

The  group  of  plane  motions  underlying  euclidean  geometry 
may  be  enlarged  in  one  direction  to  the  projective  group  and 
projective  geometry  or  in  another  direction  to  the  inversive 
group  and  inversive  geometry.  The  quadratic  transforma- 
tions of  this  latter  group  were  first  considered  in  general  by 
Mobius  '*'  in  1853  under  the  name  of  Kreisverwandschaften. 

*  Presented  before  the  Society  at  the  Symposium  held  la  Chicago, 
April  14,  1922. 

t  Such  numbers  refer  to  the  papers  listed  at  the  close  of  this  article. 
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Ten  years  later,  in  1863,  Ltugi  Cremona'*'  first  established 
the  theory  of  the  general  birational  point  transformation  valid 
throughout  the  plane.  This  was  extended  to  space  in  1869-71 
by  Cayley'",  Cremona^'',  and  Noether'**. 

Before  taking  up  this  general  theory  two  famous  theorems 
deserve  mention.  The  first  states  that  the  general  ternary 
Cremona  transformation  is  a  product  of  quadratic  transfor- 
mations. This  was  surmised  by  Clifford"*  in  1869,  and  was 
verified  by  Cayley*"".  Imperfect  proofs  given  byNoether*"' 
and  Rosanes<'«  in  1870  were  finally  replaced  in  1901  by 
a  rigorous  proof  due  to  Castelnuovo"".  Unfortunately  this 
theorem  has  no  analog  in  space,  as  I  shall  point  out  later.  The 
second  theorem,  proved  by  Noether'"'  in  1871,  asserts  that 
any  algebraic  curve  can  be  transformed  by  a  Cremona  trans- 
formation into  a  curve  with  isolated  multiple  points  with 
distinct  tangents.  The  curve  as  thus  simplified  is  a  suitable 
basis  for  the  algebraic  functions  which  Noether  had  in  mind. 
A  proof  more  geometric  in  character  was  given  by  Bertini"** 


A.    Cremona  Tbansformations  from  Space  to  Space 

2.  Clasfification  of  Algebraic  Correspondejicef.    This  section 
is  largely  introductorj'.    Consider  the  rational  transformation* 


(So  =  M^>  ^1.  ^s)". 

(1)  m  ~  fiixo,  xt,  xt)'', 

Ijfe  =  MXo,  Xi,  3i)", 

from  point  a;  of  a  plane  E^  to  point  y  of  a  plane  £„,  where,  first, 
the  three  curves  /  of  order  n  do  not  belong  to  a  pencil,t  and 
second,  the  three  curves  /  are  not  compounded  of  members  of 
a  pencil,  as  would  be  the  case,  for  example,  if  they  were  pairs 
of  lines  on  a  point.  In  short  the  jacobian  Jifo,  f\,  ft)  does 
not  vanish  identically.  Then,  as  x  describes  the  plane  E„ 
y  describes  the  plane  E„  and  vice  versa.     We  have  thereby 

"  Thrau^out  this  paper,  homogcneoua  coordinatea  are  used. 

1 1  shall  uae  the  terms  pencil,  net,  and  web  for  a  linear  system  of  »', 
«>',  »» things  respectively. 


ovGoogIc 


1922.J  CREMONA  TBANSF0BHATI0N8  331 

merely  established  a  projective  correspondence  between  the 
net  of  lines  ijoyo  +  ijiji  +  VO/t  =  0  in  £„  and  the  proper  net  of 
curves  Wi)  +  "Ji/i  +  Ws  =  0  in  tbe  plane  E;,,  where  the  term 
proper  implies  that  J^O.  To  the  point  y,  the  base  of  a  line 
pencil  in  E„,  there  corresponds  in  E^  the  variable  base  points 
of  the  corresponding  pencil  of  cm-ves  in  E,. 

We  distinguish  here  three  cases.  First,  the  case  n  =  1,  for 
which  the  net  in  Ex  is  merely  the  net  of  lines  whose  pencils 
have  a  single  base  point  variable  with  the  pencil.  This  is  the 
familiar  projecHjx  trangformation.  Second,  the  case  in  which 
n  >  1  and  in  which  the  pencils  of  the  net  still  have  a  single 
base  point  on  E^  variable  with  the  pencil.  This  is  the  general 
Cremona  transformation.  The  coordinates  of  the  variable  base 
point  can  he  expressed  rationally  in  terms  of  those  of  y,  and 
the  transformation  is  birational  throughout  the  planes.  Third, 
the  case  in  which  n  >  1  and  in  which  the  pencils  of  the  net 
have  k  base  points  variable  with  the  pencil.  This  is  a  1  to  j; 
correspondence  between  Ey  and  Ex,  and  the  coordinates  x  are 
irrational  ^-valued  functions  of  the  coordinates  y.  The  bi~ 
rationality  is  restored  by  a  simple  device.  As  x  runs  over  a. 
curve  g{x)  =  0  in  Ex,  y  runs  over  a  curve  k{y)  =  0  in  E^^ 
and,  for  each  position  of  y  on  h{y),  in  general  only  one  of  the 
k  corresponding  points  x  on  Ex  will  lie  on  the  given  curve  y(i), 
so  that  equations  {!)  together  with  g{x)  —  0  establish  a  bi- 
rational correspondence  between  x  and  y  which,  however,  is 
limited  to  the  curves  g,  k.  To  such  transformations,  one-to- 
one  over  limited  regions  of  the  linear  spaces  in  question,  the 
term  hirational  tranaformalion  will  be  confined. 

If  to  (1)  we  add  new  equations  of  the  same  form,  sayj 


(2) 


(yt  =  Mxa,  an,  Xi)", 
yd  =  fdixo,  xi,  %)", 


thereby  enlarging  the  net  of  curves  /  to  a  linear  system  of 
dimension  if  and  expanding  the  plane  Ey  to  the  linear  space  Sj, 
then  we  have  a  mapping  of  the  plane  Ex  upon  a  manifold  Jtfj* 
of  dimension  2  and  order  k  in  S^,  which  in  general  is  birational. 
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3.  FundameTital  Points  and  Principal  Cunea.  Reverting  to 
the  case  of  the  Cremona  transformation  (1)  for  which  a  single 
base  point  x  of  the  pendls  of  the  net  is  variable,  we  can  show'") 
that  the  fixed  base  points  of  the  pencils  are  fixed  for  the 
entire  net,  say  at  pi,  p»,  •■•,  p,  with  multiplicities  n,  r»,  ■  ■  -, 
r,  respectively.  For  these  points — the  fundamental  potnta,  or 
F-pointt,  of  the  transformation — the  functions  /  vanish  and  y 
is  indeterminate.  For  simplicity  I  shall  assume  that  these 
points  are  isolated.  It  is,  however,  a  single  linear  condition 
on  the  net  that  a  curve  of  the  net  shall  pass  through  an  /"-point 
p  of  multiplicity  r  with  a  given  direction.  To  the  pencil  of 
curves  with  this  given  direction  there  corresponds  on  £,  a 
pencil  of  lines  on  a  definite  point  y.  The  locus  of  such  points 
y  is  the  principal  curve,  or  P-curee,  on  E^  which  corresponds  to 
p  on  Ex,  or  rather  to  the  directions  about  p  on  £,.  It  is 
rational  and  of  order  r,  since  a  line  on  E^  meets  it  in  as' many 
points  as  the  corresponding  curve  of  the  net  on  E^  has  direc- 
tions at  p.  The  P-curves  on  Ey  can  meet  only  at  the  f-points 
on  Ey  of  the  inverse  transformation,  say  gi,  ft,  ■•■,  7,  of 
multiplicities  aj,  »j,  ■••,»*  (ff  =  />*'")  for  the  curves  of  the  net 
on  Ey  (also  of  order  n'"').  which  correspond  to  the  lines  on  E,. 
To  the  directions  about  an  f-point  on  Ey  there  corresponds  a 
i*-curve  on  Ex  which  can  meet  the  general  curve  of  the  net 
only  at  the  base  points.  It  must  therefore  be  a  fixed  rational 
constituent  of  a  pencil  of  the  net.  Conversely  if  a  pencil  of 
the  net  has  a  fixed  part,  this  part  must  correspond  to  a  single 
point,— necessarily  an  /"-point, — on  Ey.  Thus  if  the  net  (1) 
is  given  on  Ex,  and  its  base  points  of  multiplicities  r  are  thereby 
known,  the  pencils  with  fixed  parts  are  easily  isolated.  If  also 
the  projective  correspondence  between  lines  on  Ey  and  curves 
of  the  net  is  given,  the  pencils  with  fixed  parts  determine  the 
position  of  the  /"-points  on  Ey  and  the  orders  of  the  fixed 
parts  are  the  multiplicities  of  these  /"-points  for  the  net  on  E^ 
The  number  of  constants  required  to  determine  the  transfor- 
mation is  2p  +  8.  If  an  is  the  number  of  times  the  curve  Pj 
on  Ey,  which  corresponds  to  p,-  on  Ei,  goes  through  g,-  on  Ey, 
it  is  the  number  of  directions  at  qi  which  correspond  to  direc- 
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tioDS  at  pj,  and  therefore  also  the  number  of  times  the  curve 
Pi  on  Ex,  which  coTresponds  to  qt,  passes  through  p,-.  We 
shall  have  occasion  to  use  these  numbers  soon. 

Cremona  transformations  in  space  are  obtained  by  setting 
up  a  projective  correspondence  between  the  web  of  planes  in 
Si{y)  and  a  kovwhidal  web  of  surfaces  in  jSg(z),  i.e.,  a  web 
such  that  the  nets  of  surfaces  in  the  web  have  a  single  variable 
intersection  z  which  describes  completely  the  space  Sa^x). 
We  now  find  f -points  of  three  kinds  which  are  exemplified  by 
the  cubi-cubic  transformation  determined  by  three  bilinear 
forms 

(3)  {aix)(ffiy)^0,  (i=  1,2,3). 
Here  for  general  forma  a  point  x  determines  three  planes 
which  meet  in  a  unique  point  y  unless  x  happens  to  be  on  the 
sextic  curve  defined  by  the  vanishing  of  the  (3,  4)  matrix  of 
coefficients  of  y.  Then  the  three  planes  meet  in  a  line  every 
point  y  of  which  is  a  correspondent  of  the  given  point  x.  We 
say  then  that  x  is  an  /-point  of  an  f-curve  of  the  first  kind 
and  that  its  corresponding  line  is  a  P-curve  whose  locus  is  a 
Psurface  of  the  first  kind.  The  oo  *  directions  at  i  Ue  <» '  at 
a  time  in  the  <» '  planes  on  the  tangent  line  to  the  f-curve  at 
X,  and  all  the  directions  at  x  in  one  of  these  planes  correspond 
to  a  single  point  on  the  P-curve  of  x. 

However,  in  the  particular  case  when  the  forms  (3)  are 

(4)  EJ:!  »,,<-,»  -  0,  (i  -  1,  2, 3), 
the  transformation  just  considered  degenerates  into  the 
familiar  type, 

(5)  yj  =  Tjlxj  =  prjXkXiXm,  (j,  k,l,m=  0,  1,  2,  3). 
The  sextic  P-curve  has  become  the  six  edges  of  a  tetrahedron 
Ti.  .The  point  x  on  such  an  edge  is  sttU  an  P-point.  The 
CO*  directions  about  it  correspond  no  longer  to  points  on  a 
P-curve,  but  rather  to  directions  about  a  definite  point  on  an 
edge  of  a  tetrahedron  Ty  in  S»{y).  We  say  that  the  six  edges 
are  F-curves  <^  the  second  kind.  They  have  no  corresponding 
P-surfaces.  Another  novelty  here  is  the  four  F-points  qf  the 
second  kind,  the  four  vertices  of  T^.    To  the  oo*  directions 
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about  one  of  these  there  correspond  the  co*  points  on  a  plane 
of  Tf  so  that  to  an  F-point  of  the  second  kind  there  corresponds 
a  P-supface,  Moreover  the  i^-curves  of  the  second  kind  are 
a  necessary  consequence  of  the  existence  of  the  J'-points  of 
the  second  kind,  since  the  cubic  surfaces  of  the  web  with  nodes 
at  the  vertices  of  Tx  must  necessarily  contain  the  edges  of  7",. 
This  space  transformation  is  the  immediate  extension  of  the 
quadratic  transformation  of  the  plane. 

In  four  dimensions,  a  Cremona  transformation  may  have 
f-surfaces,  /"-curves,  and  f-points,  each  of  various  kinds,  and 
obviously  the  possible  complications  increase  with  the  dimen- 
sion. However,  the  transformation  of  the  type  (5)  preserves 
its  form  throughout,  being  determined  in  St(x),  <Sjt(y)  by  a 
set  of  A:  -|-  1  /'-pointsin  either  space  and  a  pair  of  corresponding 
points,  all  other  /"-points  of  the  transformation  being  a  neces- 
sary consequence  of  the  existence  of  the  given  sets, 

T'o  replace  the  theorem  which  states  that  in  the  plane  direct 
and  inverse  transformations  have  the  same  number  of  F- 
points,  Pannelli'"*  proves  that,  if  in  space  they  have  respec- 
tively a,  ff'  /"-points  and  t,  t'  /"-curves  of  genera  pi,  pi,  then 
IT  -f-  T  —  2rf),-  —  ff'  -|-  t'  —  Sj>,'. 

From  the  fact  that  in  space  the  product  of  two  transfor- 
mations with  respectively  /"-curves  of  genera  pi,  pj  will  itself 
have  /"-curves  of  genera  equal  to  both  p\  and  pt,  and  the 
further  fact  that  transformations  can  be  constructed  with  an 
F-curve  of  arbitrarily  great  genus  Miss  Hilda  Hudson"" 
concludes  that  the  general  space  transformation  can  not  be 
expressed  as  a  product  of  a  finite  number  of  given  types. 

4.  Types  qf  Cremona  TransfoTTnaiion.  If  the  Cremona 
transformation  of  order  n  in  the  plane  has  /"-points  of  multi- 
plicities fi,  rj,  '  ■  •,  Tf  arranged  in  descending  order  of  magni- 
tude, we  deduce  from  the  fact  that  the  curves  of  the  net  are 
rational,  and  that  they  have  but  a  single  variable  intersection, 
the  necessary  conditions 

^^'  In   +  rs   +  ■  ■  ■  +  r,   =  3(n  -  1), 
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on  the  positive  integers  n,  p,  n,  •  ■  •,  r,.  In  addition  to  these 
there  are  an  unlimited  number  of  inequalities  of  the  form 

ri  +  fi  ^    n, 

fj  +  h  rj  ^  2n, 

2n  +  fi  +  •  •  ■  +  r7  ^  3n, 

n  +  ■  •  ■  +  rg  S  3rt,  etc., 

which  must  be  satisfied  by  these  integers  lest  the  curves  of 
the  net  all  contain  a  factor  of  order  1,  or  2,  or  3,  etc.  For 
given  n,  the  solutions  of  this  Diophantine  system  are  finite  in 
number  and  the  tabulations  of  such  solutions  from  Cayley's'*" 
articles  to  the  more  recent  articles  of  Montesano""  and 
Larice"*'  are  arranged  in  this  way.  It  will  appear,  I  hope, 
that  a  more  natural  classification  of  these  solutions  is 
according  to  the  number  p  of  f -points.  For  p  <  9  the  number 
of  solutions  is  finite.  For  p  =  9  the  number  is  infinite  and  I 
have  proved'^'^  that  this  infinite  number  can  be  arranged 
in  960-3'-2  classes,  such  that  each  class  contains  an  infinite 
number  of  solutions  depending  on  the  unrestricted  variation 
of  eight  integers.  This  is  by  far  the  most  extensive  aggregate 
of  solutions  as  yet  formulated. 

The  transformation  (1)  transforms  a  curve  of  order  ^o  with 
multiplicities  in,  ■•  ■,  ft,  at  the  F-points  on  E,  into  a  curve  of 
order  fio  with  multiplicities  in',  •  ■•,  n/  at  the  f-points  on 
£„,  where 

=  n/ia  —  ripi   —  jyij    ...  —  r^^, 
(8)  J  w   -  'iPo  —  otiijxi  —  oain  ■  •  ■  —  o,^^, 


If  also  pairs  of  ordinary  points  are  to  be  considered  we  add 
(9)  >i;+i  =  -  (-  Dftn^i,  etc. 

The  coefficients  n,  r,-,  «,-,  an  of  this  linear  transformation 
determine  the  type^^^^  of  the  Cremona  transformation.  All 
types  of  this  kind  can  be  generated  by  that  of  the  quadratic 
transformation,  namely, 

Aio'  =  2aio  —  All  —  /J 
(10) 

w  =  W)  —  All         —  m. 
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together  with  permutations  of  the  ^'3  or  ^"3.  In  this  way, 
Sor  given  p,  we  obtain  a  linear  group  with  integral  coefficients 
whose  elements  furnish  the  solutions  of  (6),  (7),  a  group  whose 
general  modular  theory  has  yet  to  be  studied. 

For  spaces  of  higher  dimension,  we  define  a  regular  Cremona 
transformation  to  be  a  product  of  projectivities,  and  of  a 
single  transformation  of  the  type  (5),  y/  =  1/x,-,  (t  =  0,  I, 
■■-,  k).  Such  regular  transformations  have  properties  en- 
tirely analogous  to  those  of  the  plane.  For  Si  they  have  been 
studied  by  S.  Kantor<«>  and  for  St  by  myself"".  The 
preceding  arithmetic  discussion  is  generalized  in  my  paper*"'. 

B.    Cremona  Transformations  in  a  Single  Space 

5.  The  Cremona  Group  and  ita  Svbgrowpa.  In  this  section 
the  planes  Ex  and  Ey  are  understood  to  be  superposed.  We 
should  perhaps  speak  rather  of  the  Cremona  transformation 
from  point  x  to  point  af  of  the  same  plane.  The  totality  of 
such  transformations  form  a  group.  This  group  does  not 
depend  on  a  finite  number  of  parameters  since  an  element 
with  p  /"-points  depends  upon  2p  +  8  constants  and  p  may  be 
as  large  as  we  please.  Nor  is  it  an  infinite  group  in  the  sense 
of  Lie,  since  it  is  not  defined  by  differential  equations.  Though 
it  contains  continuous  subgroups  its  most  striking  property  is 
the  discontinuity  which  appears  in  the  variation  of  the  order  n 
of  its  elements  throughout  the  range  of  positive  integers. 
One  might  expect  therefore  to  find  within  or  associated  with 
it  8  rich  array  of  discontinuous  groups  both  finite  and  infinite. 

Enriques"^'  has  shown  that  any  finite  continuous  sub- 
group in  the  plane  can  be  transformed  by  Cremona  transform 
mation  into  one  of  three  types:  (a)  the  8-parameter  collinea- 
tion  group;  (fc)  the  6-parameter  group  of  inversions;  and  (c) 
the  Jonquiire  groups  J„,  which  carry  into  itself  a  pencil  of  rays 
on  a  point  0,  and  also  a  linear  system  of  curves  of  order  m 
with  an  (ire  —  l)-fold  point  at  0  and  common  tangents  at  0; 
or  into  a  continuous  subgroup  of  one  of  these  three  typea. 
Enriques  and  Fano*"'  have  made  a  similar  study  for  space 
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with  analogous  results.  Noether""  has  classified  continuous 
groups  of  quadratic  transformations  in  Si  into  five  total  groups 
with  various  subgroups.  In  general  one  may  say  that  any 
continuous  group  of  Cremona  transformations  in  Si  can  be 
regarded  as  a  projective  group  in  a  space  Sd,  d  >  k,  which  has 
an  invariant  Mk.  For  the  group  has  an  invariant  linear 
system  of  dimension  d  which  maps  S*  upon  an  Mt  in  Sj. 
Mohrmann'^'  has  determined  these  surfaces  in  Sd  for  the 
three  types  of  Enriques. 

Apart  from  the  projective  subgroup,  the  most  important  of 
the  groups  of  Enriques  is  the  inversive  group.  If  the  f-points 
of  a  quadratic  transformation  and  its  inverse  are  respectively 
ipii  Pti  pi)  and  (91,  Qi,  qi),  such  that  directions  at  pi  correspond 
to  points  on  g,'?t)  the  group  of  inversions  is  made  up  of  those 
quadratic  transformations  for  which  the  pairs  (pi,  pt)  and 
i<tu  ifi)  coincide  at  the  circular  points.  The  applications  of 
this  group  in  metric  geometry  and  function-theory  are  well 
known.  It  may  be  extended  to  space  in  various  ways.  If 
the  circular  points  be  replaced  by  the  absolute  conic  at  infinity, 
the  group  of  quadratic  inversions  in  space  is  obtained.  If  the 
pair  of  circular  points  be  replaced  by  three'  lines  in  space,  a 
quite  different  group  of  cubic  transformations  appears.  Young 
and  Morgan'^*  have  discussed  this  group  and  its  extensions 
with  particular  reference  to  the  cubic  curves  bisecant  to  the 
three  lines.  These  curves  are  one  extension  of  the  circle  in 
the  plane;  but  perhaps  a  more  natural  extension  is  to  the 
cubic  surfaces  containing  the  three  lines.  Such  surfaces  are 
given  analytically  by  trilinear  binary  forms  as  circles  are  given 
by  bilinear  binary  forms  in  z,  z. 

Mention  should  be  made  at  this  point  of  infinite  discontin- 
uous subgroups  of  the  Jonqui^re  type.  If  in  the  plane  we  fix 
(pi,  qti  at  0,  the  quadratic  transformations  generate  the  group 
of  all  Jonqui^re  transformations  of  any  order  n  with  (n  —  1)- 
fold  F-point  (both  direct  and  inverse)  at  0.  This  group  has 
as  an  invariant  the  line  pencil  at  0.  It  is  of  the  same  general 
character  as  the  Cremona  group  itself.  If  in  space  we  con- 
fuder  the  regular  transformations  generated  by  cubic  trans- 
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foHDations  with  f-tetrahedra  (pi,  ■■■,  pt),  {qi,  •■•,  qi)  for 
which  (pi,  qi)  coincide  at  a  fixed  point  0,  there  is  obtained  a 
group  in  CO  to  1  isomorphism  with  the  plane  Cremona  group 
which  I'*">  have  called  the  dilation  of  the  plane  Cremona 
group.  It  is,  in  fact,  considered  as  a  group  on  the  net  of  lines 
through  0,  indentical  with  the  planar  group.  If  the  pairs 
(Pi,  Pi)>  (?i>  qt)  coincide  at  (Oi,  Oi),  we  have  a  dilation  of  the 
planar  Jonqui^re  group.  Finally  if  the  triads  (pi,  pi,  pi), 
(Qu  ftf  q%)  coincide  at  (Oi,  Ck,  Oj),  we  have  the  special  case  of 
the  group  of  Young  and  Morgan  for  which  the  three  lines  form 
a  triangle.  For  all  of  these  cases  the  exten^ons  to  higher  space 
are  more  or  less  mechanical. 

6.  fixed  Points  and  Cyclic  Sets.  The  transformation  in  the 
plane  of  order  n,  C„,  has  n  +  2  fixed  points  defined  by  the 
vanishing  of  the  matrix 

II  Xa    xi    X]]| 

h  /.  /ill 

outside  the  /"-points.  It  may,  however,  have  a  curve  of  fixed 
points  accounting  for  some  or  all  of  the  isolated  fixed  points. 
The  order  of  Cn'  is  wi  =  n*.  As  a  rule  wi  >  n,  so  that  C„* 
has  more  fixed  points  than  C^-  The  extra  fixed  points  arise 
from  those  pairs  which  are  interchanged  by  C.  Similarly, 
the  fixed  points  of  C„'  are  either  fixed  points  of  C„  or  points 
of  cyclic  triads  of  €„.  Proceeding  in  this  way,  the  number  of 
cyclic  k-ada  may  be  obtained,  a  number  which  must  be  modi- 
fied if  at  any  time  a  locus  of  oo '  cyclic  i'-ads  (k'  a  factor  of  k) 
should  arise.  In  1866  Reye""  discussed  the  four  fixed  points 
of  the  quadratic  transformation  and  in  18S0  S.  Kantor'**) 
determined  its  cyclic  triads.  It  must  be  remarked,  however, 
that  the  fixed  points,  and  in  general  the  cyclic  sets,  play  a 
minor  r6Ie  in  the  transformation  as  compared  with  the 
f-points. 

If  every  point  of  the  plane  is  a  member  of  a  cyclic  ^-ad  (or 
for  particular  points  a  member  of  a  cyclic  A;'-ad,  where  k'  is  a  fac- 
tor of  A:),  the  transformation  is  periodic  of  period  h  The  most 
interesting  case  is  the  involviory  transformation.  Bertini*"^ 
has  proved  that  any  involution  can  be  transformed  into 
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one  of  four  types:  (a)  the  harmonic  homology;  (b)  the 
Jonquil  involution  of  order  n;  (e)  the  Geiser  involution  of 
order  8;  and  (d)  the  Bertini  involution  of  order  17.  An 
involution  interchanges  a  line  and  an  n-ic  curve  which  meets 
the  line  in  2^  involutory  pairs  and  n—2i  points  on  the  curve  of 
fixed  points.  Here  k  is  the  so-called  claaa  of  the  involution.  In- 
volutions of  successive  classes  have  beenstudied  by  Bertini'**', 
Martinetti'*",  and  Berzolari"**,  and  the  types  found  by  them 
have  been  reduced  by  Morgan'*"  to  the  four  types  of  Bertini. 
However,  the  class  of  an  involution  is  a  projective  rather  than 
a  cremonian  invariant  number  for  the  involution. 

For  the  greater  part  of  our  knowledge  of  transformations  of 
h^her  period  and  of  finite  Cremona  groups,  we  are  indebted 
to  the  genius  of  the  great  geometer  S.  Kantor.  His  work  in 
this  field  is  remarkable  both  for  breadth  of  view  and  mastery 
of  complicated  detail.  I  shall  not  have  space  to  outline  his 
methods,  which,  as  set  forth  in  his  crowned  memoir'^)  and  his 
book*"',  have  been  reviewed  by  Caporali'*"  and  by  Kantor"" 
himself.  His  results  have  been  corrected  in  important 
but  not  essential  particulars  by  Wiman***'.  Kantor  has 
considered  also  periodic  transformations  in  space'**'  and  has 
derived  the  finite  groups  of  regular  transformations  in  St'**'. 

C.  Geometric  AfpuCATioNs 
7.  Canonical  Forma.  The  applications  of  Cremona  transfor- 
mations to  geometry  are  more  or  less  adventitious.  Broadly 
speaking,  transformations  enter  into  geometry  in  one  of  three 
ways.  First,  the  geometric  properties  of  a  given  transforma- 
tion may  be  studied  and  it  is  very  commonly  true  that  partic- 
ular transformations  define  geometric  figures  of  great  interest. 
Instances  of  this  are  given  in  §  9.  Secondly,  the  elements  of 
a  given  geometric  problem  may  be  such  that  some  or  all  of 
them  serve  to  define  a  transformation  whose  known  properties 
illuminate  the  given  problem.  Third,  a  given  geometric  prob- 
lem may  be  transformed  into  a  simpler  form  by  a  properly 
chosen  transformation.  The  last  is  perhaps  the  most  common 
use  of  transformations. 
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In  birational  geometry,  a  particular  curve  or  surface  is 
usually  studied  after  it  has  been  birationally  transformed  into 
a  canonical  or  normal  form.  So  also  in  problems  wtiich  involve 
linear  systems  of  curves  or  of  surfaces,  it  is  usually  convenient 
first  to  transform  the  given  system  by  a  Cremona  transfor- 
mation into  the  simplest  possible  form  before  discussing  its 
properties. 

In  connection  with  his  discussion  of  involutions  Bertim'*'' 
has  shown  that  a  pencil  or  a  complete  net  of  rational  curves 
(i.e.,  a  net  determined  by  base  jroints  alone)  can  be  trans- 
formed into  a  pencil  or  net  of  lines;  a  pencil  of  elliptic  curves 
into  a  pencil  of  order  3r  with  9  r-fold  points;  a  net  of  elliptic 
curves  into  a  net  of  cubics  on  7  points;  and  a  web  of  genus  2 
with  4  variable  intersections  into  the  web  of  sextics  with  8 
given  nodes.  Guccia""  extends  these  results  to  linear 
systems  of  any  dimension  of  rational  and  elliptic  curves,  and 
for  the  latter  case  finds  that  all  can  be  transformed  into  either 
a  linear  system  of  elliptic  cubics  with  o  =  0,  1,  ■  ■  ■ ,  7  simple 
base  points;  or  into  a  linear  system  of  quartics  with  two 
nodes;  or  into  the  pencil  of  order  3r  with  9  r-fold  points, 
Martinetti'"*  considers  linear  systems  of  genus  2,  and  Yung*"' 
linear  systems  of  any  genus.  These  investigations  are 
reviewed  and  confirmed  by  Ferretti'**',  following  Castel- 
nuovo's  revised  treatment  of  the  homoloidal  net.  S.  Kantor*"' 
developed  an  equivalence  theory  for  linear  systems  of 
rational,  elliptic,  and  hyperelliptic  curves  on  the  hypothesis 
that  the  base  points  of  the  system  of  like  multiplicity  are  not 
to  be  separated  by  the  use  of  algebraic  irrationalities,  and 
thereby  naturally  obtained  a  larger  number  of  types. 

These  canonical  forms  are  very  useful  in  connection  with 
mapping  problems.    When  we  set  as  in  (1),  (3) 

yt  =  fi(xo,  xi,  X2)  =  fi'ixo',  xi,  xj'),  (i  =  0,  1,  •  ■  -,  d), 
where  x,  x'  are  co-points  under  a  Cremona  transformation, 
and  thereby  map  the  plane  E^  upon  a  2-way  in  Sj  by  means 
of  the  linear  system  of  curves  /;,  then  the  linear  system  /,' 
determines  precisely  the  same  map.    Evidently  the  essential 
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peculiarities  of  the  map  will  be  more  clearly  presented  if  the 
mapping  system  is  first  reduced  to  a  normal  fonn. 

It  d  =  3,  these  maps  are  the  rational  surfaces.  By  these 
methods  Picard'""  shows  that  the  only  surfaces  whose  plane 
sections  are  rational  are  the  Steiner  quartic  and  the  rational 
ruled  surfaces,  and  Noether'"*  determines  the  types  of 
rational  surfaces  of  order  4.  Other  writers  along  this  line  are 
Caporali,  Segre,  Del  Pezzo  and  Castelnuovo.  \t  d  =  2,  the 
map  reduces  to  a  plane  E^,  and  there  is  established  a  (1  to  A:) 
correspondence  between  £,  and  E,.  Classifications  of  such 
correspondences  for  simpler  values  of  k  have  been  made  by 
Sharpe  and  Snyder*'"  and  by  others. 

8.  Biratwnal  TransfomuUiona,  We  may  define  the  bi- 
rational  group  of  a  curve  or  surface  to  be  that  aggregate  of 
hirational  transformations  which  transforms  the  given  curve 
or  surface  into  the  totality  of  curves  or  surfaces,  respectively, 
which  are  of  the  same  class,  that  is,  birationally  equivalent  to 
the  original  curve  or  surface.  Under  this  definition,  any 
Cremona  transformation  belongs  to  the  birational  group.  The 
converse  is  not  true,  however.  For  example,  the  rational 
plane  sextic  curve  can  be  birationally  transformed  into  a  line, 
but  its  order  cannot  be  reduced  by  plane  Cremona  transfor- 
mation. If,  however,  a  hirational  transformation  under  con- 
sideration, say  from  plane  curve  to  plane  curve,  can  be  effected 
by  a  Cremona  transformation,  then  the  existence  of  the  latter 
wiU  necessarily  throw  much  light  on  the  former.  For  the 
behavior  of  the  transformation  off  the  curve  conditions  its 
behavior  on  the  curve.  This  transition  from  birational  to 
Cremona  transformation  is  usually  not  unique.  Thus  given 
a  cubic  curve,  {axY  =  0,  the  pairs  of  points  x,  x'  for  which 
{ax){ax')ai  =  0  (i  =  0,  1,  2)  are  corresponding  pairs  of  a 
birational  transformation  of  the  hessian  cubic  into  itself. 
These  pairs  x,  x'  satisfy  a  net  of  bilinear  relations,  and  any 
one  of  the  co  *  pencils  of  bilinear  relations  in  this  net  determines 
an  involutory  quadratic  transformation  which  effects  the  given 
correspondence  on  the  hessian.     This  system  of  quadratic 
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involutions  is  of  great  help  in  studying  the  properties  of  the 
hessian  as  related  to  the  correspondence  upon  it.  More  pre- 
tentious examples  of  this  sort  in  connection  with  surfaces  are 
found  in  papers  of  Snyder'"*  and  of  Snyder  and  Sharpe'"'. 

9.  Geometric  Figures  attached  to  Cremona  Transformations  and 
Groups.  In  this  and  the  following  section  I  wish  merely  to 
indicate  some  interesting  geometric  contacts  of  such  particular 
Cremona  transformations  and  groups. 

The  Geiser'"'  involution  G  has  copoints  (.t,  x')  which 
make  up  with  7  given  points  the  9  base  points  of  a  pencil  of 
cubics.  The  locus  of  lines  on  which  (x,  x')  coincide  is  a  general 
quartic  envelope  for  which  the  7  points  form  an  Aronhold 
system  of  double  points. 

The  Bertini  involution  B  has  copoints  {x,  x')  which  are 
simple  base  points  of  a  net  of  sextics  with  nodes  at  8  given 
points.  Ita  fixed  points  are  the  ninth  nodes  of  such  sextics. 
It  isolates  the  120  tritangent  planes  of  a  space  sextic  of  genus 
4  on  a  quadric  cone"**. 

The  Geiser*"'  involution  in  space  G'  has  copoints  x,  x' 
which  make  up  with  6  given  points  the  S  base  points  of  a  net 
of  quadrics.  Its  locus  of  fixed  points  is  the  Weddle  quartic 
surface. 

The  Kantor*"*  involution  in  space  K  is  defined  by  the 
fact  that  quartic  surfaces  with  nodes  at  7  given  points  and  on 
a  point  X  meet  in  another  point  x'.  The  ten  nodes  of  a  Cayley 
symmetroid  quartic  surface  have  the  characteristic  property 
that  the  involution  K  determined  by  any  seven  of  the  nodes 
has  the  other  three  nodes  for  fixed  points. 

The  system  of  ciibic  curves  on  5  points  of  the  plane  b 
unaltered  by  a  Cremona  Gn  with  quadratic  elements.  The 
plane  is  mapped  by  this  system  upon  a  2-way  of  order  4  in  St 
which  admits  16  collineations.  Projected  from  a  point  not  on 
it  this  2-way  becomes  a  quartic  surface  with  a  double  conic*"'; 
from  a  point  on  it  a  general  cubic  surface***'. 

The  extension  of  this  group  to  space  is  a  Cremona  Gjj 
which  leaves  a  Weddle  surface  unaltered.     Quadrics  on  the 
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six  nodes  of  the  Weddle  surface  map  it  upon  a  Kummer 
quartic  surface  and  the  G^  becomes  the  collineation  Gu  of  the 
Kummer  surface'*". 

The  two  groups  just  defined  can  be  generalized  to  a  Gt"** 
in  Sk  determined  by  i  +  3  points,  but  the  further  cases  have 
not  yet  been  studied.  It  is  worth  noting  that  in  the  cases  for 
which  A;  is  odd  the  group  will  contain  an  involution  like  G' 
which  is  symmetrically  related  to  the  whole  set. of  k+3 
points  (see  "",  p.  369,  (29)). 

The  cross-ratio  group  of  Moore'"*  of  order  (k  +  3)!  is 
determined  by  a  base  (k+  2  points)  in  S*.  It  permutes  the 
system  of  rational  norm  curves  on  the  base  with  the  k+  2 
systems  of  lines  on  each  of  the  base  points.  The  form  prob- 
lem of  this  group  consists  in  the  determination  of  A:  independent 
cross-ratios  of  a  binary  (A  +  3)-ic  whose  invariants  are  given. 

It  is  clear  from  the  above  instances  that  Cremona  transfor- 
mations are  intimately  related  to  important  geometric  con- 
figurations. However  the  real  utility  of  such  transformations 
for  geometric  investigation  can  be  realized  only  after  closer 
study.     (See,  e.g.,  Conner,  loc.  cit.  '"'.) 

D.    Algebbaic  Appucations 

10.  Difficidtiea.     I  have  remarked  in  the  introduction  that 
there  exists  as  yet  for  the  Cremona  group  no  distinctive 
geometry  and  no  distinctive  invariant  theory.    Much  of  the 
literature  at  hand  deals  with  the  transformations  in  a  descrip- 
tive way,  i.e.,  their  projective  properties  are  developed.    On 
the  other  hand,  writers  continually  use  such  properties  as  the 
invariance  of  the  genus  or  the  permanence  of  linear  series  on 
an  algebraic  curve  under  Cremona  transformation;  but  these 
are  properties  which  belong  properly  to  the  birational  group 
rather  than  to  its  Cremona  subgroup.      Fano""  remarks: 
"  It  may  be  a  question  whether  there  are  properties  of  curves 
and  surfaces  not  invariant  under  the  birational  group  but 
yet  invariant  under  the  Cremona  group.     On  this  point 
no  systematic  investigations  have  yet  been  made." 
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As  against  this  view,  we  observe  that  any  rational  curve 
can  be  birationally  transformed  into  a  straight  line,  but  that 
not  every  rational  curve  can  be  so  reduced  by  a  Cremona 
transformation.  There  must  in  the  nature  of  the  case  be 
tovu  way  of  stating  this  latter  possibility.  What  is  desired  is 
a  language  whose  terms  are  invariants  of  the  Cremona  group 
but  of  no  larger  group.  In  projective  geometry  we  speak  of 
a  curve  of  the  vik  order;  in  birational  geometry  of  a  curve, 
including  under  the  term  any  one  of  the  entire  algebraic  class; 
the  corresponding  term  in  cremonian  geometry  has  as  yet  no 
well-defined  content.  Though  the  number  of  cremonian  words 
is  quite  small  they  are  not  entirely  lacking.  Thus  the  term 
"linear  system  of  curves"  is  cremonian,  for  a  Cremona  trans- 
formation transforms  such  a  system  into  a  similar  system, 
whereas  a  birational  transformation,  being  defined  on  only  a 
single  curve,  cannot  affect  a  system.  Again  the  theorem: — 
"The  jacobian  of  a  net  of  curves  is  a  covariant  of  the  net" — 
belongs  not  merely  to  projective  geometry  for  which  it  is 
commonly  proved,  but  rather  to  cremonian  geometry.  For 
if  the  net  N  is  transformed  by  any  Cremona  transformation 
into  a  net  N',  the  jacobian  Jjf  of  N,  the  locus  of  additional 
nodes  of  curves  of  the  net  N,  is  necessarily  transformed  into 
the  jacobian  Jj^'  of  the  net  N'.  The  very  meagreness  of  the 
cremonian  vocabulary  ensures  that  every  additional  term 
introduced  into  it  will  lead  to  a  considerable  enrichment  of  the 
geometry.  I  trust  that  this  statement  will  he  confirmed  when 
the  term  congruence  of  point  sets  under  Cremona  transformaiion 
is  discussed  later.  One  should  not  overlook,  however,  the 
satisfactory  state  of  two  important  problems  in  the  plane; 
namely,  the  determination  of  reduced  types  for  linear  systems 
and  for  finite  subgroups. 

11.  Two  Fields  that  admit  an  Invariant  Theory.  Two  things 
must  be  present  before  an  invariant  theory  is  possible:  (1)  a 
group  of  operations  and  (2)  a  field  of  objects  permuted  by  the 
elements  of  the  group.  These  are  the  bare  essentials.  In 
order  that  such  a  theory  shall  be  fruitful  it  is  also  necessary 
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that  the  group  shall  be  reasonably  significant  and  that  the 
field  of  objects  shall  be  reasonably  uniform  so  that  an  object 
and  its  transform  may  have  in  common  a  suffident  body  of 
properties  to  form  a  reasonable  basis  of  comparison.  The 
Cremona  group  is  significant  enough,  but  it  is  hard  to  find 
.  fairly  permanent  qualities  in  any  field  of  objects.  Thus  the 
order  and  the  singularities  of  a  single  curve  as  well  as  a  contact 
of  two  curves  may  all  be  altered  by  a  properly  chosen  trans- 
formation. To  be  sure  the  totality  of  linear  systems  of  curves 
has  the  permanence  required  but  the  objects  of  this  field  are 
as  vague  as  they  are  general.  Furthermore  it  is  de^rable  to 
have  a  second  field  of  objects  so  that  the  theory  may  present 
something  of  the  nature  of  duality. 

By  the  introduction  of  the  class  of  sets  of  n  points  in  the 
plane,  sets  Pn',  congruent  to  each  other  under  Cremona 
transformation,  we  obtain  a  new  field  of  objects  permuted 
under  the  Cremona  group  which  is  in  a  sense  dual  to  the  field 
of  linear  systems.  Moreover  the  objects  of  this  field  arc  so 
concrete  and  so  easily  visualized  that  some  success  in  the 
development  of  their  invariantive  properties  may  well  be 
expected.  The  definition  of  this  class  is  as  follows:  The 
planar  set  P„*  of  points  {pi,  pi,  -  ■  ■,  pn)  is  congruent  to  the 
planar  set  Q„'  of  [>oints  (qi,  qi,  ■  -  - ,  ^n)  if  there  exists  a  Cremona 
transformation  C„  with  p  S  »  /"-points  in  the  set  P„*  and  p 
inverse  F-points  in  the  set  §»*  for  which  the  remaining  n  —  p 
points  in  either  set  form  n  —  p  copairs  of  the  transforma- 
tion C„. 

The  invariance  of  this  class  under  Cremona  transformation 
is  an  immediate  consequence  of  the  definition.  For  if  Pn'  is 
congruent  to  Qn'  under  Cm  and  Qn^  is  congruent  to  R„'  under 
Cm'',  then  Pn'  is  congruent  to  R^'  under  the  product  Cm-Cm''. 
Nevertheless,  certain  points  relating  to  the  definition  should 
be  emphasized.  We  note  first  that,  P„*  being  given,  not  all 
Cremona  transformations  are  eligible  for  the  formation  of  the 
class  of  congruent  sets,  but  only  those  with  not  more  than  n 
/"-points,  and  of  these  only  those  whose  F-points  are  found  in 
the  set  P„^.    This  is,  to  be  sure,  a  limitation,  but  in  applying 
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the  operations  of  any  group,  we  are  entitled  to  prescribe 
any  rules  which  do  not  contradict  properties  inherent  in  the 
elements.  Moreover  the  limitation  is  not  serious,  for  n 
may  be  ehoaen  in  advance  suffidently  large  to  include 
any  desired  point  set  or  any  desired  transformation. 

Again  we  observe  that  if,  in  particular,  C„  is  a  projectivity 
Ci,  the  projectively  equivalent  sets  P»*,  Qn'  satisfy  the  defini- 
tion of  congruence.  This  of  course  must  be  expected  since  the 
projective  group  is  a  subgroup  of  the  Cremona  group.  It 
raises  the  question,  however,  as  to  whether  for  other  Cremona 
transformations,  congruence  may  not  mean  merely  projec- 
tivity. I  have  shown  {'"^  p.  353)  that  this  can  occur  in 
only  four  cases,  namely,  for  sets  of  5  points  under  Ct  and  Cj; 
for  sets  of  7  points  under  the  Geiser  Cg;  and  for  sets  of  8  points 
under  the  Bertini  Cn.  For  each  of  these  cases,  the  introduc- 
tion of  a  single  additional  copair  destroys  the  projectivity. 

Finally  we  observe  that  congruent  point  sets  are  not  bi- 
rationally  equivalent.  Consider  for  example  an  elliptic  cubic 
X*  on  a  set  Ft'.  A  quadratic  transformation,  Am,  with 
f-points  (pi.  Pi,  pi),  iqi,  q^,  q»)  and  copairs  (p„  qi),  (i  >  3), 
transforms  it  into  an  elliptic  cubic  K^  on  the  congruent  set 
Qt^,  In  the  birational  transformation  thus  effected  from  K'  to 
K* ,  the  set  Pt^  is  not  equivalent  to  the  congruent  set  Qj*  but 
rather  to  that  set  on  K*  which  consists  of  the  three  points 
where  the  sides  of  the  f-triangle  {qi,  qt,  qi)  meet  A'*  again  and 
of  the  three  ordinary  points  {qt,  qt,  qi). 

Hence  in  the  congruence  of  point  sets  we  have  a  notion 
[>eculiar  to  cremonian  geometry.  It  is  clear  also  that  the 
conditions  for  congruence  imply  when  n  =  p  the  conditions 
on  the  two  sets  of  i"-point3  that  the  transformation  may  exist, 
and  when  n  =  p  +  1  the  further  conditions  for  the  construc- 
tion of  the  transformation  {^^'^  §  2).  This  notion  originated 
in  my  own  mind  through  the  contrast  presented  by  the  two 
algebraic  problems  of  the  next  section. 

12.  Form  Problems  of  Cremona  Groups.  A  proper  conic  with 
three  distinct  points  marked  on  it  is  projectively  equivalent 
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to  any  proper  conic  with  tliree  distinct  points  on  it.  We  select 
then  such  a  conic  N,  and  establish  on  it  a  parameter  system  t 
such  that  three  given  points  on  iV  have  parameters!  =  0,  1,  <». 
Binary  quintics,  (at)^  =  0,  then  determine  on  N  sets  of  five 
[mints.  We  project  four  points  of  such  a  set  into  the  vertices 
of  the  reference  triangle  and  the  unit  point,  and  the  fifth  point 
takes  the  position  x  (xo,  xi,  xs).  Corresponding  to  the  various 
orders  in  which  this  projection  can  be  made,  we  get  120  points 
X,  a  conjugate  set  under  Moore's  ffi^o.  Fundamental  regions 
for  this  group  have  been  given  by  Slaught"^',  Thus  an 
ordered  binary  quintic  determines  a  point  x  and  conversely 
a  point  X  determines  a  binary  quintic  to  within  projective 
modification.  An  invariant  of  the  quintic  is  symmetric  in  the 
roots.  Hence  the  locus  of  points  x  for  which  an  invariant  of 
the  quintic  vanishes  is  necessarily  an  invariant  curve  of  Gut. 
The  converse  of  this  is  also  true.  The  quintic  has  invariants 
h,  h,  111  of  the  degrees  indicated,  and  to  these  there  correspond 
invariant  curves  of  Gao,  Je,  Ju,  Ju  of  the  orders  indicated 
with  multiple  points  of  orders  2,  4,  6,  respectively,  at  the  four 
base  points.  If  the  values  of  the  absolute  invariants  hlW, 
Ivt/Ii'  of  the  quintic  are  given,  the  point  x  must  be  on  the 
curves  Ja/Jt^  =  hlh',  Jia/Ji?  =  /is//*'.  These  meet  in 
12  X  18  -  4  X  4  X  6  =  120  points  x  outside  the  base  points, 
a  conjugate  set  under  Gm-  The  form-problem  of  Gna  consists 
in  the  determination  of  one  of  these  points  x  when  the  values 
of  the  absolute  invariants  are  given.  One  point  is  sufficient, 
since  the  others  are  obtained  from  one  by  effecting  the  known 
operations  of  Guo'  If  this  one  point  is  obtained,  the  given 
quintic  can  be  solved  by  rational  processes.  For  x  determines 
the  roots  ('  of  a  binary  quintic  which  is  projective  to  the 
given  quintic  with  roots  (.  The  determination  of  a  linear 
transformation  which  sends  the  known  quintic  into  the  re- 
quired quintic  is  a  long-known  exercise  in  binary  forms.  Thus 
the  solution  of  the  quintic  is  reduced  to  the  solution  of  the 
form-problem  of  Gm-  I  shall  now  show  that  the  form-problem 
of  Gko  can  be  solved  in  terms  of  Klein's'**'  problem  of  the  ^'s. 
To  invariants  of  the  quintic  there  correspond   invariant 
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curves  of  Gm;  but  to  irrational  iDvariants  of  the  quintlc 
there  correspond  members  of  a  linear  system  of  ciirvea  in- 
variant under  Gan.  For  example,  to  the  irrational  invariant 
12-23-34-45-51(y  =  (*  -  (/)  of  weight  5  and  degree  2  in  each 
root  there  corresponds  a  cubic  curve  on  the  four  base  points. 
The  cubics  determined  by  the  12  conjugates  of  this  irrational 
invariant  all  lie  in  the  linear  system  \iDi  +  -  ■  •  +  XgZ>«  of 
cubics  on  the  four  base  points,  the  simplest  linear  system 
unaltered  by  Gut-  Adjmn  now  the  square  root  of  the  dis- 
criminant A  of  the  quintic,  an  invariant  of  degree  8.  The 
group  reduces  to  the  even  Gto,  the  invariants  to  /«,  Va,  la, 
the  invariant  curve  which  corresponds  to  Vi  being  the  six 
lines  on  the  four  base  points.  Also  the  above  linear  system 
of  cubics  separates  into  two  nets 

each  net  being  invariant  under  the  Cremona  Gk-  Indeed 
under  Gm  the  members  of  the  first  net  experience  the  linear 
transformations  of  Klein's  group  of  the  A's,  a  ternary  linear 
5m;  and  the  second  net,  Klein's  group  of  the  B's  which  arises 
from  that  of  the  A's  by  replacing  t  by  <*  (*  =  c''*").  The 
invariants  Kj,  Kt,  ^lo  of  9ta  of  orders  2,  6,  10  must  be  calcu- 
lated in  terms  of  the  known  invariants  of  the  quintic,  and  the 
same  must  be  done  for  three  invariant  forms  Lj,  Lj,  Lj,  linear 
in  the  B's,  and  of  the  degrees  indicated  in  the  .^'s.  The 
form-problem  of  the  A's  consists  of  the  determination  of 
Ao,  Ai,  Ai  when  the  numerical  values  of  K^,  Kt,  Km  are  given. 
When  this  has  been  done,  we  find  from  the  known  values  of 
the  forms  L3,  Li,  Lj  and  the  Ao,  A\,  Ai  the  values  of  Bo,  Bi,  Bt. 
Knowing  Ao,  A\,  Ai  and  Bo,  Bi,  B2,  the  coordinates  of  x  are 
easily  obtained.  Thus  the  form-problem  of  the  Cremona  Gao 
is  solved  in  terms  of  that  of  the  A's.  I  have  given"*'  a 
solution  of  the  ^-problem  in  terms  of  the  binary  ikosahedral 
form-problem,  and  have  carried  out  explicitly  all  the  calcula- 
tions necessary  for  this  as  well  as  for  the  steps  outlined  above. 
Finally  the  binary  form-problem  is  solved  in  terms  of  elliptic 
modular  functions.  (See  Klein,  loc.  cit.  '"",  p.  132.)  The 
chief  r6le  of  the  cross-ratio  group  in  this  procedure  for  the 
solution  of  the  quintic  is  to  furnish  by  all  odds  the  most 
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natural  reduction  to  the  problem  of  the  A's.  It  eliminates  at 
one  stroke  three  parameters  from  the  five  involved  in  the 
given  quintic. 

1  have  also  discussed'*"  the  connection  of  the  cross-ratio 
group  with  the  solution  of  the  sextic  and  found  that  it  corre- 
lated well  with  the  current  theory. 

These  cross-ratio  groups  are  associated  respectively  with  5 
points  in  the  plane,  6  points  in  space,  etc.  It  is  of  course  a 
natural  question  as  to  whether  there  is  an  analogous  theory 
for  further  sets  of  points.  The  case  of  6  points  in  the  plane 
is  next  in  order.  When  we  transform  as  before  four  of  the  six 
to  the  reference  triangle  and  unit  point,  the  other  two  become 
Xq,  Xi,  Xt  and  yo,  yi,  y^.  Ii^each  of  these  there  is  an  unessential 
factor  of  proportionality.  One  of  these  factors  is  removed  by 
requiring  that  the  last  coordinate  of  each  shall  be  the  same, 
leaving  one  factor  of  proportionality  common  to  the  two 
points.    Thus  P«^  has  acquired  the  canonical  form 

1,  0,  0  1,  1,  1 
0, 1,  0  xo,  an,  u 
0,  0,  1        yo,  yi,  u 

It  is  represented  by  a  point  Pin  a  linear  space  S^  with  coordi- 
nates xa,  xi,  yo,  yi,  u.  Obviously  all  projectively  equivalent  sets 
P«*  are  represented  by  the  same  point  P  in  Zi ;  and,  conversely, 
any  point  P  in  X^  represents  a  class  of  projectively  equivalent 
sets  P«'.  The  ratios  of  the  coordinates  of  P  are  absolute 
projective  invariants  of  the  set.  If,  however,  a  given  set  P»* 
is  transformed  into  the  base  points,  and  a  fifth  and  sixth  point 
in  a  different  order,  a  new  representative  point  P'  in  ^^  is 
obtained.  The  coordinates  of  P*  are  rational  in  those  of  P, 
and  thereby  for  all  possible  permutations  of  Pe'  we  find  in  2* 
a  set  of  6!  points  P  conjugate  to  each  other  under  a  Cremona 
Gn.  This  is  the  extension  to  the  larger  set  of  the  Moore 
cross-ratio  group.  It  puts  into  evidence  the  projective  in- 
variants of  the  set.  These  when  symmetric  are  the  invariants 
of  the  group.  I  have  developed'*"  the  theory  of  this  group 
for  the  set  P,*  of  n  points  in  S»  and  have  given  a  complete 
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system  of  invariants  for  Pt*.    Complete  systems  for  further 
sets  would  be  very  useful  but  they  are  hard  to  find. 

If  to  Pt'  in  canonical  form  we  add  a  point  zo>  Zi>  v  to  form 
Pt^  the  same  canonical  coordinates  appear  in  the  set  Pj*  in 
St,  namely: 

xoi  yoi  za,  u        0,  0,  0,  1 
xi,  1/1,  zi,  w        0,  0,  1,  0     . 
1,    1,    1,   1         0,  1,  0,  0 
1,  0,  0,  0 
These  two  ordered  sets,  the  one  is  St  and  the  other  in  Si,  are 
called  associated.    In  the  general  case  a  set  Pn^  is  associated 
with  a  set  P„"~*~'.    Such  associated  sets  are  in  remarkably 
intimate  relation  both  in  a  geometric  and  algebraic  way.     For 
example,  they  have  the  same  invariants  under  G«!. 

If  Pt^  yielded  no  more  than  this  Gti  it  would  have  no  advan- 
tage over  Pa*  with  its  cross-ratio  Gt-.  Let  us  see  then  whether 
we  cannot  obtain  a  little  more  from  Pt'.  To  the  geometer  6 
points  in  the  plane  always  suggest  the  cubic  surface  T*  mapped 
from  the  plane  by  cubic  curves  on  the  six  points.  The  direc- 
tions about  each  of  the  6  points  map  into  6  skew  lines — a 
line-six — on  the  surface.  The  six  conies  on  5  of  the  6  points 
map  into  a  similar  line-six,  cutting  the  first  line-six  five  lines 
at  a  time.  The  two  line-sixes  form  a  double-six.  The  15 
lines  on  two  of  the  six  points  map  into  the  remaining  15  lines 
of  the  surface.  In  other  words,  P**  defines  a  cubic  surface 
with  an  isolated  line-six.  It  is  known,  however,  that  there  are 
72  such  line-sixes  on  the  surface.  They  arise  as  follows.  The 
quadratic  transformation  ^143  sends  cubics  d  on  P«*  into  cubics 
Ci  on  Qt'.     The  mapping  equations  are 

J,,.  =  Ciix)  =  Ci'ix'),  (i  =  0,  1,  2,  3). 
Thus  the  point  y  on  the  surface  determined  by  x  or  x'  does 
not  change  but  the  line-six  determined  by  the  points  of  Q«^  is 
that  determined  at  P«^  by  the  sides  of  the  triangle  pi,  pi,  pi 
and  the  points  p4,  ps,  p«.  Hence  the  passage  from  Pb^  to  the 
congruent  set  Qs'  corresponds  on  the  surface  to  the  passage 
from  one  line-six  to  another.  Thus  there  must  be  72  projec- 
tively  distinct  sets  P)^  congruent   under  ternary  Cremona 
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tranaformation  to  a  given  set,  and  these  in  all  possible  orders 
correspond  IE  Zi  to  72  X  61=  51,840poiEtaP'coEiugate  under 
a  Cremona  Gaua  isomorphic  with  the  group  of  the  lines  on  a 
cubic  surface  and  furthermore  in  immediate  algebraic  relation 
to  the  surface  itself.  I  have  called  this  the  extended  group  Gt,  j 
of  Pt'  ('"*,  §§  3,  4).  Its  invariants  are  the  invariants  of  the 
cubic  surface.  Its  form-problem  can  be  solved  in  terms  of 
that  of  Burkhardt's  linear  group  of  the  Y's  which  in  turn  can 
be  solved  in  terms  of  hyperelliptic  modular  functions  of  genus 
2  and  rank  3.  The  group  Gt.i  plays  the  same  r6le  in.  the 
determination  of  the  27  lines  on  a  cubic  surface  as  does  the 
cross-ratio  group  in  the  determination  of  the  roots  of  a 
quiatic*'*\  Indeed  these  two  problems,  which  from  the  Galois 
[>oint  of  view  present  at  most  a  superficial  resemblance,  can 
be  developed  in  a  series  of  practically  identical  stages  both  in 
the  algebraic  and  modular  function  fields.  (See  "'^  p.  372.) 
This^  analogy  is  so  perfect  as  to  justify  in  itself  the  methods 
here  employed. 

The  extended  group,  based  as  it  is  on  the  canonical  form  of 
the  point  set,  and  on  congruence  of  point  sets,  can  be  general- 
ized immediately  to  the  set  /*„*.  The  associated  sets  P«*  and 
P„"~*~^  have  the  same  extended  group.  The  study  of  the 
structure  of  these  extended  groups  is  much  simplified  by  the 
fact  that  they  are  isomorphic  to  the  corresponding  arithmetic 
group  of  section  4,  a  linear  group  j?„,  *  ("**,  §  5)  with  integral 
coefficients,  and  eventually  in  a  smaller  number  of  variables 
than  G„,  t.  Except  for  the  sets  P.*,  P7',  Ps',  Pi",  Pg*,  the 
number  of  congruent  sets  is  infinite,  and  Gn.  t  is  infinite  and 
discontinuous.  The  theory  then  passes  from  the  algebraic 
field  into  that  of  automorphic  functions. 

13.  InvariaTits  of  a  Set  P„*.  We  define  an  invariant  of  a 
set  Pn*  under  regular  Cremona  transformation  to  be  an 
algebraic  form  in  the  coordinates  of  each  point  of  the  set 
which  is  symmetric  in  the  n  points  and  which  is  reproduced  to 
within  a  factor  when  formed  for  a  congruent  set  Q^''.  It  is 
therefore  an  invariant  under  G„,  *.    Since  projective  sets  ate 
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congruent  also,  the  invariant  must  be  a  sum  of  terms  each  of 
which  is  a  product  of  detenninants  formed  from  the  coordi- 
nates. We  say  that  the  product  123-456  formed  for  Pe*  is  an 
irrational  invariant,  since  each  point  of  Pt*  occurs  linearly  but 
the  symmetry  is  not  present.  There  are  10  such  products  and 
they  lie  in  a  linear  system  of  irrational  invariauts  of  dimension 
4,  i.e.,  all  can  be  expressed  linearly  with  numerical  coefficients 
in  terms  of  5of  them.  In  Si"  (123-456)*  we  have  an  Invariant 
of  Pt*  under  Gt,  but  not  under  the  extended  group  (?«.  t-  (See 
<">,  §§  3,  4,  5.) 

To  make  this  extension  consider  the  meaning  of  the  dete^ 
minant  factors  ijk  in  the  products  from  which  invariants  are 
formed.  The  factor  ijk  vanishes  when  pi,  pj,  pt  are  on  a  line. 
This  means  that  the  cubic  surface  mapped  from  Pg*  has  a 
node.  But  it  also  has  a  node  when  two  of  the  points  coincide 
in  a  definite  direction,  or  when  the  six  points  are  on  a  conic. 
Under  the  quadratic  transformation  Am,  the  condition 
124  =  0  on  Pj'  becomes  for  Qe*  the  condition  that  qt,  qt  coin- 
cide, and  456  =  0  becomes  the  condition  that  the  six  points  q 
are  on  a  conic.  We  have  then  36  discriminant  conditions  for 
the  set  P«^  namely,  15  of  the  type  S,;,  which  vanishes  if  pi,  pt 
coincide;  20  of  the  type  S„t,  which  vanishes  if  p.-,  Pf,  pk  are 
on  a  hne;  and  one  of  the  type  S,  which  vanishes  if  all  ^x  are 
on  a  conic.  These  discriminant  conditions  are  permuted 
under  Gg.i  like  the  36  double-sixes  on  the  cubic  surface. 
Consider  now  the  product  dt  123-456,  where  d^  =  0  is  the 
condition  of  degree  two  in  each  point  that  the  six  are  on  a 
conic.  The  product  is  of  degree  3  in  each  point  and  vanishes 
once  for  each  coincidence  but  once  more  for  the  coincidences 
&u,  Sui  Shi  6u,  3u,  Su,  whence  it  represents  a  product  of  the 
9  discriminant  conditions  S,  Sm,  ^iu',  ^a,  ^is,  ^;  ^w,  ^u,  ^h- 
Such  a  product  is  one  of  40  similar  products  conjugate  under 
GaMt- 

They  correspond  on  the  surface  to  the  40  80<alled  coni' 
plexes.  By  forming  such  combinations  of  these  products  as 
are  invariant  under  Gustn  we  obtain  the  invariants  of  Pe* 
under  the  extended  group  Gt.i.     They  are  in  effect  the  in- 
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variacts  of  the  cubic  surface  and  their  complete  system  is 
known.     (See  '«»,  §§  1,  3.) 

Similarly  the  invariants  under  Gj,^  of  ^t^  Are  the  iavariants 
of  the  quartic  envelope  determined  as  in  §  9  by  the  sevea 
points.  Their  complete  system  has  not  been  found,  but  in- 
dividual members  can  be  obtained  by  symmetrizing  a  system 
of  irrational  invariants  derived  from  the  type 

53l ■ 461 ■ 342 ■ 562 ■ 547 ■ 217 ■ 367 . 
This  type  is  of  degree  3  for  each  point,  vanishes  once  for  each 
coincidence  2„  and  in  addition  vanishes  for  the  seven  dis- 
criminant factors  Sm,  "-.  ^sit-  Here  again  the  63  discrim- 
inant factors  for  the  set  Pj^  are  the  factors  of  the  discriminant 
of  the  quartic  envelope. 

For  larger  sets  beyond  Pg*  in  the  plane  the  number  of 
discriminant  conditions  is  infinite  and  the  symmetrizing  proc- 
ess under  Gn.  k  can  no  longer  be  used.  Nevertheless  in  some 
of  these  infinite  cases  algebraic  invariants  of  Gh.  k  do  exist. 
For  example,  on  Pb*  there  is  a  unique  cubic  curve,  and  the 
invariants  S,  T  of  this  cubic  are  invariants  of  P»*  under  regular 
Cremona  transformation.  For  Pio*  the  condition  that  the  10 
points  be  on  a  cubic  curve  is  a  similar  invariant.  Other 
instances  are  for  P«^  the  condition  that  the  9  points  lie  on  a 
nodal  quadric,  and  for  Pg*  the  condition  that  the  9  points  lie 
on  a  rational  quintic  curve.  These  and  other  examples  are  all 
suggested  by  geometric  considerations.  On  the  algebraic  side, 
there  is  no  evidence  that  the  invariants  which  exist  for  the 
subgroup  Gw  can  be  so  combined  as  to  form  invariants  of  Gn,  t 
when  Gn,  k  is  infinite.  If  the  algebraic  invariants  fail,  auto- 
morpbic  functions  of  the  coordinates  may  replace  them. 

E.  Applications  to  Modular  Fdnctions 
14.  Modular  Functions  of  Gernis  Three.  Our  notion  of  a 
modviar  function  attached  to  a  general  algebraic  curve  is 
dependent  of  course  upon  our  definition  of  the  moduli  of  the 
curve.  These  may  be  defined  from  the  algebraic  point  of 
view  as  a  set  of  3p  —  3  independent  projective  absolute  in- 
variants of  the  normal  curve  C**^*  in  S^-^i  upon  which  the 
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given  curve  is  mapped  by  means  of  its  canonical  adjoints. 
They  may  also  be  defined  from  the  transcendental  point  of 
view  as  the  constants  w,-,- (i,  J  =  1,  •■■,p)  which  occur  in  the 
periods  of  the  normalized  integrals  of  the  first  kind  attached 
to  the  curve.  In  the  latter  case,  the  pip  +  l)/2  quactiUes 
c>]  =  i^ii  Eu«  connected  by  certain  relations  when  p  ^  4  (thus 
far  known  only  when  p  =  4)  so  that  only  3p  —  3  are  inde- 
pendent. In  the  first  case  one  would  naturally  define  a 
modular  function  to  be  an  algebraic  function  of  the  algebraic 
moduli;  in  the  second  case  an  analytic  function  of  the  an. 
But  to  avoid  the  vagueness  consequent  to  too  great  generality, 
M(tiiii)  is  restricted  to  be  first  a  uniform  function  of  the  fan, 
and  second  to  be  invariant  under  such  integral  transformations 
of  the  periods  as  form  a  subgroup  of  finite  index  under  the 
totality  of  such  transformations.  It  has  thereby  under  the 
total  group  a  finite  number  of  conjugate  functions  and  is 
therefore  an  algebraic  modular  function.  Similariy  only  such 
algebraic  moduli  and  such  algebraic  functions  of  these  moduli 
are  admitted  as  are  uniform  functions  of  w,/.  Since  the  number 
of  their  conjugates  is  finite,  each  must  be  unaltered  by  a 
subgroup  of  finite  index  of  the  type  mentioned. 

The  norma)  curve  of  genus  3  is  the  plane  quartic  which  I 
take,  for  the  moment,  as  an  envelope  of  class  4.  It  has  238 
Aronhold  sets  of  7  double  points,  sets  Pj^.  If  such  a  set  be 
taken  in  canonical  form,  its  representative  point  P  in  2<  has 
coordinates  aro,  ari,  j/o,  Vt,  ^o,  zi,  «■  The  ratios  of  these  7  co- 
ordinates are  algebraic  moduli  of  the  curve  with  precisely  71 288 
conjugate  value  systems  which  are  conjugate  also  under  the 
extended  group  Gj,  i.  All  of  the  numerous  relations  among 
the  28  double  points  of  C*  are  consequences  of  the  statement 
that  the  288  Aronhold  sets  P;'  are  congruent  under  Cremona 
transformation.  J.  R.  Conner'"'  has  derived  some  of  these 
transformations  from  a  different  point  of  view. 

If  C,  now  a  point  curve,  be  mapped  by  cubics  on  the  six 
contacts  of  a  contact  cubic,  it  becomes  a  sextic  curve  in  space, 
the  locus  of  nodes  of  quadrics  of  a  net  on  8  base  points  and 
the  plane  sections  of  this  sextic  furnish  the  contacts  of  a 
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system  of  contact  cubics.  Id  general  a  set  P^*  \a  congruent  to 
infinitely  many  projectively  distinct  seta;  but  if  Pg'  is  the  set 
of  8  base  points  of  a  net  of  quadrics,  I  have  shown  ("*',  p.  377 
(45))  that  it  is  congruent  to  only  36  such  sets,  each  corre- 
sponding to  one  of  the  36  systems  of  contact  cubics.  In  each 
set  Pg*  there  are  8  seta  Pi*  and  thus  there  arise  8  X  36  sets 
Pt*  which  are  the  associated  sets  of  the  288  Aronhold  sets 
P-i'*.  The  relations  among  these  36  sets  Pg'  as  well  as  the 
conditions  on  a  particular  set  are  all  implied  by  their  con- 
gruence properties. 

The  irrational  invariant  of  Pt*  found  in  §  13  is  an  algebraic 
modular  function.  It  appears  (^*'>,  §  8)  that  it  is  one  of  135 
conjugates  such  that  each  one  of  the  135  can  be  linearly 
expressed  in  terms  of  15  which  themselves  are  linearly  inde- 
pendent. Since  these  15  are  rational  functions  of  only  6 
moduli,  they  are  related  further,  and  it  turns  out  that  they 
satisfy  a  system  of  63  conjugate  cubic  relations.  It  may  be 
shown  that  these  linear  and  cubic  relations  are  sufficient  to 
define  the  system  of  irrational  invariants  as  functions  of  the 
6  moduli.  I  shall  now  show  how  to  obtain  expressions  for 
these  15  modiilar  functions  as  uniform  functions  of  Wy.  Since 
we  can  express  the  six  moduli  rationally  in  terms  of  the  15 
functions,  we  shall  thereby  have  expressions  for  the  algebraic 
moduli  as  uniform  functions  of  the  transcendental  moduli. 

Following  a  suggestion  of  Klein,  Wirtinger**"  has  general- 
ized the  Kummer  surface  defined  by  the  theta  functions  of 
genus  2  into  a  p-way  Mp  in  jSs'_i  of  order  pi  2"^^  defined  by 
the  theta  functions  of  genus  p.  For  p  =  3,  this  is  a  3-way 
3fs"  of  order  24  in  St.  The  definition  is  as  follows.  The 
squares  of  the  64  odd  and  even  thetas  for  p  =  3  are  even 
functions  of  the  second  order  and  zero  characteristic  so  that 
pnly  8  are  linearly  independent.  Using  such  a  set  of  8  as 
homogeneous  coordinates  of  a  point  in  1S7  then,  as  the  variables 
u  =  Ui,  wi,  uj  change,  the  point  in  1S7  runs  over  the  Mj".  A 
point  of  A/j^*  is  thus  determined  by  ±  u;  in  particular  the  64 
half-periods  (including  the  zero  half-period)  determine  64 
foiu--fold  points  on  Afj".    This  Jtfj*'  is  transformed  into  itself 
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by  a  coIlineatioQ  (?«  whose  elemeots  are  deBned  parametrically 
by  «'  =  u  +  hP-  The  8  theta  functions  are  connected  by  a 
system  of  70  quartic  relatiODS  and  Wirtinger*™*  has  proved 
that  all  other  relations  among  them  are  a  consequence  of  these ; 
in  other  words,  itfj"  is  the  complete  intersection  of  70  quartic 
spreads  in  Sj.  But,  contrary  to  the  case  when  p  =  2,  there 
are  here  8  cubic  relations  on  the  functions,  so  that  64  of  the 
70  quartic  relations  are  merely  a  cubic  relation  multiplied 
by  one  of  the  8  functions.  I  wish  to  establish  these  cubic 
relations. 

It  is  not  difficult  to  find  for  coordinates  S  combinations  of 
the  theta  squares,  say  X^k  of  weights  i,  j,  k  =  0,  I  with  the 
following  properties.  On  adding  one  half-period  the  X,jt  with 
odd  first  weight  i  change  sign  (to  within  a  factor  common  to  all), 
on  adding  a  second  half-period  those  with  odd  second  weight 
change  sign,  and  similarly  for  the  third.  Thus,  there  arises  a 
collineation  (3g  of  changes  of  sign.  On  adding  another  half- 
period  the  first  weights  i  =  0,  1  interchange;  similarly  for  the 
second,  and  for  the  third.  Thus  there  arises  a  collineation  G»' 
of  permutations  of  the  X  which  combines  with  Gg  to  yield  Gn- 
Assuming  now  a  general  cubic  relation,  we  obtain  from  it,  by 
using  Ga,  8  relations,  and  combine  these  to  obtain  a  simple 
relation  with  only  15  undetermined  coefficients  ai,  ■■■,  au. 
To  this  one  we  apply  Ga',  and  get  the  8  distinct  cubic  relations. 
The  left  members  of  these  appear  at  once  as  the  8  first  de- 
rivatives of  a  quartic  relation  with  coefficients  ai,  ■■■,  au. 
Hence  the  Wirtinger  M^*  is  the  manifold  of  dovble  points  on  a 
unique  quartic  spread  F*  in  St.  To  determine  the  coefficients 
Oi,  ■  ■  ■,  OiB  of  f  we  observe  that  one  of  the  63  involutions  in 
Gtt  has  two  fixed  Sj'  s,  each  of  which  cuts  Jtfj'*  in  16  points 
determined  by  specific  quarter-periods,  and  permuted  in  the 
Sj  by  a  Git.  Hence  this  St  cuts  F*  in  a  Kummer  surface  whose 
16  nodes  are  determined  by  the  quarter-periods,  and  whose 
coefficients  are  linear  in  ai,  ■  -  ■,  an.  But  the  coefficients  of  a 
Kummer  surface  satisfy  a  cubic  relation"",  and  thus  we  find 
that  ai,  ■  ■  ■,  ait  satisfy  63  cubic  relations  and  therefore  are 
proportional  to  the  15  linearly  independent  irrational  invari- 
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ants  of  P7'.  Moreover  the  expressions  for  the  coefficiects  of 
the  Eummer  surface  in  terms  of  the  coordinates  of  a  node  are 
knowD*^",  and,  since  here  the  coordinates  of  a  node  are  the 
values  of  Xa  for  a  definite  quarter-period,  the  values  of  the 
coefficients  ai,  ■  ■  ■,  an,  as  uniform  functions  of  a^  are  deter- 
mined. In  turn  the  expressions  for  the  irrational  invariants 
of  P7*  as  modular  functions  are  obtained. 

We  have  already  noted  that  when  P^  is  a  set  of  8  base 
points  of  a  net  of  quadrics,  the  number  of  sets  congruent  to 
it  is  not  infinite  as  it  is  for  the  general  set  Pg*.  This  phenom- 
enon occurs  in  other  cases.  Indeed  if  E*{v)  is  the  unique 
eUiptic  quartic  on  Ps*  with  elliptic  parameter  u  such  that 
u'l)  +  u**'  +  «"*  +  «'*'  =  0  (mod  wi,  (oi)  is  the  coplanar  con- 
dition, then  any  set  J'g*  for  which  ui  +  ■  ■  ■  -f  ug  =  w/r  (r  an 
integer)  has  this  property.  Also  in  the  plane  any  set  Pt* 
which  has  a  similar  sum  on  the  unique  elliptic  cubic  through 
the  points  has  the  property.  This  includes  for  r  =  1  the  9 
base  points  of  a  pencil  of  cuhics  and  for  r  =  2  the  9  nodes  of 
an  elliptic  plane  sextic.  The  same  peculiarity  appears  for  the 
ten  nodes  of  a  rational  plane  sextic,  and  for  the  ten  nodes  of  a 
Cayley  symmetroid.  The  reason  is  that  the  theorem  which 
states  that  congruent  sets  are  not  projective  is  not  necessarily 
valid  for  special  jwint  sets.  Indeed  the  theorem  was  proved 
('**',  p.  355  (7))  on  the  hj-pothesis  that  the  set  Pn*  was  special 
to  the  extent  that  its  n  points  were  taken  on  an  elliptic  norm- 
curve,  but  the  assumption  then  was  made  that  their  elliptic 
parameters  satisfied  no  linear  relation  with  integral  coefficients, 
an  assumption  not  fulfilled  in  the  cases  mentioned  above. 

15.  Modtdar  FuncUona  <4  Gervua  Four.  Consider  first 
the  set  Pio'  of  nodes  pi,  ■  •  •,  pio  of  the  rational  sextic. 
The  Bertini  involution  B  with  P-points  at  pi,  ■  -  ■,  pg  has 
fixed  points  p»,  pio  whence  Pio*  is  congruent  to  itself  under 
B.  Moreover  under  the  transform  of  B  by  any  quadratic 
transformation,  such  as  Aijk,  Pio*  is  congruent  to  itself.  Hence 
Pio*  is  self-congruent  under  the  (s*)  involutions  B  with  P- 
points  at  Pio'  and  under  the  conjugates  of  these  involutions 


ovGoogIc 


358  A.   B.  COBLE  [[Oct., 

in  ^0.1.    The  element  of  the  arithmetic  group  ^0,1  which 

corresponds  to  B  has  coefficients 

17  -6  -6  -■■  -6  0  0 
6-3-2  •■•-200 
6-2-3     •••-200 

6-2-2  •■•-300 
0  0  0  -■■  0  10 
0  0  0  ■•■  0  0  1 
and  therefore  reduced  modulo  2  is  congruent  to  the  identity. 
Any  transform  of  B  is  similarly  reducible  to  the  identity.  It 
may  be  shown"*"  that  B  and  its  conjugates  generate  the 
subgroup  jfio,  !**'  of  elements  of  gio,  1  which  are  congruent  to 
the  identity  modulo  2.  Moreover  gm.  i'*'  is  an  invariant  sub- 
group of  j^io,  1  of  index  10!  2" -31 -51,  whence  this  is  the  number 
of  projectively  distinct  ordered  Pio's  congruent  to  P'o;  or, 
disregarding  the  ordering,  the  number  of  projectively  distinct 
types  of  rational  sextics  which  can  be  derived  from  a  given  one 
is  precisely  2" -31 -51.  Two  years  earlier  than  the  date  (1919) 
of  this  result,  Miss  Hilda  Hudson"^'  had  proved  that  if  a 
discriminant  condition  vanished  for  the  sextic,  then  the  sextic 
could  he  transformed  into  one  of  only  5  kinds,  a  fact  related 
to  the  more  precise  one  above. 

The  factor  group  of  gw.  i'"  under  gio.  1  is  isomorphic  with 
that  subgroup  of  the  odd  and  even  thetas  tor  p  =  5  which 
has  an  invariant  even  characteristic  (loc.  cit. ''"*,  p.  248  (9)). 
In  other  words  the  projectively  distinct  types  of  congruent 
sextics  are  permuted  under  Cremona  transformation  according 
to  a  theta  modular  group  of  the  type  mentioned. 

The  set  Pui  of  ten  nodes  of  a  symmetroid  has  properties 
much  like  the  set  P,'  of  nodes  of  a  rational  sextic.  In  this 
case,  however,  the  symmetroid  is  unaltered  not  merely  by  the 
ffio,  »"'  but  by  other  transformations  so  that  only  2* -51  pro- 
jectively distinct  symmetroids  can  be  obtained  from  a  given 
one  by  regular  Cremona  transformation  and  these  types  are 
permuted  according  to  the  entire  theta  modular  group  for 
p  =  4.    The  dependence  of  these  two  configurations  of  nodes 
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Upon  theta  modular  functions  thus  foreshadowed  by  the  oc- 
currence of  these  factor  groups  is  confirmed  by  a  result  obtained 
by  Schottky*''",  who  proved  that  by  combining  theta  mod- 
ular functions  of  genus  four,  the  coordinates  of  a  set  of  ten 
points  are  obtained  which  have  a  characteristic  property  of  the 
nodes  of  the  symmetroid.  His  method  is  not  adequate,  how- 
ever, to  solve  the  inverse  problem  of  finding  the  curve  or 
curves  of  genus  4  thus  attached  to  a  symmetroid.  Moreover 
the  rational  se^ctic  and  the  symmetroid  mutually  determine 
each  other  in  the  following  fashion.  The  plane  rational  sextic 
is  conjugate  to  a  rational  sextic  in  space,  the  line  sections  of 
the  one  and  the  plane  sections  of  the  other  being  apolar  binary 
forms.  The  symmetroid  is  the  quartic  locus  of  planes  which 
cut  the  space  sextic  in  catalectic  binary  sextics  (i.e.,  sextics 
reducible  to  a  sum  of  three  sixth  powers),  the  nodal  planes 
being  those  which  cut  the  sextic  in  cyclic  binary  sextics  (i.e., 
reducible  to  two  fifth  powers).  Thus  given  the  plane  seictic 
there  is  one  projectively  definite  symmetroid;  given  the  sym- 
metroid there  are  two  plane  sextics'^**.  It  is  this  intimate 
connection  between  functions  of  genus  4  and  genus  5  which  I 
am  attempting  to  unravel  in  articles  which  are  appearing  in 
abstract  form  in  current  numbers  of  the  Proceedings  of 
THE  National  Academt™. 

I  have  remarked  that  if  algebraic  invariants  of  Gn.k  are 
lacking,  automorphic  functions  may  be  available.  I  shall  now 
indicate  how  perhaps  such  functions  may  be  constructed  for 
the  set  Pio'  of  nodes  of  a  sextic.  Since  the  sextic  is  congruent 
to  only  a  finite  number  of  projectively  dbtinct  types,  it  is 
unaltered  by  an  infinite  discontinuous  Cremona  group,  namely 
the  subgroup  6  of  do.  j  which  is  isomorphic  to  the  subgroup 
ffio,  s"'  of  gio.  i.  On  the  sextic  with  binary  parameter  t,  G 
determines  a  binary  group  of  the  form  t'  =  (ar  +  i>)/(cr  -|-  d). 
Let  d  be  the  cubic  curve  in  variables  x  on  the  9  nodes 
other  than  p,-.  Transforming  the  d  by  Ajki  we  get  either 
cubics  d  or  elliptic  quartics  with  a  node  at  p,  and  p,  and 
simple  pwints  at  the  other  points  p.  Divide  such  a  quartic 
by  its  canonical  adjoint  PtP,x,  a  rational  curve  determined  by 


ovGoogIc 


360  A.   B.   COBLE  lOct., 

points  of  Put*,  and  the  quotient  thus  obtained  is  still  homo- 
geneous of  degree  3  in  x.  If  then  we  take  all  the  elliptic 
transforms  of  a  given  C  by  Gio,t  and  divide  each  by  its  canonical 
adjoint,  we  obtain  an  infinite  sequence  of  such  fractional 
terms.  But  these  terms  must  be  separated  into  527  classes 
such  that  the  terms  in  one  class  arise  from  one  term  of  the 
class  by  those  operations  of  Gm,  t  which  are  in  G,  since  it  is 
only  for  such  operations  that  the  set  of  nodes  remains  fixed. 
Divide  each  of  the  terms  in  a  class  by  the  product  t  of  the 
ten  quadratics  Qi  in  r  determined  by  the  nodal  parameters. 
Consider  now  the  value  of  such  a  term  when  for  x  we  substitute 
the  [Mirametric  coordinates  of  &  point  t  on  the  sextic.  A  term 
like  d  has  for  numerator  a  product  of  9  quadratics  Qi  divided 
by  T  and  becomes  Xi/?,  where  X,  is  numerical;  an  elliptic 
quartic  term  has  for  numerator  irq,q„  and  for  denominator 
x9r?i9ri.  where  q,,  is  the  pair  of  further  parameters  of  points 
where  the  canonical  adjoint  cuts  the  sextic  outside  the  nodes, 
whence  it  is  X,,/?,,.  In  other  words  the  terms  all  reduce  to 
the  inverses  of  those  binary  quadratics  cut  out  on  the  sextic 
by  the  f-curves  of  all  the  transformations  of  Gio,  t-  For  the 
terms  in  a  particular  class  we  determine  the  numerical  factors 
X  so  that  these  terms  are  conjugate  under  6  and  finally  sum 
the  2jth  powers  of  the  terms  in  each  class.  Thus  for  every 
value  of  j  we  have  527  series  which  formally  are  pseudo- 
invariant  under  G  and  satisfy  for  j  =  2  the  convergence 
criterion  of  Poincarfe.  Assuming  that  not  all  of  these  vanish 
for  all  values  of  j,  then  the  ratio  of  any  two  for  the  samej 
will  be  automorphic  under  G  provided  G  is  a  discontinuous 
binary  group  of  the  type  for  which  the  series  of  Poincarf 
converge.  On  returning  to  the  corresponding  series  in  x,  we 
should  then  have  automorphic  functions,  homogeneous  of 
degree  0  in  Xo,  Xi,  Xt,  which  converge  for  a  region  of  values  x 
which  includes  at  least  certain  regions  on  the  sextic.  I  have 
some  information  concerning  the  group  G,  but  not  enough  to 
validate  entirely  the  process  outlined  above.  In  passing  from 
one  sextic  to  a  congruent  sextic,  the  527  series  mentioned 
would  be  permuted  like  the  remaining  527  even  theta  functions 
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tor  p  =T  5  under  the  group  which  leaves  one  such  fuuction 
unaltered.  Similar  developments  are  possible  for  the  sym- 
metroid.  If  this  procedure  is  valid,  we  should  have  functions 
of  two  or  three  variables  automorphic  under  dbeontinuous 
groups  of  far  more  complex  character  than  any  hitherto 
considered. 

■  16.  The  Arithmetic  Group.  Dickson  Groups.  It  must  be 
clear  from  the  last  section  that  the  information  concerning  the 
Cremona  group  On,  t  obtained  from  the  isomorphic  linear  group 
gn,k  is  of  considerable  importance.  This  linear  group,  with 
integer  coefficients  will  have,  for  every  value  of  the  positive  ■ 
integer  a,  an  invariant  subgroup  (necessarily  of  infinite  order) 
which  consists  of  those  elements  congruent  to  the  identity 
modulo  a.  The  factor  group  which  in  concrete  form  is  merely 
the  elements  of  g„_t  reduced  modulo  a  is  necessarily  finite. 
I  have  made^*'  a  study  of  this  factor  g^.  k  '**  for  a  =  2.  It 
appears  that  16  cases  are  to  he  distinguished  according  as 
n,  k=0,  1,  2,  3  (mod  4).  In  all  of  these  16  cases,  it  turns 
out  that  this  factor  group  either  is  itself  a  simple  group,  or 
contains  an  invariant  abeliau  subgroup  of  low  order  whose 
factor  group  is  simple.  The  simple  groups  thus  obtained  are 
of  known  types.  Either  they  are  the  total  group  of  the  odd 
and  even  thetas  for  some  value  of  p  or  the  simple  subgroup  of 
this  total  group  which  leaves  unaltered  either  an  odd  of  an 
even  function.  In  the  notation  of  Dickson's  lAnear  Groups, 
these  are  respectively  the  simple  groups  A{2m,  2),  FH{2m,  2), 
and  SH  {2m,  2). 

The  question  as  to  the  nature  of  these  factor  groups  for 
larger  values  of  a,  and  in  particular  for  values  a  =  p"  (p  a 
prime),  has  not  been  touched.  We  remark  of  course  that 
g„.k  has  an  invariant  linear  form  and  an  invariant  quadratic 
form,  so  that  the  factor  groups  are  either  the  linear  groups  of 
Dickson  with  a  quadratic  invariant  or  subgroups  of  them. 
In  the  latter  case,  it  may  be  possible  to  obtain  new  series  of 
groups;  and  even  in  the  former  case  we  should  have  some 
new  light  on  the  known  group  and  a  new  application  for  it. 
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Investigations  along  these  lines  may  advance  the  general 
problem  of  an  explicit  solution  for  the  totality  of  types  of 
Cremona  transformation  with  a  given  number  of  F-points 
— a  problem  which  amounts  merely  to  asldng  for  the  coeffi- 
cients T{,  8j,  Oik,  m  of  the  general  element  of  the  arithmetic 
group  j„.t. 

One  would  also  naturally  expect  to  find  that  the  simpler 
transformations  congruent  to  the  identity  modulo  a  would 
have  interesting  geometric  properties  comparable  perhaps  to 
those  of  the  Bertini  involution  for  a  =  2.  It  may  well  be 
that  in  this  way  other  sets  of  points  not  less  striking  than  the 
nodes  of  a  rational  sextic  will  be  discovered. 
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SHORTER  NOTICES 
Vorhntngen  Sber  olg^aMcKe  Qtomttrie.    Qtometrit  auf  tmer  Kwve,  Rie- 

mamuehe  FUSchen,  AbeUche  IitUgrale.    By  Francesco  Seven,  translated 

by  EuBBD  L5£Ber,  with  an  introduction  by  A.  BrilL    Leiprig,  B.  G. 

Teubner,  1921.     xvi  +  408  pp. 

There  is  no  fault  to  find  with  Dr.  Lfiffler's  excellent  work  of  tr&nalstioQ, 
but  one  regrets  to  be  deprived  of  the  author's  clear  and  limpid  Tuscan.  We 
must  derive  what  consolation  we  may  from  the  hope  that  what  has  been 
lost  in  artiatio  quality  will  be  offset  by  reaching  a  wider  t>ubho. 

And  this  question  of  reaching  a  wider  pubUc  is  today  a  oruoial  one  for 
algebraic  geometry,  and  not  for  this  branch  of  mathematics  alone,  be  it 
said  by  the  way.  Grafted  on  function  theory  on  the  one  hand  and  on  pure 
geometry  on  the  other,  algebraic  geometry  has  reached  today,  notably 
in  Italy,  a  very  considerable  development.  Few  chapter  of  mathematics 
have  greater  artistic  quality,  few  have  evinced  quicker  growth  and  cry 
more  loudly  for  systematic,  careful,  didactic  exposition.  This  introductory 
work  by  one  of  the  keenest  and  most  elegant  geometere  of  our  day  should 
be  assured  a  royal  welcome. 

The  Vorlesungen  are  composed  of  two  distinct  parts — &  very  complete 
exposition  of  the  geometry  on  algebraic  curves,  indeed  so  complete  that 
few  questions  of  interest  to  geometers  are  left  untouched,  and  a  voluminous 
Bupidement.  The  first  is  a  translation  with  some  amplification  of  the 
author's  1908  lithogr^hed  lectures.  Seven  makes  the  whole  theoiy  rest 
squarely  upon  linear  systems  of  curves  in  the  plane— an  excellent  intro- 
duction to  the  more  advanced  parts  of  the  theory.  The  author  exhibits 
early  his  intense  geometric  bent,  his  desire  to  avoid  analytic  methods. 
Thus  the  reduction  of  singularities  is  treated  without  the  Puiaeux  expan- 
sions. One  misaea  somehow  the  finality  which  comes  with  these  expajudons, 
but  the  geometer  will  have  his  way.  .  .  . 

From  linear  systems  of  curves  to  Hoeai  series  on  a  given  curve  is  but  a 
step.  This  is  followed  by  operations  on  linear  series,  the  extension  of 
which  to  curves  on  algebraic  surfaces  has  proved  to  be  such  a  formidable 
tool  in  the  hands  of  Italian  geometers.  Then  come  in  order  the  extension 
to  curves  in  any  ^ace  and  the  introduction  of  the  genus  and  the  canonical 
series  by  the  intrinsio  method  of  Bnriquea  (method  of  the  Jaoobion  series). 
To  the  Riemann-Roche  theorem  we  are  led  via  the  C.  A.  Scott  proof  of 
NCther's  fundamental  theorem. 

A  particularly  interesting  chapter  is  the  treatment  of  correqrandencea 
between  two  curves  or  between  the  points  of  a  given  curve.  Severi's  own 
woric  in  this  direction  is  of  importance  second  only  to  that  of  Hurwits. 
Of  course  his  methods,  largely  geometric,  (»uld  yield  but  little  on  singular 
correspondences,  in  the  study  of  which  transcendental  methods  are  indis- 
pensable. However,  the  author's  treatment  has  thrown  much  light  on  the 
subject  and  the  connection  which  he  established  with  an  important  class 
of  surfaces  must  have  had  much  to  do  with  one  of  his  main  achievements 
— the  discovery  of  the  base  for  curves  on  an  algebraic  surface  and  its 
connection  with  Picard's  transcendental  theory. 
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The  fiist  part  ends  with  the  tmuoendeDtal  theory  along  the  line  of 
Picard'a  Traiti  d'Analytt,  with  some  asides  on  real  cuires  and  questions 
of  reducibility  of  abelian  integrals,  in  which  direction  the  author  has  also 
made  important  oontributions. 

We  now  oome  to  the  Anhot^.  The  volume  was  ready  in  August,  1914. 
In  the  years  that  followed,  the  author,  part  of  the  Ume  in  active  militarf 
service,  was  pursuing  investigations  on  algebraic  curves  and  these  with 
some  minor  corrections  form  the  Bubject-matter  of  the  Anhang,  which 
occupies  the  latter  fourth  of  the  work.  In  form  it  differs  considerably 
from  the  rest  and  in  ordinary  times  we  should  have  expressed  the  wish  to 
have  it  more  completely  merged  with  the  rest,  but  no  doubt  this  would 
have  greatly  delayed  publication,  and  under  the  circumstanoes  we  feel 
thankful  to  have  it  as  it  is. 

The  Anhang  is  certainly  the  most  iateresting  part  of  the  work  for  the 
student  of  this  subject,  the  one  which  he  will  want  to  read  first.  Greater 
preparation  is  required  to  read  it  than  for  the  rest.  The  material,  aa 
interesting  as  it  is  new,  consists  primarily  in  a  aeries  of  contributions  to  our 
very  meager  knowledge  on  families  of  algebraic  curves  with  singularities 
aadgaed  in  type  but  not  in  position.  A  typical  as  well  as  interesting  result 
is  this'.  The  manifold  of  all  irreducible  curves  of  given  order  and  genua  is 
itaelf  irreducible.  His  results  along  this  line  lead  the  author  to  the  first 
algebraic-geometric  proof  ever  given  of  Riemann's  existence  theorem,  and 
also  to  a  new  attack  on  the  cla^fication  of  curves  in  any  space. 

May  this  suffice  to  whet  the  reader's  appetite  and  increase  his  desire 
to  read  Seven.    He  will  not  repent. 

S,  LEracHxn. 

TheoretiaU  Meehania.    An  IiUroduelory   Trealite  on  the    PrincipUt   of 

Dynamici  with  Applieatiotu  and  Numennu  Bxam-pUa.    By  A.  E.  H. 

Love.    Third  Edition.    Cambric^,  University  Frew,  1921.    xv  +  310 

pp. 

The  first  edition  of  Love's  Mechanics  was  published  in  1897  and  was 
reviewed  in  this  Bulletin  in  April,  1S9S.  The  second  edition,  published 
in  1906,  differed  from  the  first  in  that  the  material  had  been  rearranged 
and  rewritten,  although  the  general  content  remained  unaltered.  The 
present  edition  is  practically  the  same  aa  the  second,  the  only  additions 
being  a  note  on  The  moment  of  the  kinetic  reaction  of  a  particle  about  a  momng 
axi»,  a  paragraph  on  Force  of  aimpU  harmonic  type,  and  a  paragraph  on 
Effect  of  damping  on  forced  osciUalion.  The  number  of  miscetlaaeous  ei- 
amples  has  been  reduced,  although  the  collection  is  still  sufficiently  large 
to  satisfy  the  demands  of  the  moat  ardent  problems  enthusiast. 

As  the  first  and  second  editiona  have  been  familiar  to  students  of 
mechanics  for  so  many  years,  no  further  comment  seems  neoeasary. 

Pbteb  Fieu>. 

Zur  Theorie  der  Triaden,  von  Almar  Naeea.     Kriatiania,  Grondahl  &  Son^ 
1921.     136  pp. 
This  paper  of  136  pages  forma  Nr.  6,  Serie  1,  of  Nobse  Mathbuusk 
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FoREKiNaB  StutDTEB,  IB  cleorly  luid  fully  writtoD,  and  very  interestiog 
reading.  An  excellent  outline  of  the  properties  of  vectors  and  dyadics 
covers  32  pages.  A  triadic  is  then  defined,  as  in  the  Gibbs-Wiison  vector 
analysis,  to  be  a  sum  of  terms  of  the  form  abc  where  a,  b,  and  c  are  vectors, 
and  it  is  shown  that  the  most  general  triadic  con  be  written  ti'i  +J*t 
+  k*t,  where  t,  j,  and  k  are  rectangular  unit  vectors  and  4^1,  4^1,  and  4| 
an  dyadics.  It  is  this  latter,  semi-cartesian,  form  which  is  chiefly  used  in 
obtaining  the  results  which  follow. 

It  is  a  little  surprising  that,  in  a  work  otherwise  so  clearly  permeated 
with  the  spirit  of  Gibbs,  not  more  use  b  made  of  the  first  definition,  from 
which,  tor  example,  the  conjugate  systems  would  follow  much  mora  com- 
pactly; for  they  are  equivalent  to  permutations  of  the  vectors  in  abc. 
If  this  be  a  fault,  however,  it  is  merely  one  of  procedure,  and  in  no  sense 
implies  any  criticism  of  the  spirit,  purpose,  or  reaulU  of  the  work.  A  large 
number  of  identical  relations  are  obtained,  which  appear  to  be  useful,  and 
these  are  frequently  given  in  a  final  form  free  from  the  arbitrary  units 
i,  J,  A,  frequently  in  determinant  form,  often  very  elegantly  conceived. 
In  short,  the  semi-cartesian  method  is  employed  with  great  skill  and  leads 
naturally  tc  the  cubic  matrix  of  the  triadic. '  It  would  have  appeared 
equally  natural  to  introduce  the  cubic  determinant.  Dot  products  of 
triadics,  and  other  products  leading  to  tetradics,  are  also  avoided. 

An  excellent  feature  is  the  continual  application  of  the  formulas  to  the 
differential  operator  (given  its  original  name  of  Nabia).  Students  of 
vector  analysis  and  related  methods  will  await  with  interest  further  devel- 
opments from  the  same  pen. 

F.  L.  HiTCBCx)CK. 

UTiUTmckwtgen  fiber  dot  Etidliche  tind  dag  Untndliehe.    By  C.  Isenkrahe. 
Bonn,  Marcus  and  Weber,  1920.    Eretcs  Heft,  viii  H-  224  pp.;  sweites 
Heft,  viii  +  230  pp.;  drittes  Heft,  ix  +  245  pp.     16  mks.  each. 
These  three  divisions  of  the  book  under  review  are  entitled: 
1.  Three  detailed  discuBsions  of  questions  in  the  borderland  between 
mathematics,  natural  science,  and  the  theory  of  belief.     2.  The  teaching 
of  St.  Thomas  as  to  the  infinite,  ila  application  by  Prof.  Langenberg,  and 
its  relation  to  modem  mathematics.    3.  Letteta  between  Sawicki  and 
Isenkrahe  on  a  problem  in  infinity,  which  is  fundamental  in  the  apologetio 
proof  of  entropy.     The  three  divisions  consist  almost  entirety  of  contro- 
versial matter  in  reply  to  various  criticisms  passed  upon  writings  of  Isen- 
krahe by  Hartmann  and  othRrs,     Not  much  gain  for  the  subjects  under 
discussion  is  visible,  much  of  the  controvetsy  seeming  to  relate  to  different 
uses  of  the  terms.    The  discussioiis  are  of  httle  interest  mathematically. 
The  author  seems  called  upon  to  defend  certain  views  for  the  sake  of  their 
possible  religious  significance.    Recriminations  of  orthodoxy  and  unortbo- 
doxy  are  found  in  places,  and  the  argument  waxes  hot  occasionally, — as 
one  might  expect. 

J.  B.  Shaw. 
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TheCoptrrMutofAntiguilyiAnilarekutofSamoi),    By  Sir  Thonus  Heath. 

London,  Society  for  Promoting  Chiution  Knowledge,  and  New  York, 

The  Macmillan  Company,  1920.    59  pp. 

It  is  always  a  matter  for  congratulation  when  a  man  of  the  highest 
scienUfie  standing  can  be  prevailed  upon  to  give  t«  the  public  a  brief 
summary,  in  readable  form,  of  results  obtained  in  parts  of  his  field.  The 
little  volume  under  review  is  such  a  contribution  from  the  pea  of  the  world's 
premier  authority  on  Greek  mathematics  and  mathematicians.  Of  the 
56  pages  of  text,  37  are  devoted  to  a  short  outline  of  the  development  of 
Greek  astronomy  before  Aristarahus  (that  is,  down  to  the  3d  century  B.C.), 
and  it  would  be  hard  to  find  in  so  short  a  space  an  equally  illuminating 
discussion  of  the  subject. 

The  remainder  of  the  text  gives  the  18  propositions  of  Aristarchus's 
only  extant  work,  On  the  sties  and  distances  of  the  sun  and  moon,  with  a 
very  brief  indication  of  the  methods  of  proof  used.  The  moat  important 
of  these  propoaitions  are  the  7th,  that  the  sun's  diatanoe  from  the  earth 
is  greater  than  18,  but  leas'than  20,  times  that  of  the  moon;  and  the  15th, 
that  the  diameter  of  the  sun  has  to  the  diameter  of  the  earth  a  ratio  greater 
than  19  :  3  but  less  tiian  '43  :  6.  Although  these  results  are  wide  of-  the 
marie,  the  methods  used  are  entirely  correct,  and  furnish  a  very  interesting 
exeunple  of  the  way  in  which  the  Greeks  used  geometric  ineqtialities  to 
obtain  numerical  results  which  we  now  get  from  trigonometric  tables. 

Aristarchus's  title,  "The  Copernicus  of  antiquity,"  rests  upon  the  testi- 
mony of  Archimedes  and  other  ancient  writers,  who  state  explicitly  that 
he  taught  the  hypothesis  of  the  double  motion  of  the  earth.  It  seems  to 
have  been  the  weight  of  Hipparchus's  influence  (2d  century  n.c.)  which 
led  to  the  rejection  of  this  theory  and  the  fixing  of  the  geocentric  theory 
in  the  position  which  it  held  unshaken  for  ovea  1500  years. 

One  who  wishes  fuller  details  as  to  Aristarohus  and  his  work  will  of 
course  turn  to  Sir  Thomas  Heath's  AriaarchM  of  Samoa  (Oxford,  1913), 
which  contains  the  complete  Greek  text  and  translation.  For  the  general 
reader,  however,  the  present  work  contains  the  gist  of  the  matter  (save  for 
proofs).  The  one  regrettable  defect  is  the  entire. absence  of  figures.  The 
two-page  bibliography  at  the  end  is  a  useful  addition. 

R.  B.  McClenon 

£limenU  de  Ut  Thiorie  des  Veeteun  side  la  GiomUrie  Anaigtiqiu.    By  Paul 

Appell.    Paris,  Payot  et  Cie,  1921.     147  pp. 

This  little  volume  in  the  Collection  Payot  gives  in  small  space  an 
introduction  to  the  ideas  of  vectors.  Coordinates  are  introduced  as 
projections  of  a  vector  and  vectors  are  represented  throughout  as  a  couple 
or  a  triple  of  coordinates.  No  attempt  is  made  to  bring  in  vector  notation. 
It  succeeds  very  well  in  setting  forth  the  coacepts  of  two  and  of  three 
dimensions.  No  curve  or  surface  is  discussed  at  length.  For  those  de- 
siring a  brief  and  very  intelligible  exposition  of  the  elementary  notions  of 
vectors  and  analvtic  geometry  it  is  recommended. 

J.  B.  Shaw. 


ovGoogIc 


1922.] 


NOTES 

The  fifteenth  regular  meeting  of  the  Southwestern  Section  of  tiiis 
Society  will  be  held  at  the  Univeiuty  of  Kansas  on  Saturday,  December  2, 
1922,  the  first  seaaion  opening  at  10  A.M.  There  will  be  a  smoker  on  the 
Friday  evening  preceding.  J>n  Saturday  afternoon.  Professor  R.  L.  Moore, 
of  the  University  of  Texas,  will  give  a  paper  by  invitation  of  the  program 
oommittec  on  CotUimumt  euires  from  tht  trietepoint  of  analyns  situs. 

The  annual  meeting  of  this  Society  will  be  held  at  Harvard  University, 
Cambridge,  Massachusetts,  on  Wednesday  and  Thursday,  December  27 
and  28,  1922.  Abstracts  of  papers  to  be  presented  at  this  meeting  should 
be  in  the  hands  of  the  Secretary  of  the  Society,  Professor  R.  G.  D.  Richard- 
Bon,  not  later  than  December  7.  ProfesBor  E.  H.  Moore  will  give  his 
retiring  presidential  address  before  the  American  Association  for  the 
Advancement  of  Science  on  the  evening  of  December  2Q.  Other  features 
of  the  meeting  will  be  the  retiring  address  of  President  Bliss,  and  at  least 
one  joint  session  with  the  Mathematical  Association  of  America  and  with 
Section  A  of  the  American  Association  for  the  Advancement  of  Science. 
A  joint  dinner  of  the  three  organizations  will  probably  be  held  on  the 
evening  of  December  28.  It  is  presumed  that  the  usual  fare  and  one-half 
privilege  will  be  granted  for  travel.  Rooms  in  the  Harvard  dormitories 
are  available  for  a  limited  number  of  men  members  of  tbe  Society,  and  in 
RadcliiTe  for  a  limited  number  of  women,  at  the  rate  of  $1.50  per  day. 
Applications  for  these  rooms  should  be  in  the  hands  of  Professor  O.  D. 
Kellogg,  20  Craigie  St.,  Cambridge,  Mass.,  not  later  than  December  5. 
Headquarters  for  registration  will  be  at  the  PhilUps  Brooks  House. 

Tbe  Christmas  meeting  of  the  Chicago  Section  of  this  Society  will  be 
held  at  Northwestern  University,  Evanston,  Illinois,  on  Friday  and 
Saturday,  December  29  and  30,  1922.  Abstracts  of  papers  to  be  presented 
at  this  meeting  should  be  in  the  hands  of  the  Secretary  of  the  Section, 
Professor  Arnold  Dresden,  not  later  than  December  7. 

In  May,  1921,  the  Petrogrod  Physico- Mathematical  Society  was  founded 
at  the  University  of  Petrograd,  on  the  occasion  of  the  one  hundredth 
anniversary  of  the  birth  of  Tchebyscheff.  Professor  A.  W.  Wasailielf  is 
president. 

At  Genoa  a  new  society  has  been  formed,  known  as  Societ4  Ligustica  di 
Scienze  e  Lctfere.     Professor  Gino  Loria  is  secretary-general. 

The  University  of  Frankfurt  and  the  Zurich  Technical  School  have 
conferred  honorary  degrees  on  Professor  David  Hilbert,  on  the  occasion 
of  his  sixtieth  birthday. 

The  Technical  School  of  Breslau  has  conferred  the  honorary  degree  of 
doctor  of  engineering  on  Profcs.sor  A.  Kneser,  of  the  University  of  Breslau. 

Prote.iaor  J.  Schur,  of  the  University  of  Berlin,  has  Wn  elected  a 
member  of  the  Berlin  Akaderoie  der  Wissensehatten. 
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ProfesBOT  A.  N.  Whitehead  has  been  elected  president  of  the  Aris- 
t«telitu]  Society  for  the  coming  session. 

The  Accademia  dei  Lincei  has  elected  as  correaponding  membeis 
Professors  P.  Burgatti,  L.  ToneUi,  and  L.  Lombardi;  as  foreign  members 
Professors  E.  T.  Whittoker  of  the  University  of  Edinburgh  and  E.  Landau 
of  the  University  of  Gottingen. 

The  University  of  Manchester  has  conferred  the  degree  of  doctor  of 
science  on  Professor  G.  H.  Hardy,  of  Oxford  University. 

The  Univetsity  of  St.  Andrews  has  coafcrred  tKe  honorary  degree  of 
doct«r  of  laws  on  Sir  P.  B.  8.  Lang,  emeritus  professor  of  mathematics  at 
that  university. 

Sir  George  Greenhill  has  been  awarded  a  pension  by  the  British  govern- 
ment in  recognition  of  his  services  to  science  and  hie  ballistic  work. 

Professor  A.  E.  KcnncUy,  of  Harvard  University,  has  received  the  Cross 
of  the  Legion  of  Honor  from  the  French  Republic  for  distinguished  services 
as  exchange  professor  of  engineering. 

Professor  G.  Loria  of  Genoa  has  been  elected  corre-sponding  member  of 
the  Turin  Academy  of  Sciences,  and  of  the  Czech  .Academy  of  Sciences 
and  Arts. 

On  the  occasion  of  the  celebration  of  its  seven  hundredth  anniversary 
the  University  of  Padua  conferred  its  honorary  doctorate  on  Professors 
R.  C.  Archibald  of  Rrown  University,  J.  Lipka  of  the  Massachusetts 
Institute  of  Technology,  and  V.  Snyder  of  Cornell  University. 

The  Indian  Mathematical  Society  has  elected  to  honorary  membership 
Professors  G.  A.  Miller  of  the  University  of  Illinois  and  0.  H.  Hardy  of 
Oxford  University  and  Dr.  G.  T.  Walker,  Director-General  of  the  Ob- 
servatories in  India. 

In  conversation  with  Professor  Segre,  members  of  the  Society  drew 
from  him  the  reluctant  confession  that  the  Annau  DiMATEUATicAisin 
straitened  circumstances.  The  Italians  have  assisted  to  tide  it  over, 
during  the  last  two  years,  and  a  number  of  banks  have  responded  generously 
to  its  relief.  No  appeal  was  made  to  others,  but  more  subscriptions  would 
be  welcome.  With  the  approval  by  the  Council  of  this  Society  at  ita 
Rochester  meeting,  Professor  Snyder  has  undertaken  to  solicit  subscrip- 
tions and  cash  contributions.  The  subscription  is  now  forty  lire  (less 
than  two  dollars  at  present  exchange)  per  volume.  It  appears  quarterly, 
in  numlwrs  of  about  eighty  pages.  Its  editors.  Professors  Bianchi,  Jung, 
Fincherle,  and  Segre,  insure  that  it  will  be  continued  as  a  mathematical 
I>criodical  of  the  higliest  class.  It  is  hoped  that  members  oF  this  Society 
will  contribute  generously.  Contributions  should  be  sent  to  Professor 
^'irgil  Snyder,  214  University  Ave.,  Ithaca,  New  York. 

Dr.  K.  Reidemeislcr  has  \>ecn  appointed  associate  professor  of  mathe- 
matics at  the  University  of  Vienna. 

Dr.  P.  Bemays  has  been  promoted  to  iin  associate  professorship  at  the 
Vnivcrsily  of  (lottingeii. 
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Dr.  H.  Fatokenberg,  of  the  University  of  Kdni^berg,  has  been  appointed 
to  an  associate  professorship  at  the  University  of  Gieesen. 

At  the  University  of  Toronto  Professor  A.  T.  De  Lury  has  been  ap- 
pointed Dean  of  the  Faculty  of  Art*. 

Dr.  Norman  Miller  has  been  promoted  to  an  ussociate  professorship  of 
mathematics  at  Queens  University,  Kingston. 

At  Dartmouth  College,  Asaistont  Profesaor  R.  D.  Beetle  has  been 
promoted  to  a  full  profesBorahip  of  mathematics,  and  Assistant  Professor 
C.  E.  Wilder,  of  Northwestern  University,  has  been  appointed  to  an 
assistant  professorship. 

Assistant  Professor  J.  H.  M.  Wedderbum  has  been  promoted  to  an 
associate  professorship  of  mathematics  at  Princeton  University. 

At  Trinity  College,  Hartford,  Mr.  F.  J.  Burkett,  of  the  University  of 
Pittsburgh,  has  been  appointed  to  an  aKsi.stant  professorship  of  mathe- 
matics, and  Assistant  Professor  U.  M.  Dadourian  has  been  promoted  to 
an  associate  professorship  of  physics. 

Assistant  Professor  C.  C.  Bramble  has  been  promoted  to  an  associate 
professorship  of  mathematics  at  the  U.  S^  Naval  Academy.  t^ 

At  Northwestern  University,  Professor  F.  E.  Wood,  of  the  Michigan 
Agricultural  College,  has  been  appointed  to  an  assistant  professorship 
of  mathematics.  Associate  Professor  Sinclair  will  be  on  leave  of  absence 
during  the  second  term  of  1022-23. 

Professor  C.  G.  Simpson,  of  the  Carnegie  liistitula  of  Technology,  has 
been  appointed  professor  of  mathematics  at  the  Milwaukee  College  of 
Engineering. 

Professor  J.  N.  Donohue,  of  Notre  Dame  University,  has  been  appointed 
professor  of  mathematics  at  Columbia  Uaiversity,  Portland,  Ore. 

At  the  University  of  North  Carolina,  Assistant  Professor  E.  T.  Browne, 
of  Trinity  College,  Hartford,  has  been  appointed  to  an  assistant  professor- 
ship of  mathematics,  and  Assistant  Professor  J.  W.  Lasley,  Jr.,  has  been 
promoted  to  an  associate  professorship. 

At  Clark  University  Assistant  Professor  0.  E.  Melville  has  been  pro- 
moted to  a  full  professorship. 

At  the  University  of  Kansas  Professor  E.  B.  Stouffer  has  been  appointed 
Aetbig  Dean  of  the  Graduate  School. 

On  the  return  of  pre-war  conditions,  the  U.  S.  Naval  Academy  has 
reduced  the  number  of  its  civilian  ofGcers  of  instruction  in  academic  de- 
partments by  about  one  third.  From  the  department  of  mathematics, 
Assistant  Professors  R.  P.  Johnson  and  G.  F.  Alrich  have  accepted  assist- 
ant professorships  at  the  Carnegie  Institute  of  Technology,  and  Mr.  L.  S, 
Johnston  on  assistant  professorship  at  Pennsylvania  State  College. 

At  Indiana  University,  Associate  Professor  V-  S.  Hanna  has  been  pro- 
moted to  a  full  professorship,  and  Assistant  Professor  Cora  B.  Hennel  to 
an  associate  professorship  of  mathematics. 

Associate  Professor  Louis  Brand,  of  the  University  of  Cincinnati,  has 
been  promoted  to  a  full  professorship  of  mathematics. 
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Dr.  N.  R.  Bryan  has  been  appointed  assocUte  professor  of  mathematics 
at  Uie  University  of  Maine. 

Mr.  J.  E.  Davis,  of  the  Uoiversity  of  Wisconsin,  has  been  appointed 
assistant  professor  of  mathematics  at  the  University  of  Arkansas. 

Mr.  V.  B.  Hinsch,  of  the  Missouri  School  of  Mines,  has  been  promoted 
to  an  assistant  professorship  of  mathematics. 

Assistant  Professor  E.  D.  Meacham,  of  the  University  of  Oklahoma, 
has  been  promoted  to  an  asaociat«  professorship  of  mathematics. 

Aasistant  Professor  W.  L.  Miser,  of  the  Armour  Institute  of  Technology, 
has  been  promoted  to  an  associate  professorship  of  mathematics. 

At  Washington  Univemty,  Assistant  Professor  P.  R.  Rider  has  been 
promoted  to  an  associate  professorship  of  mathematics. 

At  the  Georgia  School  of  Technology,  Associate  Prore8.sor  W.  V.  Skiles 
has  been  promoted  to  a  full  professorship,  and  Assistant  Professors  A.  B. 
Morton  and  D.  M.  Smith  to  associate  professorships  of  mathematics. 

Assistant  Professor  R.  B.  Stone,  of  Purdue  University,  has  been  pro- 
moted to  an  associate  professorship  of  mathematics. 

At  the  University  of  Southern  California,  Dr.  F.  C.  Touton,  of  the 
University  of  California,  has  been  appointed  associate  professor  of  education, 

Asaistant  Professor  H.  S.  Uhler  has  been  promoted  to  an  nssociate 
professorship  of  physics  at  Yale  University. 

Assistant  Professor  Mary  E.  Wells,  of  Vassor  College,  has  been  pro- 
moted to  an  associate  professorship  of  mathematics. 

At  Sophie  Newcomb  College,  Tulane  University,  Dr.  Anna  M.  Howe  has 
been  promoted  to  an  assistant  profes-wrship  and  Miss  Anna  Nancy  has 
been  appointed  assistant  professor  of  mathematics. 

Dr.  Nina  M.  Alderton  has  been  promoted  to  an  assistant  professorship 
of  mathematics  at  Mills  CoUege. 

At  Miami  University,  Professor  A.  E.  Young  has  resigned  to  accept 
a  position  with  the  Standard  Oil  Company  at  Pittsburgh.  Associate 
Professor  W.  E.  Anderson  has  been  promoted  to  a  full  professorship,  and 
succeeds  him  as  head  of  the  department  of  mathematics. 

Miss  Minna  Schick,  of  the  University  of  Minnesota,  has  been  appointed 
associate  professor  of  mathematics  at  the  University  of  the  Philippines. 

Mr.  B.  D.  Painter  has  been  appointed  assistant  professor  of  mathe- 
matics at  Humpden-Siduey  Coiiege. 

Mr.  W.  E.  F.  Appuhn,  of  the  Stevens  Institute  of  Technology,  has  been 
promoted  to  an  as.-iiHtant  professorship. 

Mr.  H.  W.  Whetsell  has  been  pramoled  to  a  professorship  at  Davb  and 
Elk  ins  College. 

MiMs  Frances  A.  Atwnter  has  been  appointed  head  of  the  department 
of  mathematics  at  Milwaukce-Downcr  College. 
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NEW  PUBLICATIONS 

I.     HIGHER  MATHEMATICS 
Alleb  (R.  M.)-    Algoritoiia.     Principios  fundamentaka  de  U  denoiM  de 

los  QikaeroB.    Corufia,  1918. 
AujAum  (M.).    See  Dx  Poorter  (A.). 
Antdinx  (L.).    Sur  rhomtomorpiiie  de  deux  figurea  et  de  leun  voumages. 

(These,  Strasbourg.)     Paris,  Gauthier-ViUara,  1921.    4to.     109  pp. 
Appxll  (P.).    Elements  d'analyse  math^matique  k  I'tigage  des  oaDdidate 

au  certificat  de  matb^matiques  g£n£ralefl,  dea  ing^nieura  et  des  phyai- 

oieos.    4e  Mition,   entifirement  refonduo.    Paris,   Gauthier-ViUars, 

1921.     10  +  715  pp. 
BiKBEBBACH   (L.).    IMerential-  und  InteKmlrecbaung.    Band  I:  Dif- 

ferentialrechQung.     2t«,  verraehrte  und  verbeBserte  Auflage.    Leipiig, 

Teubner,  1922.    6  4-  132  pp. 
Brill  (A.).    See  Salmon  (G.). 

CiPOLLA  (M.).     EBercitaiiooi  matematiche.     Catania,  1921.     Svo.     52  pp. 
Da  Cunha  (P.  J.).     Reflexoes  sobre  a  teoria  dos  conjuntoa.     Lisbon, 

Imprensa  Nacional,  1922.    Svo.    64  pp. 
Dupom    ( — .).    Le    potentiel    logarithmique.    Paris,    Gauthier-Villars, 

1921.  Svo.     10  pp. 

EtXBR    (L.).    Volletindige    Anleitung    lur    Algebra.     Neue    Ausgabe. 

Leipiig,  1920. 
Parkas  (A.).     Memoir  on  some  propertiee  of  icdeterminate  equations. 

Nagyenyed,  Aiud,  1920.    9  pp. 
Febroux    (G.).     Maths matiques   supirieurea.     Tome    1.    Paris,    1921. 
Fiedler  (W.).    See  Salmon  (G.). 
GoDRSAT  (E.).    Lefona  sur  I'int^gration  dea  Equations  aux  ddrivfiee  par- 

tielles  du  premier  ordre.    2e  Edition.     Paris,  Hermann,  1921.    460  pp. ' 
Grat  (A.)  and  Mathews  (G.  B.).    A  treatise  on  Bessel  functions  and  their 

applications  to  physics.    2d  edition,  prepared  by  A.  Gray  and  %  M. 

MacRobert.     London  and  New  York,  Macmillan,  1922.     14  +  327 

pp.  $12.00 

JuincER  {F.}.    Der  groaae  Fermatsche  Sats.     VollstAndiger  Beweie  des 

Satxea  auf  elementar-mathematischer  Grundlage.    Stuttgart,  Eugen 

XHrner,  1921. 
KoiiUERELL  (K.),    See  Salmon  (G.). 
MacRobert  (T.  M.).    See  Gray  (A.). 
Mathewb  (G.  B.).    See  Gray  (A.). 
Phiujps   (H.    B.).     Differential  equations.     New   York,   Wiley,    1923, 

78  pp. 
Dk  Poorter  (A.)  et  Aluaume  (M.).    Catalogue  dea  manuscrits  matbfr 

matiques  et  astronomiques  de  la  Biblioth^ue  de  Bruges.    Bruges, 

1922.  Svo.    50  pp. 
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lUtKERT   (J.).    Der  elementaie   Beweia  dea  Fermatschen  Satzes  z'*''^ 

+  j/'»*i  =  gi»M  ftuf  Gnmd  der  Zerleguag  in  Faktoren  und  der  Regeln 

der  Poteiulehre.     Holberstadt,  J.  Schimmelberg,  1920. 
BoTHE  (H.).    Vorlesungen  Qber  hShere  Matbcmatik.    Wien,  Seidel,  1931. 

11  +  691  pp. 
SAUdoN  (G.)  und  Fiedler  {W.}.    Analytisohe  Geometrie  des  Raumea. 

Unter  Mitwirkuog  von  A.  Brill  neu  herausgegeben  von  K.  Konunerell. 

5te   Auflage.    Teil    1,   Liefenmg   1.    Leipzig,    Teubner,    1922.     lO 

+  366  pp. 
ScHtlTZE   (H.).    Ucber  daa  logarithmiache  Pot«ntial  einer  materieUen 

fl&che,  deren  Randkurve  durch  Inversion  dner  Parebel  eatatanden 

ist     (Diss.,  HaUe.)     HaUe,  1919.    46  pp. 
SiNOER  (C).    Studies  in  the  history  and  method  of  science.    Edited  by 

Dr.  Charles  Singer.    Volume  2.    Oxford,  Clarendon  Press,   1921. 

22  +  559  pp.  +55  plates. 
SopKB  (H.  E.).    The  numerical  evaluation  of  the  incomplete  B^unction. 

(Tracta  for  Computers,   No.   7.)     London,   Cambridge  Univeraity 

Press,  1921.    63  pp, 
VAN  Thun  (A.}.    Inleiding  tot  de  hooger«  analyse.    Groningen,  J.  B. 

Wolters,  1920.    256  pp. 
DE  ViuBs  (H.).    Leerboek  der  differentiaal-  en  integraalrekening  en  van 

de  theorie  der  difierentiaalvergelijkingeD.    Tweede  deel.    Groningen, 

Noordhoff,  1920.     8vo.     445  pp. 
WiELBiTNER  (H.).     Geschicbte  der  Mathematik.    Teil  2;  Von  Carteaius 

bia  zur  Wende  dea  ISten  Jahrhunderts.     2te  H&lfte:  Geometrie  und 

IVigonometrie.    Berlin,    Vereinigung    wisaenscbaftlicher    Verleger, 

1931. 

n.    ELEMENTARY  MATHEMATICS 
AuBERT  (P.)  et  Papeuer  (G.).    Exercicea  de  calcul  num^rique.    Paris, 

Vuibert,  1920-1921.    Tome  1,  188  pp.    Tome  2,  252  pp. 
BisACRE  (P.  F.  P.).    Applied  calculus.     An  elementary  text  book.    Lon- 
don, Blackie,  1921.     16  +  446  pp. 
BuBCH  (£.).     Der  Dreher  als  Rechner.     Wechselr&der-,  Touren-,  Zeit- 

Und  Konusberectmung  in  einf achater  und  anschaulicbster  Darstellung, 

Berlin,  Springer,  1919. 
DOstKo  (K.).     Die  Elemente  der  Differential-  und  Integralrechnung  in 

geometriacher  Methode  dargestellt.     Leipzig,  1920. 
Few  (H.  p.).    Elementary  determinants  for  electrical  engineers.     New 

York,  Van  Noetrand,  1922.     6  +  98  pp. 
Gadtdir  (— .).    L'unit^  d'angle  logique  et  le  radian.    Paris,  Gauthier* 

Villara,  1921.    6  +  20  pp. 
HouEL  ( — .).    Tables  de  logarithmes  &  cinq  d&iimales.    Paris,  Gauthier* 

Villaia,  1931. 
HuuBEBT    (E.).    ProblSmea    de    trigoDom£trie.     Paris,    Vuibert,    1921. 

8vo.    332  pp. 
Jssaop  (C.  M.).    Elementary  analysis.    Cambridge,   University  Press, 

192L    8  +  175  pp. 
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Jdhkeb  (£.).    DifferentialreohnuDg.    2te,  veiijeaserte   Aufiage.     Berlin, 

1920. 
LoRENTZ   (H.  A.).    Ldirbuch  der  Differential-  und  Integralrechiiung. 

4te  Auflage.    Leipzig,  1922.    6  +  602  pp. 
MURDOCH    (W.   H.   F.).     Mathem&tioal   Bynopsia:   algebra,    l<^arithm3 

trigonometry  aod  spherical  trigonometry.    London,  Bowman,  1922. 

32mo.    42  pp. 
d'Ocaonb  (M.).    Vue  d'easemble  but  lea  machines  k  calculer.    Paris, 

Gauthiei^VilUre,  1922.    8vo.    69  pp. 
PArELiER  (G.).    See  Atibbbt  (P.). 
PotsiB  (J.).    M^thodes  pour  i^udre  tea  probUmea  de  gtomftrie.    Audi, 

Cocharoux,  1921.    48  pp. 
Santz    (A.).    Sontz-Multiplikator.    Kteioste,   daa  geaamte   Zahlenieich 

umfaagende  Rechentafel.    Berlin,  Springer,  1920. 
Shibebt  (R.  M.}.    The  slide  rule  applied  to  conuneroial  calculationa. 

London,  Pitman,  1922.    72  pp. 
TuBNKB  (J.).    Practical  mathematics;  problems  and  queaUooa.    London 

and  Edinburgh,  McDougall,  1922.    80  +  10  pp. 
WnriNa    (A.).    Einftihrung    iu    die    InQniteaimalreahnuDg .    Band    2: 

Integralreclmung.    2te  Auflage.    Leipzig,  1921. 

III.    APPLIED  MATHEMATICS 
Abkxham  (M.).    Theorie  der  Elektriiitat     Band  1:  EinfUhrung  in  die 

Maxwellscbe    Theorie    der    Elektrizit&t.     Mit    einem    einleitenden 

Abschnitt  Qber  das  Rechnen  mit  Vektoi^rdssen  in  der  Physik.    Voo 

A.    Fdppl.    6te,    umgearbeitete    Auflaga,    herauagegeben    von    M. 

Abraham.    Leipzig,  1921. 
AbiIsb  (E.).    L'teuvre  acientifique  de  Sadi  Caniot:  Introduction  k  I'^tudo 

de  la  thermodynamique.     Paris,  Payot,  1921.     160  pp. 
Bakeb  (G.  S.).    Ship  form,  resistanoe,  and  screw  propulaion.    London, 

Cooatable,  1921. 
Bate  (J.).    See  Tiwbbb  (A.). 
BucHHOLz  (H.).    Theorie  und  Berechnung  der  statisch  unbe8timint«a 

Tragwetke.    Elementares  Lehrbucb.     Berlin,  1021. 
Cabvallo    (J.).    Traits   d'^lectrioit^   th6orique    an    vue    d'appUcatioos 

industriolles.    Paris,  Dunod,  1922.     12  +  548  pp. 
DurFiNQ    (G.).    Erawungene  Schningungea   bei  veraaderlicher  Eigen- 

frequenz  und  ihre  techniscbe  Bedeutung.    Braunschweig,   Viewer 

1918.     6  +  134  pp. 
Einstein    (A.).    Die   Grundlagen    der   allgemeinen   ReUtivitlltstheorie. 

Leipzig,  1921. 
'■      ■     SideUghts  on  relativity.     I:  Ether  and  relativity.     II:  Geometry 

uid  experience.    Translated  by  G.  B.  JeSery  and  W.  Perrett.   London, 

Methuen,  1922.    4  +  56  pp. 
EacLANOON  (£.).    Lee  preuves  astronomiques  de  la  relativity.    Paris, 

Gauthier-Villars,  1922.    Svo.    28  pp. 
FOpplCA.).    See  Abbaham  (M.). 
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GnoEB   (M.)-    Die  philosoptuBche  Bedeutung  der  tUlativitfitotheoru. 

Halle,  1021. 
HiNKs  (A.  R.).    Map  projections.    2d  edition.    Cambridge,  Univernty 

Press,  1921.  12  +  158  pp. 
HoTOPP  (L.).  See  Kbck  (W.). 
braoLSRA    (F.).     Le«oni    di   tnatematica  fipanriaria.    Torino,    FtaWli 

Treves,  1921.    2  voIumL 
Jaxqer  (W.).    Etektrische  Messtecbnik.    2te  Aufl^e.    Leipug,  Bartb, 

1922.    22  +  528  pp. 
JzrrzRT  (0.  B.).    See  Einbtein  (A.). 
Kbcx(W.).    MechaDikelaatischfesterundflQBsigerKOrper.    4te,Auflage, 

bearbeitet  von  L.  Hotopp.    Hannover,  1919. 
MiBBiBOU  (M.).    See  Tiloher  (A.). 
MttLLEH  (M.).    Kraftarten  und  Bewegung^ormen.    Die  ftusseren  Be- 

wegiingen    mil    einftihrender    Aufg&ben-Sotnmlung.     Braunschweig, 

Vieweg,  1922.  8  +  14S  pp. 
Neumann  (E.  R.).    Vorlesungen  lur  Einf  Ohning  in  die  Relatjvitfitatheorie, 

Jena,  Fischer,  1922. 
OujviEs  (H.).    Cours  de  physique  g^n£rale.    2e  Mition,  enti^rement 

refondue.    Tomea  1-2.    Paris,  Hermann,  1921-1922.    760  +  416  pp. 
DuPamuier(L.  G.).    Le  principede  la  relativity  etles  theories  d'Einstein. 

Paris,  Doin,  1922.    8vo.     16  +  511  pp. 
Pbbhmt  CW.)-    See  Einstein  (A.). 
Planck    (M.).     Physikalische    Rundbhcke.    Gessjiunelte    Reden     und 

Aufs&tze.    Leipzig,  1922. 

.    Daa  Wesen  des  LichtB.    2t«,  umgearbeitete  Auflage.    Berlin,  1920. 

VON  RoBR   (M.).    Die  firille  ale  opUsches  Instrument.    3te  Auflage. 

Berlin,  1921. 
BoTTOiER  (L.}.    En  marge  de  Curie,  de  Camot,  et  d'Einstein.    Nouvelle 

idition.     Paris,  Chiron,  1920.    16mo. 
Rot    (L.)    Coura   de    m^canique    rationnelle.    Paris,    Gauthier-Vill&rs, 

1921.  Svo.    6  +  260  pp. 

SriLCKEL  (P.).    Bemerkungen  zum  Priuzip  deakleinsten  Zwanges.    (Heidd- 

berger  Alcademie   der  Wissenschaften.}    Heidelberg,   Carl   Winter, 

1919. 
TiLOEER   (A.).     Relativiates  contemporains.    Pr^ace  de  M.   Miasiroli. 

Traduction  de  la  3e  Edition  italienne  par  J.  Baye.     Paris,  Librairie 

Farine,  1922.  Svo.  8S  pp. 
Vablen  (T.).    BalUstik.    Berlin,  Verein^pong  wissenBchaftlicher  Verleger, 

1922.  Svo.     12  +  231  pp. 

Vincent  (M.),  Essai  but  les  principes  des  theories  physiques,  suivi  d'une 
thtorie  dynamique  de  la  masse.  Paris,  Librairie  Fischbacher,  1921. 
Iflmo.    276  pp. 

Warburg  (H.  D.).  Tides  and  tidal  etreoms;  a  manual  for  the  use  of 
seamen.     Cambridge,  University  PresB,  1922.    7+95  pp. 

Wim;  (H.).  Raum  und  Zeit  im  Lichte  der  neueren  Physik.  Eine  all- 
gemeinverstAndlicbe  Entwicklung  des  raumieitlichea  Relativit&ts- 
gedankens  bis  zum  Relativitfttspriniip  der  Tragheitssystemo.  3te 
Auflage.    Braunschweig,  Vieweg,  1920.    4  +  8S  pp. 


ovGoogIc 


1922.3  SUUHEB  HllETING 


THE    TWENTY-NINTH    SUMMER     MEETING     OF 
THE  AMERICAN  MATHEMATICAL  SOCIETY 

The  twenty-ninth  summer  meeting  of  the  Society,  consisting 
of  two  sessions,  was  held  at  the  University  of  Rochester,  Rx>ch- 
ester.  New  York,  Thursday  and  Friday,  September  7-8, 
1922,  in  conjunction  with  the  meeting  of  the  Mathematical 
Association  of  America.  Many  members  of  the  Society 
attended  the  special  session  of  the  Association  on  Thursday 
morning,  held  at  the  Research  Laboratory  of  the  Eastman 
Kodak  Company,  and  members  of  both  organizations  were 
invited  to  visit  the  buildings  of  the  Bausch  and  Lomb  Optical 
Company  on  Friday  afternoon.  A  much  appreciated  feature 
of  the  meeting  was  the  chamber  concert  given  in  Kilbourn 
Hall  of  the  new  Eastman  School  of  Music  which  is  an  integral 
part  of  the  University  of  Rochester.  The  joint  dinner,  pre- 
ceded by  a  very  enjoyable  automobile  ride  arranged  by  the 
alumni  of  the  University,  was  held  on  Thursday  evening  at 
the  Oak  Hill  Country  Club,  on  the  future  site  of  the  University. 
At  this  dinner  Professor  R.  C.  Archibald,  President  of  the 
Association  and  Librarian  of  the  Society,  gave  an  interesting 
talk  on  his  impressions  of  European  conditions. 

The  attendance  at  the  scientific  sessions  included  the 
following  seventy  members  of  the  Society: 

Archibald,  W.  J.  Beny,  William  Beti,  Borger,  W.  G.  BulUrd,  R.  W. 
Buigesa,  Caims,  W,  B.  Carver,  Clarke,  H.  E.  Cobb,  Coble,  Comstock, 
Copelaod,  Crathome,  Decker,  Durfee,  Eiaenhort,  Ettlinger,  Pinkel,  Fisober, 
W,  B.  Ford,  Gale,  Gibnan,  Gummer,  Harrall,  E.  R.  Hedrick,  Hildebraodt, 
HurwitE,  iDgelB,  Karpinski,  Kellogg,  Kuhn,  W.  D.  Lambert,  Lefsoheti, 
Lennea,  Long,  Mathesoo,  G.  A.  MUler,  Norman  Miller,  Mirick,  C.  N. 
Moore,  F.  H.  Murray,  F,  W.  Owena,  H.  B.  Owena,  Pitcher,  Plant,  Rasor, 
F.  W.  Reed,  Reid,  HarriB  Rice,  R.  G.  D.  Richardson,  Ritt,  E.  D.  Roe, 
J.  R,  Roe,  Seely,  Sharpe,  Sherk,  W.  G.  Simon,  Slaught,  C.  E.  Smith, 
Virgil  Snyder,  Swartiel,  Watkeya,  J.  H.  Weaver,  Wedderbum,  D.  E. 
Whittord,  F.  B.  Williama,  W.  L.  G.  WUIiams,  Yeaton,  J.  W.  Young. 

The  Secretary  announced  the  election  of  the  following 
persons  to  membership  in  the  Society: 
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Dr.  Beuloh  May  ArmstroDg,  UmTereity  of  lUinoia; 

Mr.  Santiaga  Artiaga,  City  EagiDeer,  Manila; 

Profeasor  IVoncis  Easton  Caw,  Oberlin  College; 

Dr.  Vishnu  D.  Gokhale,  Univeisity  of  Chicago; 

Dr.  Charles  Jordao,  Budapest; 

Professor  Henri  I«besgue,  College  de  France; 

Mr.  Earle  Brenneman  Miller,  University  of  Wisconsin; 

Mr.  Edward  Everett  Rh[>dea,  Mutual  Benefit  Life  Insurance  Company; 

Mr.  Harvey  Alexander  Simmons,  UniverBity  of  Michigan; 

Dr.  Ernest  Bloomfield  Zeisler,  University  of  Chicago. 

At  the  meeting  of  the  Council,  twenty-one  applications  for 
membership  in  the  Society  were  received. 

The  Council  announced  the  appointment  of  the  following 
committees:  Professors  Haskins,  Fiske  and  H,  S,  White  on 
award  of  the  Bocher  Memorial  Prize;  Professors  Curtiss, 
Dunham  Jackson  and  Mitchell  on  nomination  of  officers; 
Professors  Coolidge,  Fischer.  Kellogg,  Roever,  Tyler,  and  the 
Secretary  of  the  Society,  on  arrangements  for  the  annual 
meeting;  Professors  Fite  and  Dresden  and  Mr,  Joffe  on  in- 
vestment of  the  Eliakim  Hastings  Moore  Fund. 

It  was  announced  that  the  extra  volume  of  the  Transactions 
is  being  printed  by  the  Eschenbaeh  Company,  of  Easton,  Pa. 

Greetings  were  sent  to  the  newly-formed  Mathematical 
Society  of  Belgium. 

At  the  meeting  of  the  Society,  the  reciprocity  agreement 
with  the  London  Mathematical  Society  was  ratified,  on 
recommendation  of  the  Council.  The  medal  presented  to  the 
Society  by  the  I'Acadlmie  royale  des  Sciences  et  Beaux-Arts 
de  Belgique,  on  the  occasion  of  its  one  hundred  fiftieth  anni- 
versary, was  exhibited.  A  resolution  was  passed  thanking 
the  University  of  Rochester,  and  in  particular  the  department 
of  mathematics,  for  its  generous  hospitality. 

At  the  sessions  of  the  Society  Professor  A.  B.  Coble  presided, 
relieved  by  Professors  L.  P.  Eisenhart,  G.  A.  Miller  and  Virgil 
Snyder.  The  session  of  Friday  morning  was  especially  marked 
by  a  paper  read,  at  the  request  of  the  programme  committee, 
by  Professor  C.  A.  Fischer,  on  Functions  of  lines. 

Titles  and  abstracts  of  the  papers  read  at  this  meeting 
follow  below.    The  papers  of  Professors  Cole,  R.  L.  Moore 
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and  Kline,  Dr.  Schmidt,  Professor  Myller,  Dr.  Zeldin,  Pro- 
'essor  Graustein,  Miss  Carlson,  Professor  Evans,  Dr.  Franklin, 
Dr.  Murray,  Professor  Dodd,  and  the  third  paper  by  Professor 
Schwatt,  were  read  by  title.  Dr.  Camp's  paper  was  read  by 
Professor  C.  N.  Moore,  Mr.  Cowling's  by  Professor  Ettlinger, 
Professor  Schwatt's  first  paper  by  Professor  Snyder,  and  his 
second  by  Professor  Ettlinger.  Mr.  Cowling  was  introduced 
by  Professor  Ettlinger. 

1.  Professor  L.  P.  Eisenhart:  Condition  that  a  tensor  be  the 
curl  of  a  vector. 

This  paper  will  appear  in  the  December  number  of  this 
Bulletin. 

2.  Professor  S.  Lefschetz:  A  new  cla»8  of  topological  invari- 
ants for  two-aided  manifolds. 

In  a  two-sided  M„  consider  a  fundamental  system  Ft',  F**, 
...  for  the  i-cycles,  k  S  in,  and  a  similar  one  FLt,  Fj-*, 
...  for  the  (n  —  i)-cycles;  then  denote  by  (Ft'Fi_*)  the 
number  of  intersections  of  the  two  cycles  when  a  definite  sign 
is  attached  to  each  point  of  intersection  after  the  manner  of 
Poincar4.    The  elementary  divisors  of  the  matrix 

ll(r.Ti_.)ll 

are  the  invariants  in  question.  It  is  readily  seen  that  for  an 
JVf]  they  are  all  equal  to  unity.  Remarkably  enough  this  is 
also  true  for  an  algebraic  surface  (though  not  for  the  most 
general  Mt),  also  for  a  d-dimensional  algebraic  variety  and 
fc  =  1,  2.  As  the  topological  invariants  already  known  have 
rather  arbitrary  values  for  algebraic  surfaces,  it  would  seem 
that  their  relations  with  those  just  defined  are  unlikely  to 
be  simple. 

3.  Professors  F.  R.  Sharpe  and  Virgil  Snyder:  The  (1,  2) 
qvatemary  correspondences  associated  with  certain  space  involu- 
tions. 

In  this  paper  Professors  Sharps  and  Snyder  use  the  complex 
of  lines  determined  by  the  pairs  of  conjugate  points  of  a  given 
space  involution  to  find  the  (1,  2)  quaternary  correspondence 
associated  with  the  involution.    The  method  can  be  applied 
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to  known  involutions  that  are  not  readily  discussed  by  the 
inverse  process.  The  non-monoidal  cubic  involution  is  proved 
to  be  rational.  The  special  case  of  the  cubic  inversion  is  of 
particular  interest  because  of  the  complicated  configuration  of 
the  fundamental  elements. 

4.  Professor  C.  N.  Moore:  On  the  gnmmability  of  the  dovble 
Fourier's  series. 

The  principal  result  of  this  paper  is  the  theorem  that  the 
double  Fourier's  series  corresponding  to  a  function  of  two 
variables  f{x,  y)  that  is  integrable  (Lebesgue)  in  a  certain 
region  of  the  {x,  $)-pIane  is  summable  (CI)  to  the  value  of 
the  function  throughout  the  region,  except  for  a  set  of  points 
of  measure  zero.  This  is  an  extension  to  double  Fourier's 
series  of  a  theorem  with  regard  to  ordinary  Fourier's  series  due 
to  Lebesgue.  A  further  result  of  the  paper  is  an  extension  to 
double  Fourier's  series  of  Fej^r's  theorem  under  wider  con- 
ditions than  have  hitherto  been  found. 

5.  Professor  N.  J.  Lennes:  The  theory  of  sets  and  the  founda- 
tion of  arithmetic. 

The  commutative  and  associative  laws  of  addition  and 
multiplication  as  well  as  the  distributive  law  of  multiplication 
are  easily  shown  to  hold  under  any  set  of  axioms  sufficient 
for  the  ordinary  theory  of  sets.  In  the  last  analysis,  integers 
may  he  regarded  as  counters  for  "things,"  and  hence  it  is 
proposed  to  make  the  properties  of  integers  under  the  opera- 
tions of  addition  and  multiplication  depend  logically  upon  the 
corresponding  properties  of  sets. 

This  paper  gives  an  outline  of  the  process  by  which  the 
usual  axioms  of  arithmetic  may  be  derived  as  theorems  from 
the  corresponding  propositions  in  the  theory  of  sets. 

6.  Professor  F.  N.  Cole:  Kirkman  parades. 

This  paper  wilt  appear  in  the  December  number  of  this 
Bulletin. 

7.  Professors  R.  L.  Moore  and  J.  R.  Kline:  On  the  de/iniiion 
of  a  simple  closed  surface. 

The  authors  suggest  the  following  definition  for  a  simple 
closed  surface:  A  simple  closed  surface  is  a  closed,  bounded 
and  connected  point  set  M  such  that  (a)  every  simple  closed 
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curve  J  which  belongs  to  M  is  the  common  boundary,  with 
respect  to  M,  of  two  mutually  separated  connected  subsets  of 
M  whose  sum  va  M  ~  J.  (6)  If  F  is  a  point  of  M  and  c  is  a 
positive  number,  there  exists  in  J/  a  simple  closed  curve  J 
such  that,  of  the  two  mutually  separated  connected  sets  into 
which  M  is  divided  by  the  omission  of  J,  one  contains  P  and 
is  of  diameter  less  than  e.  If  in  a  euclidean  space  of  three 
dimensions  i/  is  a  point  set  satisfying  this  definition,  then 
the  authors  prove  that  there  is  a  one-to-one  continuous  corre- 
spondence between  the  point  set  M  and  the  smface  of  a  sphere. 

8.  Dr.  Karl  Schmidt:  The  theory  ofjunctiona  of  one  Boolean 
variable. 

In  this  paper,  the  expression /(a;)  =  ax  +  b£  of  the  Boolean 
algebra,  or  algebra  of  logic,  is  studied  by  new  methods,  which 
lead  to  new  results  and  throw  new  light  on  old  results.  The 
principal  references  are  to  the  works  of  E.  Schroder  and  Eugen 
Miiller.  The  paper  will  be  published  in  the  Tbansactions 
OF  THIS  Society. 

9.  Professor  A.  Myller:  Representation  of  T^dilineaT  motion 
by  the  geodeaica  of  a  surface. 

Professor  Myller  shows  that  the  world-lines,  in  the  Min- 
kowski sense,  of  any  rectilinear  motion  are  in  one-to-one 
correspondence  with  the  geodesies  of  a  surface  of  revolution, 
and  conversely. 

10.  Dr.  S.  D.  Zeldin:  Note  on  tteady  fluid  motion. 

This  paper  appeared  in  full  in  the  July  number  of  this 
Bulletin. 

11.  Professor  W.  C,  Graustein:  Real  repreaerUaiions  of  ana- 
lytic complex  curves. 

In  a  previous  paper,  presented  to  the  Society  in  December, 
1919,  all  the  representations  of  a  complex  point  by  pairs  of 
ordered  real  points  which  satisfy  certain  general  conditions 
were  determined.  In  the  present  paper  application  is  made 
to  analytic  complex  curves,  in  the  plane  and  in  three-dimen- 
sional space,  of  certain  of  these  representations,  namely,  those 
invariant  under  direct  transformations  of  similarity. 

12.  Miss  Elizabeth  Carlson;  Extennon  of  Bernstein's  theorem 
to  Sturm-IAoumlle  sums. 

The  following  theorem  is  proved  in  this  paper:  The  maxi- 
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mum  of  the  absolute  value  of  the  derivative  of  a  Sturm- 
Liouville  sum  of  order  n  does  not  exceed  nkM,  where  M  is  the 
maximum  of  the  absolute  value  of  the  sum  itself,  and  A  is  a 
constant  independent  of  n  and  of  the  coefficients  in  the  sum. 
The  corresponding  theorem  for  finite  trigonometric  sums  is 
due  to  S.  Bernstein. 

13.  Professor  G,  C.  Evans:  A  Bohr-Langmuir  coTtlact 
iraMfomation. 

The  author  considers  the  relation  between  the  Bohr  and 
Langmuir  atoms,  the  latter  having  a  quantized  force,  with 
regard  to  the  question  as  to  whether  the  "events"  of  one 
system  may  be  transformed  into  the  events  of  the  other.  It 
is  shown  that  one  cannot  be  the  transform  of  the  other  by  any 
contact  transformation  strictly  so-called,  which  does  not 
involve  the  time  explicitly,  but  that  the  Langmuir  atom  can 
be  obtained  from  the  Bohr  atom  by  a  transformation  which 
does  not  involve  the  time  and  is  a  contact  transformation 
"im  kleinen,"  although  not  "im  grossen."  The  vibrating 
Langmuir  atom  is  seen  to  be  equivalent  to  the  Bohr  atom 
with  elliptical  electron  orbit;  the  completely  static  atom  is 
equivalent  to  the  Bohr  atom  with  circular  orbit. 

14.  Professor  G.  C.  Evans:  An  elemerdaTy  theory  of  corw- 
petition. 

The  author  discusses  postulates  for  monopoly,  cooperation 
and  two  different  sorts  of  competition,  and  analyzes  them 
with  reference  to  a  simple  economic  system.  The  order  of 
prices  is  obtained,  and  the  effects  of  price  fixing,  of  excess 
profits  taxation  and  of  certain  typical  changes  in  the  cost 
function. 

15.  Professor  G.  A.  Miller:  Groups  in  which  the  number  of 
operators  in  a  set  of  conjugates  is  equal  to  the  order  of  the  com- 
mutator subgroup. 

The  author  first  proves  that  every  abelian  group  can  be 
used  as  a  commutator  subgroup  of  some  group  which  involves 
a  set  of  conjugate  operators  whose  number  is  equal  to  the 
order  of  the  commutator  subgroup.  He  then  determines  the 
properties  of  the  system  of  groups  such  that  every  group  of 
the  system  contains  a  set  of  conjugate  operators  whose  number 
is  equal  to  the  order  of  the  commutator  subgroup  diminished 
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by  one.  In  particular,  be  proves  tbat  every  group  of  sucb  a 
system  must  also  contain  a  set  of  conjugate  operators  whose 
number  is  equal  to  the  order  of  the  commutator  subgroup, 
and  that  this  commutator  subgroup  is  always  an  abelian 
prime  power  group  of  tyi)e  (1,  1,  1,  ■  •  ■)• 

16.  Dr.  C.  C.  Camp:  Exparmona  in  termt  of  solutiotu  of 
partial  differenHal  eqvations.  First  paper:  Multiple  Fourier 
expanaiona. 

By  assuming  u  to  be  a  product  of  functions  of  the  separate 
variables  the  author  finds  a  solution  of  2J_,3u/da:i  +  X«  =  0 
for  the  region  —  s-  S  Xi  ^  ir  and  the  boundary  conditions 
which  make  « identical  for  both  ends  of  the  several  x,--intervais. 
This  depends  on  the  solution  of  p  ordinary  differential  equa- 
tions with  boundary  conditions,  each  containing  a  different 
parameter.  The  expansion  of  a  function  /  in  p  variables, 
which  is  made  up  of  a  finite  number  of  pieces,  each  real, 
continuous,  and  possessing  continuous  partial  derivatives, 
involves  solutions  of  the  adjoint  systems  and  is  shown  by  an 
extension  of  Professor  Birkhoff's  method  to  converge  uniformly 
to  /  inside  the  subregion  of  any  such  piece.  At  a  point  of 
discontinuity  the  series,  which  is  always  expressible  as  a 
multiple  Fourier  series,  converges  to  the  mean  value.  By  a 
suitable  interpretation  this  is  also  true  on  the  boundaries. 
This  is  believed  to  be  the  first  adequate  proof  of  convergence 
for  a  multiple  Fourier  series  in  more  than  two  variables. 

17.  Professor  E.  H.  Clarke:  On  the  minimum  of  th£  sum  (>f 
a  definite  integral  and  a  function  of  a  point. 

Hadamard,  in  his  Legons  sur  te  Calcul  des  Variations,  has 
Riven,  in  §  159,  pp.  176-177,  a  short  notice  of  this  problem. 
It  may  be  stated  briefly  as  follows:  Given  two  points  Pi  and 
P%  in  the  xy  plane  and  two  functions  ip{x,  y)  and  f{x,  y,  y") 
of  class  Cm,  to  find  a  curve  C,  joining  Pi  to  Pt,  and  a  point 
Tr{ar,  y),  lying  on  the  curve  C,  such  that  the  sum  of  the  numer- 
ical value  of  the  integral  of  f{x,  y,  y')  taken  along  C  and  the 
numerical  value  of  the  function  ip{x,  y)  for  the  point  ir  shall 
be  as  small  as  possible.  It  is  proved  in  this  paper  that  in 
addition  to  the  usual  necessary  conditions  of  the  calculus  of 
variations  for  the  arcs  piir  and  vpt  there  are  certain  other 
necessary  conditions  which  must  hold  at  the  point  ir  and  for 
the  family  of  broken  extremals  with  corners  on  a  curve  K 
through  IT.    These  conditions,  when  slightly  strengthened,  are 
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shown  to  be  sufficient  to  insure  the  existence  of  a  mmimum 
for  the  above  sum. 

18.  Professor  H.  J.  Ettlitiger:  A  simple  proof  of  a  funda- 
mentcd  lemma  coiieeming  the  limit  of  a  sum. 

The  author  g^ves  a  proof  of  the  following  lemma  upon  which 
may  be  based  the  theory  of  the  Riemann  integral. 

Let  the  interval  I  :  a  ^  x  ^bhe  divided  into  n  equal  sub- 
intervals,  I{i,  n),  each  of  length  AnX  =  (6  —  a/n).  To  each 
I(i,  n)  there  corresponds  a  number  A(i,  n).  Let  \k{i,  n)\  ^  M 
for  all  values  of  t  ^  n  and  n,  where  Jf  is  a  constant.  If  x  is 
any  fixed  value  in  /,  then  for  each  value  of  n,  x  is  contained 
in  at  least  one  of  the  sub-intervals.  Let  it  be  designated  by 
I(x,  n).  For  each  fixed  a;  and  each  subdivision  /(ar,  n)  let  the 
corresponding  number  be  h{x,  n),  and  let  lim  h(,x,  n)  =  0. 

Then  lim,_,  Z'  h{i,  n)A,x  =  0. 

The  proof  makes  use  of  simple  limit  theorems  such  as  are 
to  be  found  in  every  calculus  textbook. 

19.  Mr.  A.  H.  Cowling:  Applic(Uion  of  Duhamel'a  theorem 
to  the  convergence  proof  for  approximate  solvtiona  of  differential 
equations, 

Runge,  Heun  and  Kutta  have  given  certain  formulas  for  the 
approximate  solution  of  the  differential  equation  y'  —  f{x,  y). 
Msuming  the  conditions  for  which  the  Cauchy  polygon  con- 
verges, Mr.  Cowling  shows  that  these  approximations  approach 
the  true  solution  as  a  limit.  In  this  proof,  use  is  made  of 
Duhamel's  theorem  in  the  form  given  by  Professor  Ettlinger 
(see  forthcoming  paper  in  the  American  Mathematical 
Monthly). 

20.  Dr.  Philip  Franklin:  Tivo  theorems  on  midiiple  iniegrals. 
This  paper  will  appear  in  the  December  number  of  this 

Bulletin. 

21.  Professor  E.  L.  Dodd:  An  extension  of  the  theorem  of 
Bayes,  by  the  use  of  a  certain  limit. 

If  an  observed  event  E  must  have  been  preceded  by  one  of 
the  mutually  exclusive  conditions  Ci,  i  =  1,2,  •  ■  ■ ;  and  /(i) 
is  the  a  priori  probability  that  Ci   would  obtain;  and  p(i)  is 
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the  "productive"  probability  that  C{  would  yield  E;  then  the 
a  posterion  probabiHty  P{r)  that  C,  preceded  E  is  f{r)p{r) 
T-  2/(i)p(i),  If,  however,  f{x)dx  is  the  probability  that  an 
error  will  lie  between  x  and  x  -|-  dx,  and  all  real  values  are 
postulated  as  equally  likely  a  priori,  then/(a;)  =  0, — if,  indeed, 
it  can  be  defined  at  all.  The  following  extension  is  suggested 
to  meet  this  difficulty: 


/(«.  i)p(<) 


Integration  may  replace  summation.  The  author  gives  an 
example  justifying  this  extension. 

22.  Dr.  W.  L.  G.  Williams:  FundamenUU  systems  of  proto- 
morphic  formal  modulaT  semintariaiUs  of  Innary  forms. 

The  author  defines  fundamental  systems  of  formal  modular 
seminvariants,  modulo  p,  of  one  binary  form  and  of  several 
binary  forms  and  finds  fundamental  systems  in  both  cases. 
These  are  remarkable  in  that  each  of  them  contains  only  one 
formal  modular  seminvariant  not  congruent,  modulo  p,  to  an 
algebraic  seminvariant.  Sufficient  conditions  for  the  existence 
of  certain  algebraic  invariants  are  derived  from  the  theory  of 
formal  modular  concomitants  and  a  connection  with  Hermite's 
law  of  reciprocity  is  noted. 

23.  Professor  O.  D.  Kellogg:  An  example  in  potential  theory. 
The  question  of  the  extreme  of  generality  of  which  the 

Dirichlet  principle  is  susceptible  is  closely  connected  with  the 
question  of  finite  discontinuities  of  harmonic  functions,  where 
by  discontinuity  is  meant  a  discontinuity  either  of  the  function 
or  of  a  first  derivative.  It  is  well  known  that  a  harmonic 
function  of  x  and  y  cannot  have  a  finite  non-removable  dis- 
continuity at  an  isolated  point.  Professor  Kellogg  ^ves  a 
typical  example  of  a  harmonic  function  having  finite  non- 
removable discontinuities  at  every  point  of  a  nowhere  dense 
perfect  point  set  of  measure  zero.  Green's  function  for  the  in- 
finite plane,  bounded  by  this  set,  is  also  established. 

24.  Mr.  F.  H.  Murray;  On  certain  systems  of  differeniial 
equations  containing  a  parameter. 

Systems  of  differential  equations,  of  the  form 

dxi/di  =  Xi(xi,  ■•-,«„,  c,  0.        (i  =  1,  2,  ■  ■  ■,  n) 
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where  Xi  is  analytic  in  v  in  the  neighborhood  of  Vq  and  satisfies 
the  usual  conditions  with  respect  to  xi,  ■  ■  -,  Xm  '  in  a  certain 
domain  |i  —  (o|  <  o.  \xi  —  Xi"!  <  b,  have  been  discussed  by 
Poincarfe,  Picard,  and  others.  In  this  paper  the  writer  pro- 
poses to  give  a  similar  discussion  of  the  system 

dXi/dt  =   Xi{Xi,   -  ■  ■,  Xn,  w) 

where  X,-  satisfies  the  usual  conditions  with  respect  to  xi, 
•  •  ■ ,  Xn,  and  is  periodic  of  period  2ir  with  respect  to  the  variable 
w  =  vt,  for  large  values  of  v.  An  application  is  made  to  a 
problem  related  to  the  restricted  problem  of  three  bodies. 

25.  Mr.  F.  H.  Murray:  Periodic  aoliUions  in  the  probUm  cif 
three  bodies. 

In  Lea  Mithodes  NouvelUs  de  la  MScaniqve  C&este,  Poincarfi 
gave  a  discussion  of  the  existence  of  periodic  solutions  of  the 
third  kind  in  the  problem  of  three  bodies,  which  has  formed 
the  basis  for  later  researches  by  Poincarfi  and  other  writers. 
It  is  the  purpose  of  this  paper  to  present  an  alternative 
demonstration  of  the  existence  of  these  solutions,  using  certain 
results  of  von  Zeipel. 

26.  Professor  C.  A.  Fischer:  Funcliona  of  lines. 

The  first  part  of  this  paper  contains  an  elementary  treat- 
ment of  such  concepts  as  the  continuous  functional,  or,  as  it 
is  sometimes  called,  function  of  a  line,  that  is,  curve,  the 
linear  functional  and  the  derivative  and  differential  of  a 
functional.  Then  completely  continuous  transformations  and 
Stieltjes  integral  equations  are  discussed  briefly. 

27.  Professor  I.  J.  Schwatt:  The  expansion  of  a  ccTtain 
function. 

The  author  shows  how  the  expansion  of 

{fli  sin"'  a:  +  oj  cos"'  x)", 

in  powers  of  ar,  where  pi  and  pi  are  positive  integers  and  n  is 
any  real  number,  depends  on  the  expansion 


sin'.  X  COS..  X  =  ^^-  E(-  !)■  ,^x^,  t  (f ) 


"2«.+".'i.'    "  (2/t  +  p,)ii 


xti-  D"  (l)  (Pi  +  P.  -  2«  -  2ffl»+'.. 
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28.  Professor  I.  J.  Scbwatt:    The  summation  of  a  family  cf 
deranged  series. 

The  author  finds  the  sum  of  the  series  obtained  by  retaining 
throughout 

«-o  a-\-  nh 

groups  of  p  successive  terms,  beginning  with  the  first  term, 
and  omitting  q  successive  terms  after  each  of  these  groups. 
In  this  case  the  known  testa  fail  to  disclose  the  conditions 
under  which  the  resulting  series  is  convergent  or  divergent. 
These  conditions  are  determined  from  the  sum  of  the  series. 
The  series  is  convergent  for  all  values  of  p  and  q,  except  when 
p  and  q  are  both  odd,  in  which  case  the  series  is  divergent. 

29.  Professor  I.  J.  Scbwatt:    The  sum  of  the  harmonic  series. 
The  author  has  developed  an  expression  for  Q^.t,  the  sum 

of  the  products  of  1,  2,  3,  •  •  •,  n  taken  ^  at  a  time,  which  be 
believes  to  be  new. 

^in+l  +  aHk  +  av\a)]^^~^^%),    ' 
then 

«-— si=§"^t-t-.)s<-"-er' 

By  means  of  this  result  the  sum  of  the  harmonic  series  is 
expressed  in  powers  of  n. 

R.   G.   D.  RiCBAHDSON, 

Secretary. 
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O.   D.   KELLOGG  ^XoV., 


A  PROPERTY  OF  CERTAIN  FUNCTION'S 

WHOSE  STURMIAN  DEVELOPMENTS 

DO  NOT  TERMINATE* 


Let  [ut(x)]  be  a  set  of  continuous  Sturmian  functions  defined 
on  the  interval  (a,  b),  i.e.,  solutions  of  an  equation  of  the  form 

(1)  ~[k{x)^u(x}]  +  \9{xMx)  =  0, 

each  satisfying  two  linear  homogeneous  self-adjoint  boundary 
conditions  and  corresponding  to  a  value  of  X  for  which  this  is 
possible.  We  assume  that  the  coefficients  of  the  differential 
equation  have  derivatives  of  all  orders,  and  that  g(x)  does  not 
vanish  in  the  closed  interval  (o,  6),  nor  k{x)  on  the  open 
interval.  Let  fix)  denote  a  function  with  derivatives  of  all 
orders,  satisfying  boundary  conditions  to  be  specified  pres- 
ently.  We  proceed  to  call  attention  to  a  property  which  such 
functions  must  have  if  their  developments  in  series  of  the 
functions  ui,(.x)  are  not  to  terminate. 
We  denote  by  o*  the  kth  generalized  Fourier  coefficient  of/: 

(2) 


=    jfutgdx. 


where  we  have  omitted  argument  x,  and  limits  of  integration, 
a  and  b.  No  ambiguity  will  result  from  the  abbreviation. 
If  in  the  integral,  we  replace  UkQ  by  its  value  obtained  from 
the  differential  equation  (1),  and  integrate  by  parts,  we  obtain 

(3)  a*=  -  ~  f  {kfYu^dx, 

where  the  integrated  terms  have  been  omitted  on  the  assump- 
tion that/  satisfies  the  same  self-adjoint  boundary  conditions 
as  the  Ujt-  Under  this  assumption,  they  vanish.  We  define 
a  series  of  functions  as  follows: 

(4)  /.=.-st!):,   /.=/. 

•J-Tcaented  to  the  Society,  Feb.  25.  1S22. 


D,Googlc 


1922.]  8TURMIAN  DEVELOPMENTS  389 

We  now  subject/  to  the  hypothesis  that  it,  and  these  derived 
functions,  all  satisfy  the  same  boundary  conditions  as  the  ut. 
It  then  appears  that  for  all  n, 

(5) 


'^''^  Tl>  j  f'^tgdx. 


This  is  a  simple  generalization  of  the  long  familiar  equation 
for  the  coefficients  of  a  Fourier  series.  It  is  rather  in  the 
inference  drawn  from  it,  than  in  the  generalization  itself,  that 
the  interest  lies.  From  the  equation  (5)  we  pass  to  an  in- 
equality. Let  Bt  denote  the  maximum  of  |(6  —  a)g{x)uii(x) | , 
and  F^  the  maximum  of  |/n(i)  | .  Then,  evidently, 
(6)  |a*|  ^fi*/„/|X*|",  or  F„  S  C|a*|/S*)|X*|". 
It  follows  that  unless  the  development  of  f(x)  terminates,  F^ 
mast,  for  all  n  greater  than  a  determinable  number  N,  exceed  any 
exponential  function  of  n,  Ae^,  hecause  of  the  known  property 
of  the  characteristic  numbers  \k  of  having  infinity  as  the  only 
limit  point  of  their  absolute  values. 

In  other  words,  if  Fa  is  less  than  any  snch  exponential  func- 
tion, for  positive  A  and  p  and  for  infinitely  many  values  of  n, 
f{x)  is  a  homogeneous  linear  function  qf  the  «*(a;)  with  constant 
coefficients. 

This  property  takes  on  special  interest  when  k  and  g  are 
constant,  for  in  this  case  the  /,  are  proportional  to  derivatives 
of  /.  With  suitable  boundary  conditions,  it  then  takes  the 
form:  if  the  periodic  function  f{x)  has  derivatives  of  all  orders, 
it  is  either  a  trigonomstric  polynomial,  or  else  the  maximum  of 
the  ^solute  value  of  its  nth  derivative  exceeds  any  exponential 
function  Ae*^  for  all  n  from  a  certain  one  on* 

In  the  case  of  analytic  functions  of  a  complex  variable,  we 
have  the  result: 

Either  f{z)  is  a  polynomial,  or  else  the  maximum  of  the  absolute 
value  qf  its  nth  derivative  on  any  circle  lying  entirely  within  its 
domain  of  analyticity  exceeds  any  exponential  function  Ae^from 


*  The  result  id  this  pajticul&r  form  was  ftimounced  to  the  Society 
Dec.  2,  1011.    See  this  Bullktim,  vol.  18,  p.  234. 
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RELATING    TO   THE    PROOF    OF   AN    EXISTENCE 

THEOREM  FOR  A  CERTAIN  TYPE  OF 

BOUNDARY  VALUE  PROBLEM* 

BY  H.  T.  DATIS 

L  Introduction.  The  problem  of  proving  the  existence  of  a 
solution  of  an  ordinary,  linear,  homogeneous  differential  equa- 
tion of  nth  order  which  satisfies  n  linear,  homogeneous  bound- 
ary conditions  of  (n  —  l)st  order  at  p  points  has  been  attacked 
in  various  ways  since  it  was  first  formulated  by  Sturm  in 
1836.t  One  of  the  most  fruitful  of  these  methods  was  that 
first  employed  by  Bdcber,|  and  later  applied  by  Birkhoff  § 
and  Ettliager^  to  general  self-adjoint  systems  of  second  order. 
This  method  is  essentially  the  study  of  the  zeros  of  a  certain 
determinant  of  nth  order  by  means  of  the  properties  of  a 
system  for  which  the  existence  of  solutions  has  already  been 
established. 

The  object  of  the  present  paper  is  to  consider  the  problem 
by  means  of  integral  equations,  from  which  is  obtained  a 
criterion  of  some  elegance,  although  the  generality  of  this 
method  is  somewhat  limited  by  the  way  in  which  the  parameter 
enters  the  integral  equation. 

2.  Theorems  to  be  used.  Suppose  L{u)  is  any  linear,  homo- 
geneous, ordinary  differential  expression  of  nth  order  and 
suppose  the  coefficient  of  u*">(po)  is  different  from  zero  in  the 
interval  a^x^h.    Consider,  then,  the  two  systems: 

.,.         \L{u)  +  X«  =  0,         ,„,         {L{u)  +  X«  =  0, 
^^>        \         Uiiu)  =  0,        ^^'^         I         Vi{u)  =  0, 

(i  =  1,  2,  3,  ■  ■  ■,  n),  where  tf,  and  F.are  linear  combinations 
of  u  and  its  first  (n  —  1)  derivatives  at  the  two  points  a  and  h. 
■  Presented  to  the  Society,  April  15,  1922. 

t  JonRNAL  DE  MATHfiMATIQlJEB,  Vol.   1   (1836),  pp.  lOft-186. 

t  CoMFTES  Rendds,  vol.  140  (1905),  p.  928. 

S  Transactions  op  this  Socibtt,  vol.  10  (1909),  pp.  259-270. 

II  TiiANaACTioNS  OP  THia  SociETT,  vol.  19  (1918),  pp.  79-96. 
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We  ahall  suppose  that  the  existence  of  an  infinite  sequence 
of  X's  (Xi,  "Ki,  ••  •)  is  known  for  system  I.  Our  object  is  to 
show  how  this  fact  may  be  used  to  find  conditions  upon  the 
coeflBcients  of  system  II  which  will  insure  the  existence  of  a 
sequence  of  X's  (/j,  4.  ■  ■  ■)  for  this  system  also. 

We  make  use  of  the  following  theorem  in  the  theory  of 
integral  equations: 

If  the  Green's  Junction  of  the  differejUial  expression  L(u)  for 
such  a  set  of  boundary  conditions  as  lor  II  is  taken  as  the'kemel 
of  an  integral  equation  of  the  second  kind. 


P 


the  Green's  function  of  the  differential  expression  L(u)  +  X« 
which  corresponds  to  the  boundary  conditions  I  or  II  i«  the 
resolvant  function  K{x,  t)  of  this  integral  equation* 
We  recall  that  if 

«i(0     ■■•     «,<-«(()    u^ix) 
hit)     •■■     W-"(0    ui(x) 


(1)  g(.^,  t)  = 


Unit)       ■■■       «n'"-«(0       U^^ix) 


2pa(t)Wit) 


where  W(t)  is  the  Wronskian  of  the  fundamental  set  of  solu- 
tions, «i,  •  •  • ,  «ni  of  the  equation  L(u)  =  0,  and  their  deriva- 
tives to  the  (n  —  l)st  order,  and  where  the  plus  sign  refers  to 
X  S  t,  and  the  minus  sign  to  x  ^  t,  then 

G(ar,  0  =  g{x,  t)  +  CiUiix)  +  ■■•+  c^u^(x) 

is  the  Green's  function  of  Z(u)  provided  ci,  ■  ■  ■,  c»  are  so  chosen 
that  G{x,  t)  will  satisfy  the  boundary  conditions  Ui(u)  =  0. 
We  notice  that  G(x,  t)  exists  and  is  a  continuous  function 

•  Hilbert,  GrundtUge  einer  aUgemeiner  Theorie  der  liriearcn  InUgral- 
gUiehvngen,  Teubner,  1912,  p.  49.  Here  the  theorem  ia  proved  only 
for  the  special  self-adjoint  case  of  second  order,  but  a  consideratioD  shows 
that  the  same  proof  may  be  extended  to  include  the  case  of  a  system  of 
ntii  order. 
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in  both  arguments  except  when 

|t^iC«i)    •.•■    PiK)j 

(2)  fCX)= =0. 

3.  IrUerrelation  of  Problems  I  and  II,  We  shall  now  suppose 
that  ri{a:,  0  and  ri(a;,  t)  are  the  Green's  functions  of  i(u)  +  X« 
for  boundary  conditions  I  and  II,  and  that  Ki{x,  t)  and  Ki{x,  t) 
are  the  Green's  functions  of  L{u)  for  the  same  boundary 
conditions.  Consequently  Fi  and  Fi  are  the  resolvant  func- 
tions for  the  integral  equations 


u{x)- 


\fKiix,  t)uit)dt.        uix)  =  \fKt{x,  tMt)dt, 


and  we  are  led  to  consider  the  two  Fredholm  determinants  Dt 
and  Dt  which  belong  to  problems  I  and  II. 

By  the  well  known  property  of  these  determinants,*  we 
have: 


d\ 


Dijr^ix,  x)dx,        ^*  =  -  DtCrtix,  K)dx. 

Since  the  zeros  of  Z)i(X)  and  A(X)  are  the  characteristic  values 
(Xi,  Xj,  ■  ■  •)  and  (h,  k,  ■■■)  for  which  solutions  of  I  and  II 
exist,  we  consider  the  ratio  Di/Dj.  Between  any  two  char- 
acteristic values  X,-  and  X^i,  D1/D3  is  a  continuous  function 
providing  A  does  not  vanish  in  the  interval.  Hence  its 
derivative  must  vanish  in  the  interval: 

-  B,D,  J*r,(fa  +  DiDtfTA 

W 
=  -§j['[r,(i,i)-r,(i,  »)iic. 

•  Hubert,  loc.  cit.  pp.  12-13. 
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But  suppose  that  tt  is  shown  that  J'ai^i  —  Ti)dx  ^  0  for 
X,'  £  X  ^  X^i.  Our  hypothesis  that  Di/Dt  is  a  continuous 
function  is  contradicted.  Consequently  Dj  must  vanish  in  the 
interval.  This  result  may  be  stated  in  the  following  theorem. 
Theoreu.  If  the  exigtence  of  a  sequence  of  X's  /or  which 
aolvHons  of  problem  I  exist  has  been  estahlisked,  then  a  sequence 
of  fs  for  ■pTfAhm  II  aUemating  or  coincident  with  the  X'»  of 
problem  I  exist  provided 


r> 


[FiCi,  X)  -  r,(ar,  x)]*!:  i^  0,     (Xo  S  X  S  X.), 

where  Fi  and  Ft  are  the  Green's  fumjtions  belonging  to  probUnu 
I  and  11, 
4.  Exampleg.    Two  examples  serve  to  illustrate  the  theorem: 

u"  +\u=  0, 
...  ,       ro(0)-0,        ,,       f»(0).0, 

Specialize  ui  and  va  by  assuming  Ui(0)  =  0,  ui'(0)  =  1; 
«i(0)  =  1,  u,'(0)  -  0.    Then 

J»  Jo    M|{l)ttl  (1) 

which  is  never  zero.  Consequently  the  characteristic  numbers 
of  the  two  systems  must  always  alternate  with  one  another, 
a  conclusion  easily  verified  by  explicitly  solving  the  two 
systems. 

{pu'Y  +  qu  +  \u  =  0, 

^■^>         ^-      \u{b)=0,        "       l«'(a)  -  «'{fc)  =  0. 

Again  specialize  the  fundamental   system   by  assuming 
«i(o)  =  0,  «i'(ffl)  =  1,  us(o)  =  1,  ua'(o)  =  0. 
Then 

jr'(F,  -  F,)<fe  =  ^£  [[«,'(6)  -  (1  +  p,)Mb) 

+  PilVW  -  (2w(t)a,(6)  -  (pi  +  l)M,(i)]B,(a:)«,(i) 

+  u,'l,h)n,'(x)\dx. 
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where  A  and  Z>3  are  the  characteristic  functions  (2)  of  the  two 
systems  and  pi  =  p(a)/p(b).  A  sufficient  condition,  then,  that 
the  characteristic  numbers  of  the  two  systems  shall  either 
alternate  or  coincide,  is  that  the  quadratic  form  in  Ui(x),  Vi(x) 
shall  be  definite.    But  the  discriminant  A  of  the  form  is 

A  =  (pi  -  D'ui*. 

Consequently  the  form  will  be  definite  if  and  only  if  we  have 
p(a)  =  p{b),  which  is  the  well  known  condition  that  system  II 
shall  be  self-adjoint.* 

The  DmvEBsmr  or  Wisconsin 


NOTE  CONCERNING  THE  ROOTS 

OF  AN  EQUATION 


Professors  Carmichael  and  Mason  have  published  the  fol- 
lowing theorem.! 
All  roots  of  the  equation 

(1)  j»  +  oix--'  +  oix"-^  +  . . .  +  o,  =  0 

are,  in  absolute  value,  less  than 


(2)  Vl+  |a,l^-|-  10,1*+. ..+  |a,|^ 

It  is  apparent  that  this  limit  may  be  greatly  in  excess  of 
the  actual  maximum  of  the  absolute  values  of  the  roots.  An 
illustration  of  this  fact  is  furnished  by  the  equation 

(3)  a^  +  a-~'-|-  ■••  +  x+l  =  0. 

The  theorem  asserts  that  Vn-|-  1  is  greater  than  the  absolute 
value  of  any  root.  If  n  is  large  this  is  rather  meager  and 
inexact  information,  since  all  roots  are  in  absolute  value 
exactly  1,  irrespective  of  the  value  of  n. 

'Note  an  the  roots  oj edgebntie  equations,  thb Bulletin,  vol.  21(1911), 
p.  21. 

t  This  example  is  treated  by  BCcher  by  different  meana  in  his  Le^na 
MUr  let  Mahodtt  <fc  Sturm,  1817,  pp.  83-01. 
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It  is  possible  to  modify  in  a  very  simple  way  the  work  of 
the  authors  quoted,  and  to  obtain  a  theorem  that  in  some 
cases  gives  much  more  exact  knowledge.  The  work  wilt 
merely  be  sketched  in  order  to  avoid  unnecessary  repetition  of 
the  work  of  the  paper  in  question.  It  is  shown  in  that  paper 
that  all  roots  of  the  given  equation  are  not  greater  in  absolute 
value  than 

lira  sup  VCiT, 
where 

0     0 


a.= 


I      0 
oi     1 


at 


The  theorem  cited  is  then  derived  by  applying  to  this 
determinant  the  theorem  of  Hadamard  relative  to  a  manmum 
value  for  a  given  determinant. 

Before  applying  the  theorem  of  Hadamard  it  is  evidently 
possible  to  modify  the  determinant  in  various  ways,  and  a 
new  theorem  will  result  from  each  modification.  Let  us  sub? 
tract  the  first  column  from  the  last,  the  second  from  the  first, 
the  third  from  the  second,  etc.    We  have  then  the  determinant 


1 


,  -  o„_i 

—  On        On     —  On-l    ■ 
0  -On 


assuming  m  >  n,  the  determinant  being  of  order  ira.    The 

application  of  the  theorem  of  Hadamard  then  gives  the  theorem : 

Theorem.     All  roots  oj  the  eqvation  (1)  are  less  in  ohaolvie 
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value  than  the  tpmrUiiy 

(4)        Vl+]o,-l|«+|aa-oil*+---+|o,-a^,|»+a,». 

If  we  apply  this  theorem  to  equation  (3)  we  see  that  all 
roots  are  less  in  absolute  value  than  V2,  irrespective  of  the 
value  of  n. 

The  quantity  in  (4)  will  evidently  be  smaller  than  the 
quantity  (2)  in  many  cases.  As.another  illustration,  consider 
the  equation 

J— 1  3*~*  x""^  X  1 

The  application  of  (2)  gives 


V1+1  +  2+-+S' 

as  a  superior  limit  for  the  absolute  values  of  the  roots.  Now 
Euler's  constant  tells  us  that  this  is  of  practically  the  same 
order  as  Vlog  n.  We  therefore  could  draw  no  conclusion  as 
to  whether  the  roots  of  (5)  remain  within  a  certain  circle 
which  does  not  change  with  n. 
If,  on  the  other  band,  we  apply  (4),  we  have 

as  the  superior  limit.    The  quantity  under  the  radical  is  less 
than 


a+e-i)+(i-i)+... 


We  therefore  see  that  no  root  of  (5)  will,  in  absolute  value, 
exceed  V2,  no  matter  how  great  n  may  be. 
Indiana  UinvEKBiTr 
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THE  COMPLETE  EXISTENTIAL  THEORY  OF 

HURWITZ'S  POSTULATES  FOR  ABELIAN 

GROUPS  AND  FIELDS' 

BT  B.  A.  BBRN8TEUI 

1.  IntrodvcHon.  Hurwitz  h«8  proposed  sets  of  postulates 
for  abelian  groups  and  fields.t  If  F',  F",  f„  denote  his  sets 
for  denumerable,  continuous,  and  finite  fields  respectively, 
C,  G",  G„  the  corresponding  sets  for  abelian  groups,  then  I 
have  proved  in  another  paper|  the  following  theorem. 

Theorem  A.  Posttdate-tets  F',  F",  G',  G",  G,  (n  >  1)  are 
each  completely  independent;  yostviaU-tet  Fn  it  completely  in- 
dependent^ when,  and  only  when,  n  exceeds  2  and  ia  a  power 
of  a  prime. 

The  object  of  this  note  is  to  investigate  postulate-set  F„ 
further,  and  to  prove  the  following  theorem,  which,  together 
with  Theorem  A  establishes  the  complete  existential  theoTy%  of 
each  of  Hurwitz's  six  postulate-sets  for  abelian  groups  and 
fields. 

Theorem  B.  For  postvlate-get  F„,  when  n  exceeds  2  and  ia 
not  a  power  of  a  prime,  there  exists  no  system  having  the  character 
(H — I — I — I — I — 1-)7  fcwi  there  exist  systems  having  all  the  other 
characters;  when  n  =  2  there  exist  no  systems  having  the  char' 

acters  { — h+H h)  <"td  ( — | 1 h),  but  there  exist 

systems  hamng  all  the  other  characters. 

2.  Hurwitz's  Postvlatea  Fn  for  Finite  Fields.  For  finite  fields 
Hurwitz's  postulates  are  as  follows  {K,  ® ,  O  being  undefined) : 
(.^i)  If  o,  6,  c,  a  e  6,  c  ©  h,  and  a  ®  {c  ®h)  belong  to  K, 

then  (a  ffi  6)  ®  c  =  a  ®  (c  ©  6) . 

•  Presented  to  the  Society  April  8,  1922. 

t  W.  A.  Hurwitz,  PoalviaUstU  for  abelian  grimpt  and  fields,  Annals 
OP  Matheuaticb,  (2),  vol.  15  (1913),  p.  93. 

}  On  compUle  independence  of  Htmeiti's  poatidala  for  lAtlian  groupe  and 
fields,  Annalb  or  Matheuatics,  (2),  vol.  24  (1922). 

S  See  E.  R.  Moore,  Introdxtclion  to  a  form  of  general  analgtie,  New  Haven 
Mathematical  CoUoquium,  Yale  University  Press,  p.  82. 
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(^i)  If  a  and  b  belong  to  A',  tbeo  there  is  an  element  x  of  K 
such  that  a  ®  x^  b. 

(Ml)  11  a,  b,  c,  a  O  b,  e  O  b,  and  a  O  (c  Q  b)  belong  to  K, 
then  (a  Q  b)  Q  e  =  a  Q  (e  Q  b). 

(J/i)  If  a  and  b  belong  to  K,  and  a  ®  a  4^  a,  there  is  an  ele- 
ment X  ot  K  such  that  a  O  x  =  b. 

(D)  It  a,b,e,aOb.aOe,b  ®  c,  (a  O  6)  ©  (o  O  e)  belong 
to  K,  then  a  O  (i  ©  c)  =  (o  O  6)  ffi  (a  O  e). 

{Nk)  K  contains  n  >  1  elements.* 

3.  Proof  of  Theorem  B.  The  proof  of  Theorem  B  is  obtained 
with  the  help  of  the  table  below.f 

(1)  Systems  1-32  of  the  table  have  the  characters 
(±±±±±— )  for  F.. 

(2)  Let  l'-32'  be  the  systems  obtained  from  1-32  by  sub- 
stituting (a)  the  class  of  leoit  poaiiiix  rendues  modvlo  n  for  the 
class  of  integers  and  (b)  the  leatt  pontive  residtie  modvlo  n  cf 
a-i-  b,(Ji,a  —  t  f or  o  +  t,  oi,  and  a—  b  respectively,  except 
that  a*  +  (6  —  I)'  in  16  is  left  unchanged.  Then  when  n  >  2, 
systems  2'-32'  will  have  the  characters  C±±±±±+)  except 
(++++  ++);  when  n  =  2,  systems  l'-9',  ll'-20',  22'-32' 
will  be  systems  having  all  the  characters  (±±±±±+)  ex- 
cept (-- l-l-l— 1-)  and  (-- 1— 1-— !-). 

(3)  When  n  >  2  and  not  a  power  of  a  prime  there  exists  no 
field. 

(4)  When  n  =  ,2  there  exists  no  system  having  the  character 

( — h+H h).    For,  since  postulates  (Ai)  and  (D)  have  to 

be  contradicted,  and  (.^i)  satisfied,  a  ®  b  must  be  defined  by 
the  table 

e   I  0  1 

0  10 

1  I     1    0 

Further,  since  postulates  (Mi)  and  (Afa)  have  to  be  satisfied, 
*  Poatulate-sets  P'  and  F"  are  obtained  from  set  P^  by  subetituting  for 

(N.)  respectively:  (N')    K  is  countably  infinite,  (N")  £  hu  the  cardinal 

number  of  the  continuum.    Sets  G„  G',  G"  are  obtained  from  P.,  P',  P" 

respectively  by  omitting  (Mi),  {3f|},  and  (D). 

t  This  table  may  also  be  used  oonvenieDtly  in  the  proof  of  Theorem  A. 
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a  Q  b  must  be  defined  by  one  or  the  other  of  the  tables: 


0    1 


0  1 

1  0 


aOb-"  a+b+1  (mod  2) 


G     I    0    1 

0  10 

1  I    0    1 
That  is,  -we  must  have  either 

aeb  =  b+1  (mod  2), 
or  else 

o  ®  6  =  6  +  1  (mod  2),        aOb=  a  +  b  (mod  2). 
But  for  either  case  postulate  (D)  would  be  satisfied. 

(5)  That  when  n  =  2  there  is  no  system  having  the  character 

( — I 1 1-)  I  have  shown  in  the  paper  cited  above. 

This  completes  the  proof  of  our  theorem. 

Stbtkmb  Hatiuo  thb  Characti!iib  (±±±±±— )  yoR  f. 


No. 

Character 

K 

<i®b 

oOb 

1 

(++++  +  -) 

Inte^* 

o+b 

Ob 

2 

(+  +++--) 

a+h 

a-^b 

3 

(+++-  +  -) 

a  +  h 

0 

4 

(+  +  -++-) 

a+b 

6 

5 

{+-+++-) 

a  +  h 

6 

-  +  +++-) 

h 

o  +  b 

7 

+  +  H ) 

o+b 

1 

8 

++-  +  --) 

a  +  b 

6  +  1 

9 

+  -  +  +  --) 

0 

a+h 

10 

-+++-- 

a-b 

fl  +  b 

11 

++--+- 

a  +  b  +  1 

6+0/a 

12 

+-+-+- 

0 

0 

13 

-++-+- 

6  +  1 

o/O 

14 

{+--  +  +  -) 

0 

b 

15 

(-  +  -  +  +  -) 

6 

b 

16 

(--+++-) 

h   1            " 

'  o'  +  {6  -  1)> 

17 

(-«;  + ) 

fl  +  b 

a  +  1 

18 

{4-+ ) 

0 

I 

19 

-  +  + ) 

6  +  1 

1 

20 

(  +  --  +  --) 

0 

b  +  1 

21 

(-  +  -  + 

a-6 

0-6 

22 

(--++ ) 

ob+o 

a+h 

23 

(+ +  -) 

1 

b  +0/a 

24 

(-+ +-) 

b+1 

6+0/a 

25 

( +  -  +  -) 

ab+a 

0 

26 

( +  +  -) 

o  +  I 

6 

27 

(  + ) 

0 

a  +  I 

28 

(-  + ) 

b  +  1 

a  +  1 

29 

(--  + ) 

a  +  1 

30 

( +  -) 

6  +  0/a 

b+O/a 

31 

\ +  __) 

ob  +  a 

6  +  1 

32 

{ ) 

a  +  1 

a  +  1 

•PoBiti 

ve,  negative,  and  0. 

The 

Uniyersitt  op  Ct. 
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ON    KUMMER'S    MEMOIR    OF    1857    CONCERNING 
FERMAT'S  LAST  THEOREM" 

BT  H.  8.  VANDrvIB 

1.  Introdvction.  In  a  previous  paper  under  the  same  title,! 
the  writer  considered  an  article  by  Kumtner,^  and  pointed 
out  that  the  argument  there  used  for  proving  certain  results 
regardiDg  the  equation 

(I)  X*+/+2*=0, 

where  x,  y  and  z  are  integers  and  X  is  an  odd  prime,  is  deficient 
and  incorrect  in  several  respects.  Kummer  attempts  to  prove 
four  theorems  which  in  my  first  paper  were  numbered  I  to  IV. 
I  pointed  out  that  the  proofs  of  Theorems  I  and  IV  are  in- 
complete, and  that  the  proofs  of  Theorems  II  and  III  are 
inaccurate.  In  the  present  paper  additions  to  and  modifica- 
tions of  Kummer's  arguments  will  be  given,  by  means  of  which 
the  demonstrations  Theorems  I  and  IV  will  be  completed. 

2.  Proof  of  Theorem  I.  Assume  that  hi  Is  the  first  factor  of 
the  class  number  of  the  field  Sl{a),  a  being  a  primitive  Xth 
root  of  unity. 


'<">  =  Vfr^ 


0(1  -  g^-') 


a)(l  -  a-') 

where  7  is  a  primitive  root  of  X,  and  m  =■  (X  —  I)/2;  then 
Kummer's  Theorem  I  may  be  stated  as  follows. 

//  Ai  is  dixisible  by  \  bvi  not  by  X',  then  one  and  only  one 
Bemotdli  number  B,  in  the  set  Bi,  i  =  1,  2,  •  ■  •,  fi  ~  1,  ia 
divisible  by  X.  //  under  this  assumption  we  also  have  Ai  =  0 
(mod  X),  ht  being  the  second  factor  of  the  class  number  of  il{a), 
then  Erict)  is  the  Mh  power  of  a  unit  in  11(a). 

•  Presented  to  the  Society  October  30,  1920. 

t  PaOCEEDINOS  OF  THE  NATIONAL  ACADBMT,  vol.  8,  No.  5,  pp.  266-69 
(May,  1920). 

X  MATBEUATTBCHE    ABHANDLrMOEN    OP   TBK    BlRUV    ACADEUT,    1857, 

n>.  41-74. 
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To  complete  Kummer's  proof  it  is  necessary  to  prove  only 
the  first  statement  in  the  theorem.  Assume  X  >  5.  In 
another  paper*  the  writer  has  given  the  relation 

(2)  h^U ^^-  '^'',^':1'7^-'-^"^ (mod  V), 

(«=  1,3,  ■■■,X-2). 
We  shall  now  show  that  the  assumption  that  two  or  more  of 
the  B's  in  the  set  Bi,  i  =  1,  2,  •  •  •,  ft  —  I,  are  divisible  by  X 
leads  to  the  relation  Ai  s  0  (mod  X^  which  will  yield  the 
proof  desired,  as  it  is  knownf  that  if  Ai  =  0  (mod  X)  then  at 
least  one  of  the  B'a  is  divisible  by  X. 

Assume  that  Ba  =  Bi,=  0  (mod  X),  where  a  and  b  are  each 
included  in  the  set  1,  2,  ••■,/*—  1 .     Kummert  has  shown  that 

-'-(-l)"%^(modX), 
c  e  +  kii 

where  k  is  an  integer  and  c  is  not  a  multiple  of  >(,  and  where 
X  >  3.    This  gives 

^    ^^  (.X'+l)/2-(*+l)/2^"°**'^'' 

and  if  («  +  l)/2  =  a,  then  «  is  included  in  the  set  1,  3,  5,  ■  ■  • . 
X  —  2,  and  the  above  congruence  gives 

B(»xt+i)/i  —  0  (mod  X). 
Similarly 

^(•,w+i)/3  =  0  (mod  X), 

where  («i  +  I)/2  =  b.  Applying  these  relations  to  (2),  we 
obtain  Ai  =  0  (mod  X*),  and  Theorem  I  is  proved,  as  the 
remainder  of  the  proof  as  set  forth  by  Kummer,  is,  in  my 
opinion,  rigorous. 

3.  Proof  of  Theorem  IV,  We  proceed  to  Kummer's  fourth 
theorem: 

Theobeh  IV.  If  hi  M  divisible  by  X,  but  not  by  X*,  and  P  is 
an  ideal  in  fl(a),  svch  ihat  P*  is  the  prinrnpal  ideal  {F(a)), 

*  This  Bulletin,  vol.  25,  p.  460,  relatioo  (8)  for  a  -  2. 

t  Vandiver,  ibid.,  p.  461. 

t  Ghelle,  vol.  41,  p.  368. 
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B,  =  0  (mod  X),  V  <  ft,  then  Pia  or  i^  not  a  principal  ideal 
according  as 

di^"  0  or  +  0  (mod  X). 

In  this  statement,  the  notation  dt,^^  means  that  the  func- 
tion F(e')  is  to  be  differentiated  X  —  2c  times  with  respect  to 
«,  and  zero  substituted  for  d  in  the  result.  The  letter  e  denotes 
the  Napierian  base. 

In  my  first  note  two  criticisms  of  Kummer's  proof  of  this 
theorem  were  made.  I  shall  here  modify  his  argument  so  as 
to  dispose  of  the  difficulties  iu  question,  and  consequently 
complete  the  demonstration.  The  first  of  my  criticisms  re- 
ferred to  formula  (A)  on  page  53  of  Kummer's  memoir.  The 
number  ^r(a)  which  appears  there  is  defined  in  the  eleventh 
line  from  the  bottom  of  the  page  as  the  product  of  certain 
ideal  factors,  but  this  decomposijCion  is  proved  to  hold  only 
for  the  case  where  ^r(or)  contains  ideals  of  degree  not  higher 
than  the  first.  In  another  paper,*  Kummer  gives  the  corre- 
sponding formula  for  the  generalized  function  ^r(.oc)  which 
contains  ideals  of  higher  degree,  as  follows: 

•Y^-  1 


(3)     ind  E,(a)  s 


2(1  +  r*-*»  -  (r  +  1)^^) 


>""'^g/-f'''>(modX). 

where  r  is  an  integer,  1  <  r  <  X  —  1,  £«(«)  and  y  are  defined 
as  before,  and  ind  (£n(o!))  is  i  in  the  relation 
(£;(a))t«^»"'  s  a'  (mod  ?(), 

$  being  an  ideal  prime  factor  of  the  odd  prime  q,  and  t  the 
exponent  to  which  q  belongs  modulo  X.    Further 

where  y  is  a  primitive  root  of  ^  such  that  ff'«'~"'^  =a  (mod^), 
k  ranges  over  the  integers  0,   1,  2,    ■■-,  q'  —  2,  excepting 
iq'  —  l)/2,  ind  (^  +  1)  being  defined  as  i  in  the  relation 
*  Crelle,  vol.  44,  p.  125. 
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(jT*  +  1)  =  g*  (mod  S|}).  Although  Kummer  in  defining  q  did 
not  state  that  it  was  odd,  his  work  is  subject  to  that  restriction, 
since  his  function  ^r(or),  as  defined  by  him,  has  no  meaning 
for  5=2,  since  in  that  case  (?'  —  l)/2  is  not  integral.  If, 
however,  we  take  the  function  as  defined  by  H.  H.  Mitchell  * 
for  the  case  q=  2,  namely 

where  k  ranges  over  the  integers  1,2,  •  •  • ,  2'  —  2,  the  formula 
(3)  will  also  hold  for  this  case,  as  Kummer's  argument  can  be 
used  without  change  except  that  it  is  necessary  to  note  in 
proving  formulas  such  as  the  following  (loc.  cit.,  middle  of 
page  125) 

(r  -  iW  -  /)(?*  -  ?*')  ■-■(?'■-  g"-"^) 

=  1  -  ff""  (mod  ?), 
that  since  1  s  —  1  (mod  q)  for  q  =  2, 

(T  —  1  —  1  —  /*  (mod  p). 
Kummer  (loc.  cit.,  page  120)  gives  the  decomposition  of  the 
general  ^,(a)  into  prime  ideal  factors.  Instead  of  using  this 
decomposition  we  shall  examine  the  form  of  it  given  by 
Mitchell  t  Knd  express  the  factorization  of  ^r(a)>  t  arbitrary, 
in  a  form  analogous  to  that  given  by  Kummer  for  the  case 
t  =  1.  Mitchell  X  considers  the  Galois  field  of  order  q',  where 
q  is  any  prime,  and  q'  —  1  ^  \v.  Let  the  elements  of  this 
field  other  than  zero  each   be  represented  as  a   power  of  a 

primitive  root,  and  at  denote  any  element  whose  index  is 

J 
congruent  to  i,  modulo  X.    The  symbol  m,'  stands  for  the 
number  of  solutions  of  the  relation  1  +  <t,'  =  iry  in  the  field. 
He  then  defines  the  function  (page  167,  relation  4), 


where  land  J  each  range  over  the  integers  0, 1,  -  ■  -.X  —  1,  and 
o#0,  6  +  0,  o+fc#0  (mod  X).    For  6  =  -  1,  o  =  -  r, 

*  Taansactionb  of  this  SociETr,  vol.  17  (1916),  p.  165. 

t  Loc.  cit.,  p.  168. 

j  Loc.  cit.,  p.  166,  S  2. 
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this  becomes 

Since  there  are  my  =  mi  numbers  A  s  j  and  ind  (/  +  1)  =  » 
(mod  X),  the  preceding  relation  may  be  written  in  the  form 

Now  apply  Mitchell's  first  theorem  (loc.  cit.,  page  173)  to 
the  particular  function  if'r(or).  We  have  in  this  case  t  =  h, 
where  q  belongs  to  the  exponent  d,  modulo  X.  We  conclude 
that  the  number  of  times  the  ideal  ^(,  where  this  symbol 
designates  the  ideal  obtained  from  $  by  the  substitution 
(a^/a),  ki=l  (mod  X),  is  equal  to  the  number  of  the  expres- 
sions |—  riq'~'\+  \—  iq*~'\,j  =  0, 1,  -■-,(—  1,  whose yalues 
exceed  X,  the  integer  i  assuming  (X  —  l)/t  values  prime  to  X 
such  that  the  quotient  of  no  two  of  them  is  congruent  modulo 
X  to  a  power  of  q,  and  the  symbol  \x\  denoting  the  least 
positive  residue  of  x,  modulo  X.  Now  if  we  select  the  integers 
I  in  the  set  1,  2,  •  -  ■,  X  —  I,  which  satisfy  the  relation  |  —  tI\ 
+  I  —  /|  >  X,  we  may  show  from  what  precedes  that 

(4)  UV.  =  M"). 

where  c  ranges  over  the  integers  which  satisfy  c/=l  (mod  X). 
For,  the  integers  1,  2,  •  -  ■,  X  —  1,  are  congruent  modulo  X  to 
the  integers 

n,  iiq,  W,  •■•■  »!?*"'. 

i„  M.  M*.  •■•.  M*"'. 
in  some  order,  where  *  =  (X  —  !)/(,  and  I'l,  it,  •■■,  i,  are  the 
integers  less  than  X  such  that  the  quotient  of  no  two  of  them 
is  congruent,  modulo  X,  to  a  power  of  q,  since  this  definition 
of  the  i'a  shows  that  no  two  elements  of  the  above  array  are 
congruent  modulo  X.  According  to  the  first  conclusion  re- 
garding factors  of  (^r(a),  we  may  write 

(5)  M")  -IUJA 
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where  a  ranges  over  the  integers  t'l,  ii,  ■•■,%„  and  da  is  the 
number  of  expressions 

l-ri-j'-'l+l-M'-'l,  0'=  0,1,2,  ■■-,(-1), 
whose  values  exceed  X.  Since  ^(a)  =  ^{a'0,  a  an  integer, 
the  ideals  ^(m),  ^(m^,  ■  •  •,  ^iuq''^),  where  $(aO  =  *(f) 
are  all  equal,  and  the  decomposition  (5)  is  identical  with  the 
the  decomposition  (4),  which  was  to  be  shown.  Using 
Kummer's  notation,  the  relation 

|-ri.9'-'|+|-M'->l>X 
may  be  written  in  the  form 

T«-A  +  7«-M-lBdr  >  X, 
where  ft  is  the  least  positive  integer  satisfying  -y^  =  7*  (mod  X) 
and  ind  r  is  defined  by  t*"*'  s  r  (mod  X).     In  view  of  the 
above  we  may  now  use  the  relation* 
(5o)  ^r(a)''*  =  ±  a^IJ/'(a**) 

where  HiX  is  the  class  number  of  n(a),  Hi  prime  to  X. 

Now,  as  pointed  out  in  my  first  article,  Kummer  employs 
(page  54),  without  proof  or  reference  the  relation 
do"*'  log  ^(C)  _  Jo"*'logyi(e') 

d^' d^' ^"*"'  ^    ^' 

m  not  being  a  multiple  of  X  —  1,  and  ifi(,a)  =  ^(a)  (mod  X'*'). 
We  shall  prove  a  special  case  of  this  relation  and  use  of  it  will 
enable  us  to  complete  the  proof  of  Theorem  IV.  Assume  that 
<f>ix)  and  <pi{x)  are  two  integral  algebraic  functions  of  x  with 
rational  integral  coefficients,  such  that  ^(1)  =  ^9i(l)  and 
<p(a)  =  <f>i(,a).  Further  let  (p(a)  be  prime  to  X,  whence  it 
follows  that  ^5(1)  +  0  (mod  X).  Under  these  conditions,  it 
will  be  shown  that 

*  Kummer  gives  this  relation  in  a  farm  not  containing  the  factor  a*, 
but  this  appears  to  be  an  error.  Compare  the  reasoning  in  the  writer's 
paper,  Annalb  op  Matheuatics,  (2),  vol.  21,  p.  74,  on  the  determinHtion 
of  «(a)  in  relation  (6).  This  does  not  affect  Kummer's  later  a^umenta, 
however. 
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We  have 

where  V  -  {e'"  —  !)/(«'  —  1)  and  Wi  is  an  integral  function 
of  e'.  If  we  divide  VWi  by  e*'  —  1,  we  have  a  remainder 
which  must  be  of  the  form  cV  where  c  is  an  integer.  We  then 
write 

v{e')  =  Me')  +  Wie"  -  1)  +  cV. 
Putting  B  =  0,  we  have 

<P(1)  =  *n(l)  +  cp, 
and  by  hypothesis  ^(1)  =  pi(I),  so  that  c  -  0.     Hence  - 

V(e')  =  ,^(e')  +  Wie^'  -  1) 
and 

We  then  have 


(7) 


<f*^  log  <p(e')      ff"*  log  v^(e') 


dP  J-^'(ir-) 
"^  ■  ■ '  "^  i,  ■     i,~-'    • 

Now  every  derivative  of  U  is  divisible  by  X,  if  zero  is  sub- 
stituted for  V.  Hence  every  teriD  of  the  riglit-liand  member 
of  the  above  relatiOD  consists  of  integers  or  fractions  whose 
denominators  are  prime  to  X  (since  ^(1)  +  0  (mod  X))  and 
yrhose  numerators  are  divisible  by  X*,  excepting  possibly  the 
first  term.  To  examine  this  term,  we  write  X  =  W[ipi(e'), 
and,  therefore 
d-^U      ,  ..^-'A-  ,      ,(!(«•» -I)    d^'X 


*•(«•» 
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for  i  >  1,  it  follows  from  these  relations  that 

and  by  using  this  with  (7)  the  congruence  (6)  is  obtained. 
From  (So)  we  have 

(5b)  ^r(a)*'*'^-"  =  rf«^»n^(aO^S 

and  we  may  write     F(a*')*~'  —  1  +  u(l  —  a)  =  Gia^, 

where  u  is  an  integer  in  Q(a),  since  if 

F(a^)  =  a  +  wi(l  -  a), 
where  a  is  a  rational  integer,  then 

/•(aT*)x-i  =  a^i  _|_  (^(1  _  „) 

=  1  +  Xt  +  wi(l  -  a) 

=  !  +  «(!-  a), 
after  using  the  known  relation  X  =  e(l  —  a)*"'  where  c  is  a 
unit  in  n(a).    The  relation  (56)  then  becomes 

{5c)  ^.Ca)='«^-"  =  rf'<^-»  liGiai'). 

whence 

*,(i)'-«»-'  =  pecD  =  1. 

Since  it  is  known  that  ^r(l)  =  !•  Hence  we  can  apply  (6)  to 
(5c),  and  proceeding  as  Kummer  did  on  pages  54-57  of  his 
article,  we  obtain 

modulo  X.    By  definition  of  G  we  also  have 


dv^^ 


(mod  X), 


and  the  last  two  relations  give  the  congruence  obtained  by 
Kummer  (loc.  cit.,  page  57).  The  remainder  of  his  argument, 
up  to  page  61,  appears  to  be  correct,  if  we  use  the  Dedekind 
definition  of  ideal.  This  establishes  the  theorem  which  I 
have  designated  IV. 
Cornell  UNivxasirr 
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Theorie  der  retOtn  FurMumen.    By  Hans  Hahn.    Vol.  I.    Beriin,  Julius 

Springer,  1921.    vii  +  600  pp. 

A  pieliminary  indication  of  the  contents  of  a  book  may  sometimes  be 
conveyed  by  a  statement  as  to  whatit  does  not  contain.  Such  information 
is  supplied  by  the  preface  to  the  present  volume,  which  states  that  a  second 
volume,  completing  the  work,  is  to  present  the  theory  of  integration  and 
differentiation,  the  analytic  representation  of  arbitrary  functions,  and 
Fourier's  series.  A  lower  inequality  for  the  order  of  ideas  involved  is 
given  by  another  statement  in  the  preface,  that  although  the  principal 
facts  of  the  general  theory  of  sets  and  the  theory  of  real  numbers  are 
sununarised  in  an  introduction  for  convenience  of  reference,  no  systematic 
development  of  these  theories  is  attempted,  and  the  difficult  questions 
which  gather  around  their  foundations  are  not  touched  upon  at  all. 

The  prospective  reader  will  be  further  enlightened  by  a  ^ance  at  the 
authoivindex  at  the  back  of  the  book.  There  be  will  find  thirty-eight 
references  to  Lebesgue,  thirty-three  to  W.  H.  Young,  and  twenty-four  each 
to  Baire  and  Hausdoiff,  while,  at  the  other  end  of  the  scale,  Heine  is  men- 
tioned four  times,  Cauchy  three  times,  Dirichlet  twice,  and  Riemonn  once. 

The  volume  is  concerned,  then,  with  those  investigations  of  the  last  few 
decades  which  have  had  the  specific  purpose  of  throwing  the  fullest  and 
most  searching  light  on  the  fundamental  concepts  of  function  and  limit. 
In  a  larger  sense,  the  working  out  of  these  concepts  may  be  regarded  as  the 
supreme  achievement  of  research  in  mathematical  analysis  during  the  past 
ninety  or  a  hundred  years.  The  various  special  theories,  while  offering 
more  or  less  that  is  of  value  in  their  own  particular  conclusions,  have  derived 
an  added  s^ificance  from  their  relation  to  the  central  theme,  the  brining 
(rf  the  mysteries  of  eighteenth-century  and  early  nineteenth-century 
mathematics  within  the  domain  of  assured  knowledge  and  common-sense. 
Our  files  of  journals  doubtless  contain  thousands  of  pages  which  will 
receive  scant  attention  from  generations  to  come,  but  if  this  generalication 
of  an  existence  theorem,  or  that  simplification  of  a  convergence  proof,  has 
contributed  in  its  day  to  the  stirring  of  ideas  through  which  understanding 
emerges,  it  has  done  its  port.  From  this  point  of  view,  the  present  work 
represents  a  somewhat  comprehensive  vemon,  rather  than  a  fragment, 
of  what  has  been  learned  in  a  century  of  analysis.  It  is  a  summary  too 
general  in  its  terms,  too  abstract  and  refined,  to  be  appreciated  by  limited 
human  intelligence  without  a  bacl^round  of  experience  and  illustration, 
which  the  reader  must  bring  to  its  study;  but  it  is  an  account  possessing 
a  certain  symmetry  and  completeness  of  its  own. 

It  goes  without  saying  that  a  book  which  opens  with  the  words  "We 
begin  with  a  brief  survey  of  the  simplest  facta  in  the  theory  of  seU,"  which 
presents  the  Wohlordnungssatz  on  page  25,  and  which  in  six  hundred  pages 
does  not  reach  the  subject  of  integration  or  differentiation,  is  not  designed 
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as  an  introductory  text.  An  adequate  appraisal  of  it  as  a  work  of  scieoce 
would  require  the  insight  of  a  critic  much  more  widely  and  deeply  read  in  the 
literature  of  the  field  than  the  present  reviewer.  His  naive  impreaaioiis 
on  turning  its  pages  may,  however,  be  of  some  value  to  other  readers  of 
similarly  unapecialiied  qualifications. 

As  has  been  mentioned  already,  an  introductory  chapter  summarises 
the  i&ete  that  are  to  be  used  subsequently  with  re^rd  to  seta  in  general, 
the  transfinitc  cardinal  and  ordinal  numbers,  the  real  number  system,  and 
the  various  types  of  limits  associated  with '  sequences  and  sets  of  real 
numbers.  There  is  no  attempt  to  lay  down  a  comf^te  system  of  definitions 
and  postulates.  There  is  no  definition  of  an  infinite  set,  for  example,  and 
an  irrational  number  is  defined  merely  as  a  number  that  is  not  rational. 
The  principle  of  choice  is  accepted  with  a  simple  statement  that  criticism 
of  its  logical  basis  need  not  he  taken  into  account  for  the  purpose  in  hand. 
It  is  used,  or  Zermelo's  theorem  based  on  it  is  used,  without  further  ques- 
tion, when  occasion  denuuds,  and  at  least  once  when  it  is  not  necessary, 
in  the  proof  of  the  theorem  that  two  sets  are  equivalent  if  each  is  equivalent 
to  a  part  of  the  other.  Nevertheless,  one  must  not  take  too  seriously  the 
author's  modest  statement  that  the  treatment  is  not  "systematic"  It 
will  be  an  unusual  reader  whose  knowledge  of  the  subject  is  not  materially 
improved  both  in  range  and  in  precision  by  a  perusal  of  the  chapter. 

For  the  purposes  of  a  study  which  is  ultimately  to  be  concerned  largely 
with  derivatives  and  derived  numbers,  it  is  convenient  to  permit  functions 
to  take  on  infinite  values,  and  the  real  number  sj'stem  is  formally  extended 
in  the  present  treatment  by  the  adjunction  of  the  two  numbers  +  »  and 
—  =0 .  The  careful  working  out  of  the  idea  shows  clearly  the  difficulties 
with  which  any  such  definition  has  to  contend.  It  is  a  matter  of  choice 
whether  infinity  shall  be  regarded  as  a  number  or  not,  but  no  definition 
can  make  it  a  number  likt  other  nurrArrs.  Nearly  a  page  is  devoted  to  an 
enumeration  of  the  operations  which  may  and  those  which  may  not  be 
performed  with  the  two  infinite  numbers.  But  complications  are  not 
thereby  finally  disposed  of.  For  example,  the  operation  { +  =0 )  —  ( +  « ) 
is  in  general  not  defined  (p.  28).  But  when  the  oscillation  (Schwankung) 
of  a  function  is  defined,  in  a  Uter  chapter  (pp.  190-191),  it  is  stated  that, 
for  this  particular  purpose,  (+  w)  —  (+  °b)  shall  be  regarded  as  having 
the  value  0.  And  yet,  in  a  subsequent  discussion  of  the  same  concept 
(pp.  214-215),  it  is  found  necessary  to  regard  infinite  values  as  excep- 
tional again. 

The  limit  of  a  sequence  of  numbers  is  so  defined  as  to  admit  the  possibility 
of  infinite  limits.  "A  sequence  which  has  a  limit  is  called  convergent;  in 
particular,  if  the  limit  is  finite,  the  sequence  is  said  to  be  properly  conver- 
gent; a  sequence  that  does  not  convei^  is  called  oscillating"  (p.  32). 
The  same  convention  is  maintained  in  the  definition  of  continuity  (pp. 
122-123),  and  even  in  those  of  uniform  continuity  (p.  131)  and  uniform 
convergence  (pp.  246-247).  On  the  other  hand,  when  the  limit  of  a  se- 
quence of  points  is  introduced,  while  the  definition  that  recognizes  infinite 
limits  is  mentioned,  it  is  not  the  one  adopted  for  systematic  use  (pp.  56-67). 
The  sequence  of  numbers  1,  2,  3,  ...  ,  has  the  limit  +  «,  while  the 
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correspondiDg  sequence  of  pouts  on  the  axis  of  reab  (with  the  customaiy 
definitioD  of  distance)  has  no  limit. 

In  calling  attention  to  these  contrasta,  the  reviewer  doea  not  wish  to 
deprecate  the  introduction  of  infinite  numbers.  On  the  contrary,  he 
regards  the  author's  careful  treatment  of  them,  in  a  form  for  convenient 
reference,  aa  a  particularly  valuable  service  to  students  of  analysis.  But 
it  must  be  recognised  that  their  use  is  at  best  the  choice  of  the  lesser  of 
two  considerable  evils.  The  difficulties  are  in  the  nature  of  thingsi  and 
are  not  lightly  to  be  smoothed  away. 

Chapter  I,  on  point  sets,  opens  with  the  postulates  for  distanoe  in  a 
general  metric  space.  The  rest  of  the  treatise  is  similarly  general  in  scope, 
with  occasional  specific  consideration  of  relations  in  euclidean  space  of  one 
or  more  dimensions.  This  does  not  mean,  however,  that  its  aspect  is 
uniformly  forbidding  to  the  general  reader.  On  the  contrary,  it  is  singularly 
easy  to  dip  in  almost  anywhere  and  gain  at  least  a  partial  appreciation  of 
what  is  going  on.  For  example,  one  reads  on  page  86:  "A  part  9'  of  an 
arbitrary  set  9  is  colled  a  component  of  9,  if  9'  is  txinnected,  and  every 
connected  part  of  9  which  has  a  point  in  common  with  9'  is  a  port  of  9'. " 
The  general  intent  of  this  is  fairly  obvious  at  a  ^ance,  althou^  a  precise 
understanding  of  it  naturally  involves  a  knowledge  of  the  technical  meaning 
of  the  terms  involved;  and  if  the  reader  turns  back  a  few  pages  and  finda 
that  "A  set  9  is  said  to  be  connected,  if  it  is  not  the  sum  of  two  non- 
vacuous  parts,  each  closed  on  9,"  he  may  come  to  the  conclusion  that 
there  is  more  in  the  definition  first  quoted  than  he  thought.  Of  course  it 
occasionally  happens  that  one  misses  the  point  of  a  statement  entirely, 
unless  one  has  the  exact  meaning  of  the  terminology  in  mind,  as,  in  the 
latter  definition,  the  distinction  between  sum  (Summe)  and  union  (Verein- 
igung)  of  two  mta  (p.  2).  For  the  most  part,  however,  be  it  repeated, 
a  fair  understanding  of  the  text  is  surprisingly  accessible  even  to  the  casual 
reader,  such  is  the  excellence  of  the  presentation. 

Chapter  11  deals  with  the  concept  of  function,  upper  and  lower  bounds 
and  limits  of  a  function  on  a  point  set  or  at  a  point,  continuity,  and  semi- 
continuity.  It  is  to  be  remembered  that  the  terms  point  and  point  set 
refer  to  elements  and  sets  of  elements  in  any  kind  of  "space"  which  satisfies 
the  necessary  postulates.  Mention  has  already  been  made  of  the  admission 
of  infinit«  values  for  a  function;  the  definitions  aie  of  course  framed  for 
functions  defined  on  an  arbitrary  point  set,  so  that,  for  example,  "at  an 
isolated  point  of  9  every  function/  is  continuous  on  9"  (p.  125),  whether 
its  value  there  is  finite  or  infinite.  Attention  may  be  called  to  the  sections 
on  the  continuous  extension  of  a  continuous  function  beyond  Its  origimd 
domain  of  definition,  and  on  correspondences  between  point  sets,  such 
correspondence  being  treated  as  a  generalization  of  the  function  idea. 

Chapter  III  is  concerned  with  discontinuous  functions,  the  oscillatioo 
functions  associated  with  them,  the  distribution  of  points  of  discontinuity, 
and  pointwise  discontinuous  functions  in  particular.  The  next  chapter 
treats  of  sequences  of  functions:  of  continuous  convergence  at  a  point, 
uniform  convergence  at  a  point  or  over  a  point  set,  and  related  concepts. 
The  fifth  chapter  gives  a  very  systematic  and  satisfying  account  of  the 
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Boire  cUaaification  of  functions.  The  last  three  chapters,  on  absolutely 
additive  functiona  of  aete,  functions  of  limited  variation,  and  measurable 
functiona,  cover  a  conaiderable  part  of  what  is  commonly  regarded  aa  the 
theory  of  integration,  though  the  process  of  integration  itaelf  is  not  dis- 
cussed. The  treatment  of  the  measure  of  point  seta  in  the  sixth  chapter 
is  an  especially  interesting  example  of  the  method  of  postulates,  several 
groups  of  theorems  being  developed  in  succession  as  successive  restrictions 
are  placed  on  the  notion  of  measure. 

The  material  appearance  of  the  book  ia  indicative  of  unremitting  effort   - 
under  adverse  conditions.    The  paper,  though  fairly  white  and  clear,  is 
almost  of  the  consistency  of  blotting-paper;  the  tj^graphy,  on  the  other 
hand,  is  so  excellent  that  a  fairly  attentive  turning  of  the  pages  has  dis- 
closed only  some  half-dozen  trifling  misprints. 

The  exposition  is  remarkably  clear  and  systematic  throughout.  If 
sometimes  rather  diffuse  for  a  mere  presentation  of  the  facts,  it  ia  the 
more  convenient  for  purposes  of  reference.  The  book  is  written  neither 
as  an  exhibition  of  the  author's  learning,  nor  as  a  memorial  to  an  abstractly 
conceived  body  of  truth,  orderly  and  symmetric  as  it  is;  it  is  written  for 
the  reader's  information,  by  a  man  who  anticipates  the  reader's  difficulties 
and  provides  against  them  with  great  faithfulness  and  skill.  If  it  be  true 
that  gebiua  is  nothing  more  than  an  infinite  capacity  for  taking  pains,  this 
is  unquestionably  a  work  of  genius;  if  it  is  possible  to  imagine  a  certain 
quality  of  inspiration  which  seldom  thrills  the  reader  of  these  pages,  it  ia 
perhaps  only  because  passages  which  would  be  regarded  as  evidence  of 
inspiration  in  the  case  of  a  less  eminently  qualified  writer  are  here  accepted 
as  a  mere  matter  of  course. 

DcNBAU  Jackson. 
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SHORTER  NOTICES 

The  MathemtUical  Thwry  of  EUetrieUy  and  MoffnetUm.    By  J.  H.  Jeans. 

Fourth  EditioD.    Cambridge,  University  Preee,  1920.    vi  +  627  pp.  ■ 

Jeane's  text,  first  printed  while  he  waa  at  Princeton  fifteen  yeore  ago, 
has  ever  since  been  one  of  the  very  few  standard  texts  in  its  particular 
field.  Some  substantial  rearrangements  and  additions  were  made  in  the 
second  edition  (1911),  and  more  are  ngw  found  in  the  fourth,  especially 
with  reference  to  relativity.  Nothing  is  offered  on  quantum  theory  or  on 
the  modern  electrical  theory  of  matter.  Though  there  is  some  account  of 
electron  theory  (of  the  Lorenti-Drude  type),  the  book  is  essentially  an  intro- 
duction to  the  Maxwell  theory  with  the  additions  of  those  parts  of  electro- 
magnetic theory  most  naturally  flowing  out  of  Maxwell's  point  of  view. 
The  reason  might  not  be  far  to  seek:  the  work  is,  as  it  states,  on  the  mathe- 
matical theory  of  electricity  and  magnetism,  n-ritten  by  one  who  revels 
in  the  mathematical  treatment  of  nature's  problems,  and  the  most  recent 
developments  of  physical  hypothesis  relative  to  the  electrical  and  quan- 
tum theories  of  matter  are  hardly  yet  emerging  into  a  mathematical 
theory  of  sufficient  completeness  and  elegance  to  rejoice  the  heart. 

1  have  read  Jeans's  book  more  than  once  with  classes  of  students  who 
had  had  a  good  training  in  calculus  and  in  the  elements  of  electricity  and 
magnetism;  we  have  found  in  the  text  and  problems  excellent  and  practi- 
cable material  for  a  full  year's  course  with  plenty  to  spare.  It  is  good  for 
young  people  who  plan  to  be  physicists  or  higher  engineers  to  study  the 
text  and  to  work  the  problems.  A  facility  is  thereby  gained  in  the  appli- 
cation of  analytic  processes  to  nature.  Better  headway  could  be  made  if 
students  had  a  better  training  in  analytic  mechanics.  Greater  interest 
could  be  more  readily  maintained  if  the  book  were  more  physical,  if  more 
problems  were  stated  in  terms  of  volts,  amperes,  ohms,  etc.,  and  if  a  greater 
emphasis  were  laid  on  checking  the  results  against  experiment.  A  student 
may  do  excellent  work  upon  this  text  without  gaining  at  all  in  his  sense  of 
contact  with  nature, — this  is  often  the  case  with  mathematical  physics. 

Pedagogicaily  the  text  is  very  uneven,  now  easy,  now  difficult;  some  of 
the  exercises  are  almost  trivial,  others  exceed  the  ability  of  the  best  students. 
The  teacher  must  be  wary.  Inasmuch  as  we  are  offered  ample  material 
for  two  years  of  study  and  in  view  of  the  real  teaching  difficulty  of  devel- 
oping in  a  student  at  one  time  both  the  physical  and  the  analytic  sense, 
I  incline  to  the  belief  that  the  text  would  be  greatly  improved  by  a  major 
■  rearrangement  of  the  material,  including  the  exercises,  so  that  first  one 
might  have  the  physical  developments  and  those  exercises  in  which  the 
dilliculties  are  the  physical  statement  and  the  analysis  of  the  problem,  and 
second  the  mathematical  elaboration  and  the  exercises  in  which  the  tricks 
of  mathematical  analysis  offer  the  obstacles  to  be  overcome.  It  is  not 
easy  for  the  teacher  to  work  out  this  assortment  from  the  text  as  now 
composed.  However,  I  do  not  know  whither  1  should  turn  for  a  book 
that  would  work  out  any  better  for  my  course  on  the  mathematical  theory 
of  electricity  and  magnetism. 

E.  B.  Wilson. 
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FroUerru  of  Cotmogony  and  SteUar  Dynamics.     By  J.  H.  Jeana.     Ad&ma 

Priie  Essay  for  1017.    Cambridge.  Univenity  Press,  lOlS.  vii  +  293  pp. 

As  a  general  cultural  study,  aatroQomy  ia  comparable  to  poetry  in  its 
stimulation  of  the  imagination.  It  appeals  to  the  widest  interests,  the 
most  diverse  individuals.  And  of  all  astronomy  the  most  fascinating  is 
cosmogony — the  origin,  evolution,  and  destiny  of  our  material  universe. 
The  airaQt^meDt  pursued  by  Jeans  in  his  Adaraa  Priw  Essay  was  appar- 
ently adopted  nith  the  aim  of  permitting  an  intelligent  reader  to  carry  the 
general  drift  of  his  theory  without  having  to  wade  through  deterring 
mathematical  difRculties.  Recondite  mathematics  there  is  in  plenty,  hut 
always  with  a  pleasant  prelude  and  with  an  effective  summary. 

Briefly,  Jeana's  conception  of  steilar  evolution  follows  Russell  and  his 
notion  of  the  cosmos  as  a  whole  is  the  "island  universe"  theory.  Our 
galactic  system  is  comparable  in  mass  with  the  largest  spiral  nebula.  The 
spiral  nebulte  are  not  part  of  our  galactic  system,  which  is  a  star  cluster 
larger  than  other  star  clusters  as  the  Andromeda  nebula  is  larger  than  other 
spirals.  The  development  of  the  individual  stars  is  from  cold  diffuse 
masses  of  cosmic  dust  up  through  the  red  to  the  white  or  even  blue  type, 
and  then  back  to  the  dense  dying  reds.  The  theories  of  figures  of  equilib- 
rium changing  slowly  toward  a  limiting  unstable  state  with  subsequent 
rapid  cataclysmic  development  are  marshalled  in  support  of  this  general 
conception  of  the  world.  That  some  differ  with  the  author  even  in  the 
dynamical  theory,  to  say  nothing  of  the  general  conclusions,  may  be  seen 
by  reference  to  Macmillan'e  long  analytical  review  in  the  Astrophtsical 
JocRNAi,.  For  a  discussion  of  the  t«nabiUty  of  the  island-universe  theory, 
one  may  read  the  symposium  of  Curtis  and  Fihapley  before  the  National 
Academy  in  1920,  printed  by  the  National  Research  Council. 

As  I  am  merely  one  of  the  many  who  have  read  avidly  the  writin(p  of 
mathematical  and  physical  astronomers  since  the  time  I  could  first  read 
at  all,  I  have  but  small  right  to  any  opinion  on  cosmogony,  but  may  I 
venture  a  word  in  admiration  of  the  courage  of  those  who  work  in  this 
difficult  field  where  there  are  rare  clews  and,  it  sometimes  seems,  no  proofs. 
There  are  only  seven  stars  (of  course,  binaries)  of  which  the  masses  are 
well  determined,  and  these  lie  between  0.7  and  3.4  if  the  sun's  mass  be 
unity;  yet  it  ia  generally  stated  that  the  masses  of  all  the  stars  are  of 
approximately  the  same  magnitude.  This  is  a  courageous  conclusion. 
May  it  not  be  that  the  eight  (our  sun  included)  are  not  a  fair  random 
sample  of  the  billion  and  a  half?  And  even  if  you  have  a  random  sample 
of  eight  out  of  a  lot  of  a  billion  and  a  half  what  is  the  probable  departure 
of  the  average  of  any  particular  physical  property  of  the  eight  from  that 
of  the  lot?  Jeans  is  aware  of  such  troubles;  he  is  tentative,  not  dogmatic. 
(Since  this  review  was  first  written,  a  discovery  has  been  reported  of  a 
double  star  system  of  which  the  mass  is  many  times  that  of  the  sun.) 

The  essay  contains  a  review  of  earlier  work  by  Roche,  Darwin,  Poincar^, 
expanded  with  many  individual  contributions  which  the  author  has  been 
making  in  recent  years  in  friendly  competition  with  Eddington.  Those 
who  read  the  work  will  feel  the  thrill  of  Keats  "On  First  Looking  into 
Chapman's  Homer." 

E.  B.  Wilson. 
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Sloria  delta  GeometHa  Deacrittiea  dalU  Origini  rino  at  Gionti  Nostri.     By 

GinoLoria.    MUano,  Ulrioo  Hoepli,  1921.    xidv  +  584  pp. 

Descriptive  geometry  has  not  beeo  neglected  in  the  histories  of  mathe- 
inatics  and  considerable  historical  informatioii  is  to  be  found  in  some  of 
the  text-books.  We  have  also  Poudra's  HisUnre  de  la  Perspectitx  Andenne 
el  Modtrne  (1864),  Cremona's  Sulla  Storia  delia  ProspeUiixi  Antica  e  Modema 
(1865),  and  Obenrauch's  Guehiehte  der  dantdUnden  und  projectwen  Geo- 
meirie  (1897).  Nevertheless,  there  u  a  place  (or  a  book  o(  the  present 
day  devoted  exclusively  to  the  evolution  of  descriptive  geometry, — espe- 
cially when  it  is  written  by  one  so  well  quahfied  for  the  task  as  is  Professor 
Loria. 

As  the  author  considers  descriptive  geometry  a  branch  of  pure  mathe- 
matics, he  treats  briefly  the  history  before  the  time  of  Monge.  This  is 
done  in  the  first  three  chapters,  which  contain  one-sixth  of  the  total  number 
of  pages  of  the  text.  The  next  two  chapters,  which  add  almost  another 
sixth  to  the  book,  deal  with  Monge  and  his  contemporaries  and  disciples. 
The  treatment  of  the  material  in  the  first  hundred  and  twenty  pages  of 
the  text  is  not  new  to  the  reader  who  is  familiar  with  Professor  Loria's 
article  (XXV)  in  the  fourth  volume  of  Cantor's  VorUtutmen  ttber  GexMehte 
der  Mathemaiik. 

The  further  development  of  descriptive  geometry  until  about  1885 
occupies  seven  chapters,  almost  one-half  of  the  text.  Six  of  these  follow 
the  history  in  different  countries.  In  the  chapters  on  Italy,  France, 
Germany,  German  Switzerland,  and  Austria-Hungary,  a  short  preliminary 
statement  of  conditions  is  followed  by  separate  sections  devoted  to  critical 
studies  of  the  writings  of  the  principal  men.  These  chapters  are  concluded 
by  sections  treatini;  the  less  important  writers.  The  other  countries  are 
disposed  of  in  one  short  chapter.  The  twelfth  chapter  deals  with  a  special 
subject,  axonometry,  and  traces  its  development  from  1820  to  the  present. 

In  the  last  chapter  of  the  book  (the  development  from  1885  onward) 
the  separate  sections  are  entitled:  (1)  general  considerations,  (2)  old  and 
new  methods  of  representation,  (3)  plane  and  space  curves,  (4)  surfaces, 
(5)  illumination  of  surfaces,  (6)  descriptive  geometry  of  ruled,  of  higher, 
and  of  non-euclidean  spaces,  and  (7)  teaching  and  history  of  the  subject. 
In  a  three-page  conclusion  the  author  sets  forth  the  lines  along  which  he 
predicts  that  the  descriptive  geometry  of  the  future  can  and  will  develop. 

The  tweive-page  index  of  proper  names  is  a  valuable  addition  to  the 
text,  although  there  are  some  misprints.  It  contains  about  seven  hundred 
fifty  names  and  one  hundred  thirty  references  to  Monge.  In  footnotes 
scattered  throughout  the  text  there  are  more  than  a  thousand  references. 

The  author  has  gathered  together  a  large  collection  of  facts.  He  has 
arranged  them  methodically  and  he  has  given  his  sources.  And  he  has 
done  something  more,  for  be  has  shown  an  appreciation  of  relative  values 
by  stressing  the  more  important  things  and  subordinating  the  minor  details, 
he  has  displayed  an  insight  into  the  vital  relation  between  his  own  subject 
and  other  branches  of  learning,  and  he  has  created  an  atmosphere  that 
is  likely  to  inspire  the  reader  with  his  own  enthusiasm  for  descriptive 
geometry. 

E.  B.  Cowley. 
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Plane  Algebraic  Cvrvet.    By  Harold  Hilton,   M.A.,  D.Sc.    Oxford,  The 

Ctareadon  Frees,  1920.     16  +  388  pp. 

This  is  the  first  treatise  on  plane  algebraic  curves  to  appear  in  En^ish 
since  Salmon's  famous  treatise  which  was  published  over  forty  years  ago. 
During  the  last  four  decades  many  new  theorems  have  appeared  in  the 
various  mathematical  journals  and  thus  it  is  fitting  that  a  new  Ei^ish 
treatise  should  be  written. 

In  dealing  with  such  an  extensive  subject  it  is  of  course  impossible  to 
include  all  the  known  material,  and  one  must  expect  to  find  omissions  of 
certain  topics.  The  most  striking  omission  in  this  text  is  the  modem 
algebraic-^ometric  development  aa  set  forth  by  Costelnuovo,  Seven,  Segre 
and  others.  In  fact,  the  whole  topic  of  geometric  transformations  and  the 
derivation  of  properties  of  algebraic  curves  by  means  of  these  transforma- 
tions has  been  omitt«d  except  for  two  cases  of  the  quadratic  transforma- 
tions. Thus  one  is  impressed  by  the  fact  that  this  treatise  follows  to  a 
great  extent  the  same  general  course  as  Salmon's,  except  that  topics  are 
more  fully  discussed  and  are  brought  up  to  date.  However,  many  excellent 
collections  of  exercises  are  scattered  throughout  the  book,  and  these  alone 
are  well  worth  the  price  of  the  text.  The  great  majority  of  the  results 
have  been  derived  by  algebraic  methods.  In  many  places  the  work  could 
be  shortened  if  synthetic  methods  were  used. 

The  main  topics  discussed  are:  coordinate  systems,  projection,  singular 
points,  curve  tracing,  tangential  equations  and  polar  reciprocals,  foci, 
superlinear  branches,  polar  curves,  Hessian,  Steinerian,  Cayleyan,  Jacobian 
of  three  curves.  Flicker's  numbers,  deficiency,  higher  singularities,  two 
types  of  quadratic  transformations,  unicursa!  curves,  derived  curves,  inter- 
section of  curves,  unicursal  cubics,  non-eingular  cublcs,  cubics  as  Jacobians, 
use  of  parameter  for  non-singular  cubics,  unicursal  quartica,  quartics  of 
deficiency  one  and  two,  non-singular  quartics,  ovals  and  circuits,  (M>rre- 
sponding  ranges  and  pencib. 

This  book  should  be  found  in  every  mathematical  library,  for  the 
topics  discussed  are  most  admirably  treated.  As  a  text  for  a  first  course 
it  is  superior  to  anything  that  has  appeared  as  yet  in  any  language  because 
of  the  excellent  collection  of  exercises. 

F.  M.  MoROAH. 

Vector  Calculus.    By  Dui^prasanna  Bhattacharyya.    Calcutta,  Univer- 
sity of  Calcutta,  1920.    90  pp. 

In  order  to  present  the  essential  features  of  vector  analysis  for  use  in 
mathematical  physics,  the  author  develops  the  differential  and  integral 
calculus  of  vectors  and  functions  of  vectors  directly.  He  scorns  the  use 
of  coordinates  very  property  with  much  the  feeling  of  Tait  that  one  "should 
not  violate  the  spirit  of  the  Order."  However,  he  does  not  overlook  the 
great  practical  advantage  that  accrues  from  the  study  of  ordinary  vectors. 
The  author  defines  line,  surface,  and  volume  integrals  of  vectors  and  of 
vector  functions.  He  then  defines  gradient  of  a  scalar  function  F  sub- 
stantially as  the  vector  F  in  the  expression  dp-F.  After  considering 
the  linear  vector  function  of  a  vector,  he  proceeds  to  the  differential  calculus 
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of  vectors.  He  usee  eaaentUIly  the  derivative  dyad  do  =  dp- a,  that  ia, 
the  dyad  r.  It  is  now  easy  to  define  divergence  as  the  avera^  value  of 
the  Bcalar  a-a-a  over  the  surface  of  a  unit  sphere,  a  being  any  unit 
vector  of  variable  direction.  This  gives  of  course  what  is  commonly 
written  -ff.  In  the  same  manner  the  average  value  of  a  X  ya  (where 
>fa  »  a-a)  over  the  surface  of  the  unit  sphere,  gives  the  curl.  This 
would  be  the  same  as  X  v.  There  is  nothing  new  in  these  definitions, 
as  they  have  been  given  in  one  form  or  another  before.  A  development  of 
formulas  that  are  useful  follows. 

Part  II  of  33  pages  discusses  the  steady  motion  of  a  solid  under  no 
foroea  in  liquid  extending  to  infinity.  Some  of  the  well  known  results  are 
reached.  Towards  the  latter  part  of  the  section  he  considers  certain  cases 
of  stable  motion.  The  general  problem  is  rather,  intractable,  and  the 
author  is  content  with  statti^  some  conclusions  of  the  simplest  ease.  He 
finds  that  for  this  simple  case,  the  two  steady  motions  for  which  the  scre^ 
are  parallel  to  the  greatest  and  least  axes  of  a  certain  ellipsoid,  are  stable; 
that  steady  motion  for  which  the  screw  is  parallel  to  the  mean  aids  is 
unstable. 

J.  B.  Shaw. 

An  Intnduavm  to  the  Theory  of  ROativUy.    By  L.  Bolton.     New  York, 

E.  P.  Dutton  and  Company,  1921.    is  +  177  pp. 

This  Uttle  book  gives  a  remarkably  readable  and  intelligible  account  of 
the  theory  of  relativity.  It  is  by  the  author  of  the  prize-winning  essay 
in  the  contest  recently  conducted  by  the  SciEtmnc  Amebican.  The  author 
admits  at  the  outset  the  impossibility  of  giving  any  sort  of  adequate  notion  of 
the  theory  of  relativity  without  the  use  of  mathematical  ideas  and  symbols. 
He  has  set  himself  the  task,  however,  of  presenting  his  material  without 
presupposing  more  than  elementary  algebra  and  the  elements  of  plane 
geometry.  As  a  result  he  finds  it  necessary  to  introduce  the  reader  to  the 
notion  of  the  difierential  of  arc,  and  in  so  doing  brings  back  to  life  the 
"tittle  zeros."  There  is  also  (p.  126)  a  footnote  implying  that  cones  and 
cylinders  are  the  only  developable  surfaces.  Such  incidental  blemishes 
may,  however,  be  excused  in  view  of  the  book's  purpose  and  the  extra- 
ordinarily satisfactory  way  in  which  this  purpose  has  been  carried  out. 

J.  W.  YOUNO. 

Geometria     Anoij/fico.      Part    1.     U     Melodo    dtUe    CoordinaU.     By    L. 

Berzolari.    Second  edition.    Milan,  Ulrico  Hoepli.    xiii  +  495  pages. 

This  work  belongs  to  the  excellent  series  of  manuals  of  the  firm  of 
Ulrico  Hoepli.  It  aims  to  define  the  principal  systems  of  coordinates  in 
space  of  one,  two  and  three  dimensions  and  to  derive  the  principal  theorems 
and  formulas  of  analytic  geometry  connected  with  them.  It  discusses  in 
detail  Cartesian  coordinates  of  points,  of  lines  in  a  plane  and  of  planes  in 
space.  It  further  deals  with  homogeneous  (K>ordinat«s,  and  the  funda- 
mentals of  analytic  projective  geometry.  Equations  of  curves  and  sur- 
faces are  properly  treated  briefly.  A  short  but  well-selected  appendix  on 
vector  analysis  is  added  to  this  edition.  Such  topics  as  tine  coordinates 
in  space  and  coordinates  of  spheres  do  not  fall  witliin  the  scope  of  tliia 
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work.  A  few  omitted  topioB  wfaioh  ou^t  to  have  been  included  are: 
polar  ooordinatea  in  q>aoe  (radiiu  vector  and  dinotion  cosines),  cyliudrioat 
ooordinates  and  the  fundameDtob  o(  intrinsio  geometrjr. 

The  text  is  well  and  carefuUf  written  and,  within  its  Ssid,  ia  thorough. 
Pedagogioal  requiremMkta  are  borne  oonatanUr  in  mind  and  the  e]qKMitory 
form  is  good.  Amerioaa  teaehers  and  authors  will  find  it  a  useful  work 
tor  reference. 

Crablis  Sisaii. 

Es»ai  pkOoaophique  aw  let  ProbabHUU.    By  Pierre-Simon  Laplaoe.    I,  II. 

Paris,  Gauthier-ViUars,  1921.     12  +  104  +  108  pp. 
Mimmre    «w  la  Chaieur.    By  MM.    Laroi^er    et  de  I^Uoe.    Paris, 

Gauthier-Villare,  1920.  78  pp. 
Mimoiret  nr  I'Sltetromagn&imte  et  I'^Udrodgneunupie.    By  Andr^Marie 

Amptoe.    Paris,  Gauthior-Villara,  1921.     14  +  112  pp. 

The  editor  of  this  series  of  reprints,  entitled  La  Maitra  d»  la  Paruie 
Seienlifique,  pertinently  remarks  that  the  rapid  sdeutifio  advanoea  of  the 
present  time  tempt  us  to  neglect  past  discoveries  and  their  authors.  This 
n^ect  is  almost  unavoidable  whenever  the  original  papers  are  not  within 
reach  of  the  mass  of  scientific  students.  Reprints  in  cheap  form,  like  the 
above,  should  meet  with  a  hearty  welcome.  It  is  a  privilege  to  be  able  to 
carry  around  in  one's  coat  pocket  the  masterpieces  of  Laplace,  Lavoisier 
and  Ampire.  Surely  there  is  no  need  of  enlarging  upon  the  commanding 
{daoe  which  each  of  these  memoirs  occupies  in  tbs  history  of  sdenoe. 

Flomak  Cajobi. 

Gruppentheorie.    By  Dr.  L.  Baumgartner.    Berlin,  Walter  de  Gniyter  ft 

Co.,  1921.     120  pp. 

This  little  book  ia  as  interesting  aa  it  is  handy.  It  is  simply  written 
and  divided  into  sections  in  a  helpful  way.  There  are  four  chapters: 
Introduction  to  the  Group  Notion,  The  Group  Notion  in  Geometry,  The 
Finite  Group,  The  Infinite  Group.  The  third  chapter  is  much  the  longest 
and  perhaps  the  most  unified. 

There  are  many  illustrative  examples,  from  theory  of  functions,  trans- 
formations, number  theory,  etc.,  the  predominance  being  from  geometry. 
The  literature  list  (p.  5)  is  very  brief;  in  English  only  Bumside's  earlier 
book  is  mentioned.  The  name  of  Lagrange  is  applied  to  the  theorem. 
The  order  of  a  subgroup  of  a  finite  group  b  a  factor  of  the  order  of  its 
group  (p.  7),  a  misnomer  we  are  now  told.*  Sylow's  theorem  ia  introduoed 
(p.  08)  but  a  proof  ia  appropriately  omitted.  If  one  were  using  this  book 
for  a  first  study  of  groups,  oertainly  many  supplementary  exerciaes  would 
be  desirable.  The  little  volume  closes  with  answers  to  its  forty-nine  ener- 
ciaes  and  a  very  useful  index. 

Louis  C.  Mathewsom. 


■  Carmichael,  R.  D.,  this  Bulletin,  (2),  vol.  27  (1922),  pp.  474,  475. 
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NOTES 

The  opening  number  of  volume  23  (1921-22)  of  the  AmtuA  or  Mathe- 
UATics  contains  the  foUowing  papen:  On  matrieu  uAom  eUmmtt  are 
integtn,  by  Oswald  Veblen  and  Philip  Franklin;  An  algorwm/ar  differential 
invariant  theory,  by  O.  E.  Glenn;  7^  general  theory  of  ej/clie-fiamtonie 
curves,  by  R.  E.  Morita;  More  tAeorvma  on  the  eompUte  quadrilateral,  by 
J.  W.  ClawHon;  A  theorem  on  ero*»-ratio*  in  the  geometry  nf  ineersion,  t^ 
J.  L.  Walsh ;  The  condition  for  an  iaolhermal  family  on  a  turf  ace,  by  J.  K. 
Whittemore;  The  revertion  of  date  number  rtlationi  and  the  total  repretenla- 
lion  of  integers  as  turns  of  square*  or  trUmffuUtr  nvnAert,  by  E.  T.  Bell; 
Note  on  the  term  marimal  subgroup,  by  G.  A.  Miller;  Redudile  eubie  forma 
expressible  Toiionally  as  determinant*,  by  L.  E.  Dickson;  Note  on  the  Picard 
method  of  *ueee*tive  approximation*,  by  Dunham  Jackaoo;  A  fundamenltd 
tj/ttemef  eovariantt  of  the  ternary  et^ie  form,  by  li.E.DitkBOB]  Themodalar 
theory  of  polyadie  numbert,  by  A.  A.  Bennett;  Some  algAraie  analogiee  in 
matrie  theory,  by  A.  A.  Bennett;  Generalited  wryugate  matriaee,  by  Philip 
Franklin. 

A  Benjamin  Pieroe  Instruotorahip  in  Mathematios  at  Harvard  Univer- 
sity  (see  this  Bclletih,  vol.  21,  page  315)  la  open  to  general  competition. 
Applications  for  the  year  1923-24,  accompanied  by  the  necessary  papers, 
should  reach  Professor  Birkhoff  not  later  than  February  16,  1923, 
and  all  communications  relating  to  this  appointment  should  be  addressed 


Max  Gutemer,  of  Berlin,  has  presented  the  Leopoldiniscfa-Carolinisehe 
Akademie  der  Naturforscher  with  a  sum  of  money  as  an  endowment  of  a 
price  for  important  German  methematical  work.  Details  ooncemiog  the 
conditions  of  award  will  be  announced  later  by  the  Academy. 

Professor  A.  Wangerin  has  been  elected  hnnorary  member  of  the 
LeopoldiniBch-Caroliniache  Akademie,  and  has  been  awarded  its  Cothenius 
Medal  for  bis  mathematical  work. 

The  Acoademia  dei  Lincei  has  awarded  its  royal  prize  for  astronomy 
for  the  period  1915-1920  to  Professor  G.  Armellini,  of  the  University 
of  Pisa. 

Dr.  A.  Fraenkel  has  been  promoted  to  an  associate  professorship  at 
the  tJniversity  of  Marburg. 

Dr.  T.  Kaluza  has  been  promoted  to  an  associate  professorship  at  the 
University  of  Konigsberg. 

Professor  R.  Konig,  of  the  University  of  TQbJngen,  has  been  appointed 
professor  of  mathematics  at  the  University  of  MUnster. 
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Dr.  H.  Radenacher,  of  the  University  of  Beriin,  baa  been  appointed  to 
an  associate  professorship  at  the  University  of  Hamburg. 

Professor  L.  Hotopp,  of  the  Hannover  Technical  School,  has  retired 
from  active  teaching. 

Dr.  E.  Feyer  haa  been  admitted  as  privatdocent  at  the  Breslau  Tech- 
nical School. 

At  the  University  of  Geneva,  Dr.  D.  Mirimanoff  has  been  appointed 
associate  professor  of  the  calculus  of  probabilities,  and  Dr.  R.  Wavre 
associate  professor  of  the  calculus  and  rational  mechanics. 

Professor  H.  Beghin,  of  the  Ekwle  Navale,  and  Dr.  Soula  have  been 
appointed  mattres  de  oonfirences  in  mathematics  at  the  University  of 
Montpellier. 

The  following  have  been  admitted  as  privatdocents  at  Italian  uni- 
versities: G.  Andreoli,  at  the  University  of  Naples;  G.  Aprile,  at  the 
University  of  Catania;  G.  Mignosi,  at  the  University  of  Palermo;  R. 
Seiini  and  G.  Usai,  at  the  University  of  Pavia. 

Mr.  R.  A.  Sheets,  of  Denison  University,  has  been  promoted  to  an 
assistant  professorship  of  mathematics. 

Miss  Evelyn  Walker  haa  been  promoted  to  an  assistant  professorship 
of  mathemati(»  at  Hunter  College. 

Asaociate  Professor  Gillie  A.  Larew,  of  Randolph-Macon  Woman's 
College,  has  been  promoted  to  a  full  professorship  of  mathematics. 

Associate  Professor  H.  H.  Conwell,  of  Beloit  College,  haa  been  promoted 
to  a  full  professorship  of  mathematics. 

Mr.  David  Hiches  has  been  appointed  professor  of  mathematics  at 
Creighton  University. 

At  the  University  of  Wyoming,  Professor  C.  £.  Stromquist  is  on  leave 
of  absence  on  account  of  illness.  Professor  H.  C.  Goesard,  who  has  for 
two  years  served  as  regional  secretary  of  the  Student  Y.  M.  C.  A.,  has 
returned  to  teaching  and  is  acting  head  of  the  department  of  mathematics. 

At  Amherst  College,  Professor  £.  L.  Dodd,  on  leave  of  absence  from  the 
University  of  Texas,  is  taking  the  place  of  Professor  J.  G.  Hardy. 

At  Washington  University,  Mr.  Theodore  Doll  of  Northwestern  Uni- 
versity haa  been  appointed  assistant  professor  of  mathematics. 

At  the  University  of  Virginia,  Mr.  P.  L.  Brown,  of  Northwestern  Uni- 
versity, has  been  appointed  assistant  professor  of  mathematics. 

At  the  University  of  Iowa,  Dr.  W.  H.  Wilson  has  been  appointed 
assistant  professor  of  mathematics,  and  Dr.  Roecoe  Woods  has  been  ap- 
pointed associate  in  mathematics. 
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The  following  appointmuita  to  instruotorslups  in   nuthematics  in 
American  oolites  and  universities  are  announced: 
Univeraity  of  Akroo,  Miss  W.  H.  Lipscombe; 
Albion  College,  Mr.  Leon  Sears; 
Beloit  College,  Mr.  R.  M.  Robinson; 

University  of  California,  Dr.  Ebie  McFarland;  Southern  Branoh,   Dr. 
F.  C.  Leonard; 

University  of  Chicago,  Dr.  Mayme  I.  Lt^don; 
Colgate  University,  Mr.  H.  A.  D.  Bell; 
Cornell  College,  Mount  VemoD,  Mr.  E^dmund  Ingalls; 
DenisoD  University,  Mr.  H.  B.  Lemon; 
Geortpa  School  of  Technology,  Mr.  G-  T.  Trawioh; 
Uoiveraity  of  Georgia,  Mr.  A.  H.  Stevens; 
Kenyon  CoUege,  Mr.  F.  L.  White; 
Lake  Forest  College,  Miss  Marie  M.  Johnson; 
Lehigh  University,  Mr.  H.  8.  Bunn; 

University  of  Maine,  Mr.  F.  S.  Beale,  Mr.  Edward  Brow,  Mr.  W.  E. 
Loring; 

Northwestern  University,  Mr.  R.  L.  Jaokson,  Mr.  J.  D.  Voss; 
Ottawa  University,  Mr.  H.  W.  Bailey; 
University  of  North  Dakota,  Mr.  J.  D.  Leith; 
University  of  Pittsburgh,  Mr,  Z,  N.  Holler; 
Princeton  University,  Dr.  Einar  Hille,  Mr.  G.  B.  Briggs; 
Sweet  Briar  College,  Miss  Mary  Searle; 
University  of  Texas,  Mr.  J.  E.  Bumam,  Mr.  R.  Lubben; 
Tufte  CoUege,  Mr.  P.  D.  Wilkins; 
Wheaton  CoUege,  Miss  Martha  F.  Chadboume; 
University  of  Wisconsin,  Miss  Camilla  Hayden. 

Proteasor  A.  Hofler,  of  the  University  of  Vienna,  died  February  26, 
1922,  at  the  age  of  sixty-eight  years. 

rofeasor  E.  Kdtter,  of  the  Technical  School  at  Aaeheo,  died  January 

922,  at  the  age  of  sixty-two  years, 

"ofeesor  C,  Kostka,  of  Insterburg,  died  December  28,  1921,  at  the 

if  seventy-five  years. 

Mfessor  Axel  Thue,  of  the  University  of  Christiania,  died  March  7i 

,  at  the  age  of  flfty-nine  years. 

Tjfessor  Ernest  Lebon,  of  the  LywSe  Charlemagne,  Paris,  died  Feb- 

'  12,  1922,  in  his  aeventy-aixth  year. 

r.  A.  R.  Willis,  of  the  department  of  mathematical  physics  at  the 

il  College  of  Science,  died  June  23,  1922,  at  the  age  of  aeventy-two 

ear  Admiral  C.  H.  Davis,  U.  S.  N.,  died  at  Washington  December  27, 
,  at  the  age  of  seventy-six  years.  He  was  twice  superintendent  of 
laval  Observatory. 

meritus  Profesaor  A.  A.  Markov,  of  the  University  of  Pctrograd, 
July  27,  1922,  at  the  age  of  sixty-six  years. 
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Bgroson  (H.).    Dur^  et  simultan^iU.    A  propos  de  Is  th^rie  d'E^- 

stein.    Paris,  Alcon,  1922.    8vo.    8+245  pp. 
CwvBTz  (T.).    La  somme  des  angles  d'lm  triangle  rectiligne.     Paris, 

Gauthier-Villara,  1B21.    8vo.    8  pp. 
CzuBER  (E.).    EinTahrung  in  die  h5here  Mathematik.    2te,  durchgeseheae 

Aul5agB.     Leipzig,  1921. 
Dbbarottes  (G.).    Erster  Entwurt  eines  Versuchs  Hber  die  Ergebniase  des 

ZuaanimeDtreffenB  einea  Kegels  mit  einer  Ebene.     Aus  dem  Franzdsi- 

schen  dbersetzt  und  herausgegeben  von  M.   Zachariaa.     (Ostwald'a 

Klaaaikei  der  exakten  WisaenBchafteD.)     Leipzig,  1922. 
DupORT  ( — .).    La  loi  d'attraction  universelle.    Paris,  Gauthier-Villars, 

1922.    30  pp. 
DB  Falco  (V.).    See  Iambuchdb. 
Fehr   (H.).    La  commigsioD  intemationale  de  Veoseignement  matb£- 

matique  de  1908  a  1920.     Paris,  Gauthier-Villars,  et  Geo^ve,  George, 

1921.    Svo.    40  pp. 
Frickb  (R.).    See  Klbin  (F.). 
GAuae  {C.   F.).    Allgeroeine  Flacheatheorie.     (Diaquiaitionee  generates 

circa  superficies  curwas,    1827.)    Deutacb   berausgegeben   von   A. 

Wai^rin.    Ste  Auflage.    Leipsig,  1921. 
Geblach  (J-  E.).    Kritik  der  mathematischen  Vemunft.    Bonn,  Verlag 

von  F.  Cohen,  1922. 
GiBBENS  (G.  E.  C).    A  comparison  of  different  Une-geometric  repre- 
sentations for  functions  of  a  complex  variable.     (Diss.,  Chicago.) 

Meoasha,  Wis.,  Collegiate  Press,  1922.     15  pp. 
Granville   (W.  A.).    The  fourth  dimension  and  the  Bible.    Boston, 

Richard  G.  Badger,  1922.    9  +  113  pp. 
GuNTHER  (R.  T.).    Early  science  in  Oxford.    Part  2:    Mathematics. 

London,  Oxford  University  Press,  1922.     101  pp. 
lAUBLtCHDS.    Theologoumena  arithmeticae.    Edidit  Victorius  de  Falco. 

(Bibliotheca  Seriptorum  Gnecorum  et  Romanorum  Teubneriana.) 

Leipzig,  Teubner,  1922.     18  +  90  pp. 
Klein   (F.).       Gesammette  mathematische  Abhandlungen.       Band  2: 

Anschaulichc  Geometrie,  Substitutionsgruppen  und  Gleichungatheorie, 

Zur  mathematischen  Physik.    Herausgegeben  von  R.  Fricke  und  H. 

Vermeil.    Berlin,  Springer,  1922.    6  +  713  pp. 
Kramer  (W.).    Ueber  ein  besonderes  geometrisches  AbbUdungsverfahren. 

<Diss.,  Jena.)    Weida  i.  Th.,  Druck  von  Thomas  und  Hubert,  1921. 
LoTZB  (H.).    GrundzUge  der  Logik  und  Enzyklopadie  der  Philosophie. 

Leipzig,  Hirzel,  1922.    8vo.     128  pp. 
MacLeod   (A.).    Introduction  k  la  gfemdtrie  non-euclidienne.    Paris, 

Hermann,  1922.     8vo.     433  pp. 
Maooi  (G.  A.).    Geometria  del  movimento.    Leiioni  di  cinematics  con 


ovGoogIc 


422  NEW  PUBUCATIONS  [Nov., 

un    appeodice    suUa    geometria    della    massa.    2a    ediEione.     Pisa, 

Spoerri,  1919.    8vo.    288  pp. 
DE  Menabce  <J.).    See  Russell  (B.). 
MOllbr  (F.  P,)-    Synthetischer  Aufbau  der  Gruppe  der  BerQhrungstrans- 

formatioDen  der  Kugeln.     (Diss.)     Dresden,  1921. 
pGTROViTCH  (M.)-    Notice  sur  les  travaux  scientifiques  de  M.  Michel 

Petrovitch.    Paris,  Gauthier-Villars,  1922.    8vo.    9  +  152  pp. 
RoGosiNSKi    (W.).    Neue   Auwendung  der   Pfeifferschen   Methode  bei 

DiriohletB  Teilerproblem.     (Diss.)    Gsttingen,  1922. 
RcBSEU,  (B.j.    Le  mysticisme  et  la  logique.    Traduit  de  I'an^ais  par  J. 

de  Menasce.    Paris,  Payot,  1922.     160  pp. 
ScHLESiNOEK  (L.).    EinfUhrung  in  die  Theorie  der  gevfibnlichen  Diffei^ 

entiolgleichungen  auf  funktionentheoretischer  Grundlage.    3te,  neu- 

bearbeitete  Auflage.    Berlin,  Vereinigung  wiBsenschaftlicher  Verleger, 

1922.    8+326  pp. 
Sbaw  (J.  B.).    Vector  calculus  with  applications  to  physics.    New  York, 

Van  Nostrand,  1922.    6  +  314  pp.  S3.50 

Troppke  (J.).    Geschichte  der  Elementar-Mathematik  in  systematischer 

Darstellung.    2te,  verbesaerte  und  sehr  vermehrte  Aufiage.     Iter, 

2ter,  und  3ter  Band.    Berlin,  Vereinigung  wiesenschaftlicher  Verieger, 

1921-1922. 
TwBBDiE   (C.).     James  Stirling.     A  sketch  of  his  life  and  works  along 

with   his  scientific   correspondence.     Oxford,   Clarendon   Press,   and 

New  York,  Oxford  University  Preaa,  1922.     12  +  213  pp. 
Vklten  (A.  W.).    EinfUhrung  in  die  Theorie  der  ellipttechen  Funktionen. 

Teil  I:    Die  revidierten  Grundlagen  der  Theorie.    Hannover,  Hel- 

wingsche  Verhigsbuchhandlung,  1922.    4  +  129  pp. 
Vbbmeil  (H.).    See  Klein  (P.), 
WAI.FI8Z  (A.).    Ueber  die  summatorischen  Funktionen  einiger  Dirich- 

letscher  Reihen.     (Diss.)    G5ttingen,  1922. 
Wanoemn  (A.).    See  Abel  (N.  H.),  Gauss  (C.  F.). 
Zachabiab  (M.).    See  Desaroueb  (G.). 

II.    ELEMENTARY  MATHEMATICS 

Abbenb  (W.).    Mathematieche  Unterhaltungen  und  Spiele.    3te,  verbess- 

erte  Auflage.    Band  I.     Leipzig,  1921. 
Bailbt  (F.  H.).    See  Wooos  (F.  S,). 
BOTD  (P.  P.),  Davis  (J.  M.),  and  Rebs  (E.  L.).     A  course  in  analytic 

geometiy.     New  York,  Van  Noatrand,  1922.     10  +  252  pp. 
Braht    (E.).    Exercices   m^thodiquea  de   caloul   integral.    4e   Mition. 

Paris,  Gauthier-ViUars,  1922.    8vo.    302  pp. 
Davis  (J.  M.).    See  Botd  (P.  P.). 
Ford  {W.  B.).    College  algebra.    New  York,  Macmillan,  1922.    7  +  262 

pp. 
Fricke  (R.).    Die  Haupts&tze  der  Differential-  und  Int^ralrechnung. 

AIs  Leitfaden  zum  Gebrauch  bei  Vorleaungen  zuaammeDgestellt.    Ste 

Auflage.    Braunschweig,  1921. 
GiLLUBR  (M).    Algebra  und  niedere  Analysis.    Leipzig,  Hirzel,  1921. 
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JuHEL-R^Nor  ( — .).    ThSorie  et  applications  dea  ^quatiooa  du  second 

degr£.    2e  Edition.    Paris,  Vuibert,  1B20.    8vo.    264  pp, 
KisBLJAK  (M.).    Udzbenik  vifie  matematike.    Prvi  sveiak.    (Lehrbuch 

der  hoheren  MathematLk  fUr  Hochscbulen.)    Zagreb,  1920. 
LiETZUANN  (W.).    Lustigea  und  MerkwOrdiges  von  Zahlen  und  Fonuen. 

Beispiele  aus  der  UnterhaltungsmatheiDatik.    Breslau,  1922. 
Prtde  (J.}.    Chambers's  seven  figure  Ii^tarithms  of  numbers  up  to  100,000. 

London  and  Edinburgh,  W.  and  R.  Chambers,  1922.    8vo.    200  pp. 
Riiia  (E.  L.).    See  Boro  (P.  P.). 
RoHN    (K.).    Stereometrie.    Boma-Leipzig,    Universitats-Verlag,    1922. 

16  +  188  pp. 
ScHBPFEns  (G.).    Lehrbuch  der  Mathematik  fUr  Studierende  der  Natur- 

wiaaenschaften  und  der  Technik.    5te,  verbesserte  Auflage.    Berlin, 

1921. 
Serve  (J.).    "Serve"  Schnellrechner.    Berlin,  Springer,  1920. 
Shaw  (3.  H.).    See  Youngson  (P.). 

Tbohab  (T.).    Outlines  of  the  calculus  for  science  and  engineering  stu- 
dents.    London,  Mills  and  Boon,  1Q22.     8vo.     127  pp. 
WimNQ  (A.)-    EinfUhrung  in  die  Trigonometrie.     (Mathematisch-Physi- 

kaliscbc  Bibliothek,  Band  43.)     Leipzig,  Teubner,  1921. 
Woods  {F.  S.)  and  Bailey  (F.  H.).    Elementary  calculus.    Boston,  Ginn, 

1922.    8  +  318  pp. 
YocNGBON  (P.)  and  Shaw  (J.  U.).    Practical  mathematics.     Glasgow, 

Munro,  1922.    500  pp. 

HI.    APPLIED  MATHEMATICS 
Berthelot  (D.).    La  physique  et  la  m^taphysique  dee  theories  d'Einstein. 

Paris,  Payot.  1922.     16mo.    48  pp. 
BiscoNciNi    (G,).    Elementi    di    matematica    finanziaria    e    attuariale. 

Roma,  Signorelli,  1921. 
BoBB  (N.).    Abhandlungen  Qber  Atombau  aus  den  Jahren  1913-1916. 

Deutsche  Uebersetzung  mit  einem  Geleitwort  von  N.  Bohr  von  H. 

Stintiing.     Braunschweig,  Vieweg,  1921. 
Born  (M.).    Der  Aufbau  der  Materie.    2te,  verbesserte  Aull^e.    Berlin, 

Springer,  1922.    6  +  86  pp. 
BoDseiNEBQ  (J.).    CouTs  de  physique  math^matique  de  la  Faculty  des 

Sciences.    Tome  3:  Complements  aux  theories  de  la  chaleur,  de  la 

lumi^re,  etc.    Apergus  de  philoaophie  naturelle.    Paris,    Gauthier- 

Villars,  1921.     8vo.     20  +  417  pp. 
Brown  (W.)  and  Thomson  (G.  H.).    The  essentials  of  mental  measure- 
ment.   Cambridge,  University  Press,  1921.     10  +  216  pp. 
Cbaruer  (C.  L.).    Grundztige  der  mathematischen  Statistik.    Hamburg, 

LUtke  und  Wultt,  1921. 
Christebco  (S.).    La  relativity  et  les  forces  dans  le  syst^me  cellulaire 

desmondes.    Paris,  Felix  Alcaa,  1921.     16mo.    290  pp. 
Ciaom  (U.).    Idromeccanica  plana.    Part*  2a.     Milano,  Libreria  Edi- 

trice  Politcchnica,  1922.    8  +  219  pp. 
CoLOHNETTi  (G.).    Principii  di  statica  dei  solidi  elaatici.     Pisa,  Spoerri, 

1916.    8vo.    9  +  282  pp. 
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Crowther  (J.  A.).     loDB,  electrons  and  buitiiiK  radiations.    3d  edition. 

LondoD,  Arnold,  1022.     12  +  292  pp. 
CziJBER  (E.).    WahrecheinlichkeitsiechnuiiK  und  ihre  Anwendung  auf 

FehlerauBgleichung,    Statistik,    und    LebensveTaichening.    Band    2: 

Mathematiache  Statistik.    Mathematische  Gnmdlagen  der  Lebens- 

versicherung.    3te,  durchBesebene  Auflage.     Leipsig,  Teuboer,  1921. 
DiNGLKH    (H,)-     Phy^    und    Hypothese.    Versuch    einer    induktiven 

WiBsenschaftslehre  nebet  einer  kritischen  Analyse  der  Fundament* 

der  RelativiUtalehre.    Berlin  und  Leiptig,  Vereinigung  wissenschaft- 

licher  Verleger,  1921.    8vo.     12+200  pp. 
Glazebbook   (R.).    a   dictionary  of  applied  physics.    In  5  volumes. 

Volume  I:  Mechanics,  engineering,  heat.    London,  MacmiUan,  1922. 

9  +  1067  pp. 
Graf  (O.).    See  Groll  (M.). 
Groll  (M.).    Kartenkunde.    I:  Die  Projektioneu.    2te  Auflage,  neu- 

bearbeilet  von  O.  Graf.     (Sammlung  G6achen.)    Berlin,  Vereinigung 

wissenschaftlicher  Verleger,  1922.     117  pp. 
GuiDi  (C).    Leiioni  aulla  soiensa  delle  costruiioni.    Parte  1-5,  Eserciii, 

Appendici.     Torino,  1920. 
LandA  (A.).    Fortachritte  der  Quantentheorie.     (Wiasenschaftliche  Foisch- 

ungsberichte,  Naturwissenschaftliche  Reihe,  Band  V.}    Dresden  und 

Leipzig,  SteinkopS,  1922.     8vo.    91  pp. 
Lawrence  (R.  R.).    Principles  of  alternating  currenta.     New  York,  1922. 

446  pp.  S4.00 

Lemaire  (J.).     Not«8  BUT  les  propri^t^  fondantentales  de  la  mati^re. 

Li£ge,  Soci^t^  Industrielle  d'Arts  et  Metiers,  1921.    55  pp. 
Leppbr  (G.  H.).    The  generalised  theory  of  gravitation  versus  the  general 

theory  of  relativity.     Pittsburgh,  published  by  the  author,   1921. 

30  pp. 
LuBscBEZ  (B.  J.).    Perspective.    3d  edition,  enlarged.     New  York,  Van 

Nostrand,  1921.     125  pp.  S2.00 

MiCBAtm  (P.).    Rayonnement  et  gravitation.    Paris,  Gauthier-Villare, 

1922.    8vo.    5+61  pp. 
Stark  (J.).    Aendenmgen  der  Struktur  und  des  Spektrums  chemischer 

Atome.    Nobel-Vortrag.    Leipzig,  Hirzel,  1920. 
Stinzino  (H.).    See  Bohr  (N.). 
Strasser  (H.).     Die  Grundlagen  der  Einst«inschen  Relativit&tstheorie. 

Eine  kritiscbe  Unterauchung.     Bern,   Akademische  Buchhandlung, 

1922. 
SvENBEN  (C.  L.).    Machine  drawing.    A  text  and  problem  book  for 

technical  students  and  draftsmen.     New  York,  Van  Noetrand,  1921. 

222  pp.  S2.25 

Theimer  (V.).    Praktische  Aatronomie.    Geographiache  Orta-  und  Zeit- 

bestimmung.    Leipzig,  Teubner,  1921. 
Thiry  (R.).    Sur  les  solutions  multiples  des  probl^mes  d'hydrodynamique 

relatifs    aux    mouvements    gliasanta.     (Th^,    Strasbourg.)     Paris, 

Gauthier-Villara,  1921.    4to.     112  pp. 
Thomson  (G.  H.).    See  Brown  (W.). 
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CONDITION  THAT  A  TENSOR  BE  THE 
CURL  OF  A  VECTOR* 

Br    L.    p.    EI8BNHART 

It  is  the  purpose  of  this  note  to  establish  the  following 
theorem. 

Theorem.  A  necessary  arid  sufficient  condition  that  a  co- 
variant  akew-symmetric  tensor  A^  in  a  space  of  any  order  n  be 
expressible  in  terms  of  n  functions  p,-  in  the  form 


it  that 

(^>                   ^+^+^=°.     '■■^.'='. 

■■■.»)■ 

Consider  first  the  case  of  3-space.    If  <pi  and  <pi 

are  any 

two  functions  such  that 

the  conditions  of  integrability  of 

d7?  ~  dx'  ^  ^"'        dx'  ~  dx^  ^  "^'^ 

are  satisfied  in  consequence  of  (2),  and  the  theorem  is  estab- 
lished for  3-space. 

Now  we  show  that,  if  the  theorem  is  true  for  re-space,  it  is 
true  for  (n  +  I)-space.  On  this  assumption  equations  (1)  hold 
fori,j  =  1,  ■  ■  ■,  n.  For  a  particular  t  and  J  and  fori  =  n  +  1, 
equation  (2)  may  be  wTitten  in  the  form 

Hence  a  function  ¥511+1  is  defined  by  the  equations 
•  Presented  to  the  Society,  September  7,  1922. 
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Replacing  J  in  (2)  by  i  (=  1,  ■  -  -,  w;    +  j),  we  have,  by  (3), 

dx*        dx'  \  3a:"+'        fljc*   / 


Consequently  (1)  holds  for  i,  j  =  I,  •■■,  n+1,  and  the 
theorem  is  established.  It  should  be  remarked  that  one  of 
the  functions  tpi  may  be  chosen  arbitrarily,  or  what  is  equiva- 
lent, that  the  functions  ipt  are  determined  to  within  additive 
functions  dif'Idx',  where  i^  is  an  arbitrary  function  of  the  x's. 
Thus  far  we  have  made  no  use  of  the  fact  that  A^  are  the 
components  of  a  covariant  tensor.  If  A'ag  denote  the  com- 
ponents of  the  tensor  in  terms  of  coordinates  x',  then 

(4)  A^B=  A-iTT.-^Ts- 

ax    ax 

If  rj»  and  rji"  denote  the  Christoffel  symbols  of  the  second 
kind  for  the  respective  systems  of  coordinates  x  and  x'  of  a 
Kiemannian  geometry,  then* 

d^x"  _  ^  ^f'dx'  _  _,  ax'   dx^ 
dx"dx"  dx"  dx"  dx" 

The  same  equations  obtain  in  the  more  general  case  of  a 
geometry  of  paths,  where  the  functions  F^^  and  T'^y  are  the 
coefHcients  of  the  equations  of  the  paths  in  the  two  systems  of 
coordinates-t  By  means  of  these  equations  we  show  that,  if 
the  functions  A^  satisfy  (2),  so  also  do.  A'py  defined  by  (4). 
In  consequence  of  the  above  theorem  equation  (4)  may  be 
replaced  by  the  equation 

dfj  \  dx^  dx^_  ^  d^  dx'   _  d^  d^ 
dx*  J  dx'"  I 


ai''\ 

Hence 

(5) 

« 

dx'"  dx'^      dx''  dx'"      dx'"  dx' 
d    (      dx'  \         d    ( 
dx    \      dx    /       dx    \ 


dx'"      dx'" 


*  BiaDchi,  Lexioni,  vol.  I,  p.  64. 

i  See  Froceedingb  of  the  National  Academy,  vol.  8  (1922),  p.  21. 
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where  ^  is  an  arbitrary  function. 

From  (5)  it  is  evident  that  if  An  are  defined  as  the  com- 
ponents of  the  curl  of  covariant  vector,  then  (2)  are  necessarily 
satisfied;  but  (2)  is  not  a  sufficient  condition.  That  this 
condition  is  not  sufficient  was  overlooked  by  me  in  a  recent 
paper,*  and  my  conclusions  in  §  5  are  not  correct.  In  fact, 
the  skew-symmetric  tensor  there  defined  by  S^  is  given  by 

g  ■  _  gr^  _  ^n. 

and  the  functions  T^t  and  T^"  in  two  sets  of  coordinates  are 
in  the  relation 

dx        dx' 

where  A  is  the  Jacobian  of  the  transformation. 
Princeton  Univebsitt 


A    NEW    GENERALIZATION    OF    TCHEBYCHEFF'S 
STATISTICAL  INEQUAUTY 


1.  Introduction.  It  f{x)  is  any  frequency  distribution,  and 
s  its  standard  deviation,  the  symbol  P(Xa)  may  be  used  to 
represent  the  probability  that  a  datum  drawn  from  this  distri- 
bution will  differ  from  the  mean  value  by  as  much  as  Xs, 
numerically.  For  the  solution  of  various  statistical  problems 
it  is  desirable  to  have  a  formula  which  will  measure  P(X«) 
when  fix)  is  only  partially  known.  A  case  of  practical  im- 
portance occurs  when /(a:)  represents  the  distribution  of  values 
of  a  statistical  constant  determined  by  sampling  from  a  known 
distribution,  such  a  constant  as,  for  example,  a  mean  value, 
or  a  coefficient  of  correlation.  In  such  cases  it  is  usually 
difficult  or  impossible  to  find  the  complete  distribution /(a:)f 
but  quite  feasible  to  find  its  lower  moments.  Tchebycheff's 
well  known  inequality  is:  PQ^)  =  1/X^.     It  has  been  general- 

*  PROCEEDINOS    OV    THB     NATIONAL    ACADBMV,     VOl.  S  (1922),  p.  236. 
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ized  in  a  formula  first  discovered  by  K.  Pearson:* 

P{\s)^^'^\  (r=  1,2,-.-), 

where  /Sjr-a  =  wt^r/a*',  in^r  being  the  2T-th  moment  otf(x)  about 
its  mean.  Pearson's  view  is  that,  although  in  most  cases  this 
is  a  closer  inequality  than  Tchebycheff's,  it  is  usually  not  close 
enough  to  be  of  practical  assistance.  However,  it  is  the  best 
formula  so  far  obtained  which  logically  can  be  used  with 
distributions  whose  larger  even  jS's  depart  considerably  from 
their  Gaussian  values.  It  is  proposed  to  exhibit  here  a  method 
by  which  the  right  side  of  Peargon's  inequality  may  usually 
be  decreased  by  about  fifty  per  cent.  The  theory  will  be  ex- 
plained in  §  2,  and  illustrated  in  §  3. 

2.  Theory.  Lemma.  Let  Q(t)  ^  0,  arid  be  mojwtonic,  de- 
creasing, aiid  le'  ^Q/dt^  =  0,  in  the  interval  1  ^  t  ^  k.  Let  the 
straight  line  y  =  a  -\-  bt  pass  through  the  points  of  Q  for  which 
t=  1  andi  =  p.     Then 

I  =    f  f^'Qit)dt  S    f^f^'ydt  =  II, 

ifr^l,k^2,p=  2rh/{2r+  1). 

It  will  be  observed  that,  by  subtracting  a  constant  from 
each  side  of  the  inequality,  the  proposition  can  be  reduced  to 
the  case  where  Q{k)  =  0.  This  being  supposed  done,  let 
h  =  QWlQip)t  and  note  that  by  definition  p  >  1,  ft  =  1. 
After  determination  of  the  values  of  o  and  6  in  accordance 
with  the  conditions  imposed  on  y  in  the  hypothesis,  II  becomes 

(1)  II  =  Qip)  r  1"  ftp  -  1  +Jl:zJ}'ii, 

J\  p—  \ 

Consider  now  the  function  represented  by  the  line  tangent  to 
the  curve  Q  aXt  =  p,  that  is, 

(2)  z=  Q(p)  +  Q'{p)(t  -  p). 

Since  Q  is  concave  upwards  it  never  crosses  this  tangent, 
and  so  Q{t)  g  z{t),  and 

(3)  I  =   r  f^'Q{t)dt  ^  f  e^h{t)dt  m  HI. 
•  BiOMBTRiKA,  vol.  12  (1919),  p.  284. 
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In  order  to  prove  that  I  ^  II  it  is  by  (3)  sufficient  to  show 
that  III  ^  II,  and  the  lemma  will  now  be  established  in  this 
manner.  First,  fix  arbitrarily  all  the  parameters  that  occm* 
in  III,  viz.:  p,  r,  k,  Q(p),  and  Q'{p),  thus  fixing  the  value  of 
III.  The  value  of  II  is  also  thus  fixed,  except  so  far  as 
variation  due  to  k  is  concerned.     But,  from  (1), 

^yi  =    Q(P)(1  -  ^)    s  n 

dk         (p-  l)(2r+l)-    ' 

and  therefore,  so  far  as  variation  with  h  is  concerned,  II  is 
greatest  when  h  is  least,  that  is,  when  A  =  1.  But,  then, 
Q(l)  =  Q(p),  and,  since  Q{i)  is  monotonic,  Q(()  =  Q(p) 
throughout  the  interval  1  ^  i  ^  p,  and  so  Q'{p)  =  0.  Sub- 
stituting this  value  for  Q'{p)  in  (2)  and  (3),  and  A  =  1  in  (1), 
we  learn  finally  that,  for  this  special  value  of  h  which  makes 
II  greatest,  II  =  III.     So,  in  general,  II  ^  III, 

Theorem:  (o)  Let  f{x)  be  any  frequency  distribution,  and 
suppose  the  oriffin  and  units  to  be  so  chosen  that  zero  is  its  mean 
value  and 


PW  =  j'si'V'- 


(6)  Let  f{x)  be  a  monotonic,  decreasing  function  of  \x\  when 
\x\  S  cs,  c  S  0.  This  is  a  real  restriction  onf{x),  which  varies 
in  its  severity  according  to  the  value  of  c.  It  will  be  dis- 
cussed later.  Its  general  effect  is  to  except  distributions  of 
more  than  one  mode,  notably  the  "  U"  distributions. 

(c)  Let  fix)  be  symmetrical  with  respect  to  the  cenlroid  ordinate. 
This  may  be  assumed  without  loss  of  generality,  for,  if  g(x) 
is  a  skew  distribution  whose  mean  is  at  :e  =  0,  it  is  clear  that 
fix)  =  ^[g(x)  +  g{—  x)]  has  the  same  mean,  even  moments, 
and  the  same  values  of  P{\s)  as  g{x).     Then 


""rm-' 
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quaniitiea  which  can  be  iabvlated  and  are  vsuaUy  very  small. 
Since  c  S  0,  we  may  write 

''?'-r(r.p«-=-[ferrH:  , 

s  P(w)  +  ^  r"(^\^'p{x)dx=Pics)  +  2r  rV'e(OA, 

where  a;  =  tcs,  Q{t)  =  P{tcs).  Therefore,  by  the  lemma,  and 
by  use  of  the  relation  hQ{p)  =  Q(l), 

%!  s  PM  +  ?''*'^'  f  i*-[(*p  -  1)  +  (1  -  *)iIA 

c*'  p  -  1  ,/i 

_     PW 

1  +  2r  -  2rf 

After  the  substitutions  !c  =  p{2r  +  l)/2r,  p  =  X/c,  and  some 
reductions,  the  result  (4)  follows  from  the  above  inequality. 
The  assumption  (b)  will  now  be  discussed. 

Case  I:  (c  =  0).  It  was  stated  under  assumption  (c)  that 
fix)  might  be  assumed  symmetrical,  because  a  symmetrical 
function  f{x)  having  the  same  essential  characteristics  could 
be  constructed  from  any  skew  function  g(x)  that  might  arise 
in  practice.  It  should  be  noticed,  however,  that  if  g{x)  is 
skew,  the  resulting/{a;)  may  be  saddle  shaped,  with  a  geometri- 
cal minimum  at  its  mean  and  two  symmetrically  situated 
maxima  on  either  side.  In  such  a  case,  the  value  of  c  would 
equal  the  distance  from  the  mean  to  either  maximum,  s  being 
the  unit  of  measurement.  In  other  words,  if  skewness  be 
defined  as  {mean  —  mode)/«,  c  may  be  as  large  as  the  absolute 
value  of  the  skewness.  Now,  skew  functions  are  usually  the 
ones  that  occur  in  practice,  and  so  one  could  not  usually 
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assert,  a  priori,  that  c  =  0  f or  a  given  distribution.  This 
embarrassment  might  be  avoided  by  choosing  the  origin  at  the 
mode  of  the  skew  function  instead  of  at  the  mean,  and  by 
defining  the  moments  and  P(X«)  with  reference  to  such  an 
origin,  in  which  case,  it  could  be  shown,  the  above  theorem 
would  apply,  and,  for  unimodal  functions,  c  would  equal  zero.  * 
But  this  is  often  impracticable,  and  certainly  not  customary. 
So  it  will  be  necessary  to  consider  larger  values  of  c.  The 
following  table  for  the  case  c  =  0  is  of  value,  however,  since 
it  is  involved  in  the  computation  for  the  cases  where  c  >  0. 
When  c  =  0,  0  =  fl  =  0,  and  formula  (4)  is  exactly  Pearson's, 
except  for  the  factor  [(2r  +  l)/2r]*'  in  the  denominator.  The 
values  of  this  factor  are  as  follows: 


Formula 

r 

Factor 

1 
2 
3 

2.25 
2.44 
2.52 

Fonnula 

r 

Factor 

0% 

fto 

4 
6 
6 

2.56 
2.59 
2.60 

Case  II:  (c  =  1).  If  functions  of  more  than  one  mode  be 
excepted,  a  skewness  greater  than  unity  is  very  rare.  There- 
fore, this  may  be  regarded  as  a  strong  case,  and  Case  III 
below,  where  c  =  2,  as  an  extreme  case.  To  compute  formula 
(4)  we  may  use  the  table  under  Case  I  for  the  first  fraction, 
and  the  tables  below  for  ^  and  B.  The  values  given  for  $  are 
really  the  extreme  values  which  B  has  when  P{cs  =  a)  =  1. 
It  is  unnecessary  to  estimate  them  more  closely.  In  this  case, 
the  theorem  will  be  found  of  value  only  when  \  >  1,  but  this 
is  not  a  serious  misfortune,  since  in  practice  it  is  most  needed 
for  about  the  range  2  <  X  <  4. 


015  6 

.008  13 

.004  28 

001  40 

,000  51 

.000  22 

000  15 

.000  039 

.000  012 

9- 10-' 

3,8- lO-* 

7.7- 10-' 

,008  23    :    .004  84 


•While  this  paper  waa  ill  preas  a  paper  by  B.  Meidel  appeared,  Comptbs 
liENDtts,  vol.  175,  p.  806  (Nov.  6,  1922),  giving  the  result  of  this  paper  for 
the  case  c  —  0,  and  using  the  mode  as  origin. 
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Case  III;  (c  =  2).  The  computation  in  this  case  will  again 
be  performed  by  use  of  the  table  under  Case  I,  and  of  the 
subjoined  table  for  0  and  for  6jP{c8  =  2a).  Then  Pearson's 
inequality  should  be  used  to  estimate  P(2«).  In  this  case  the 
theorem  will  be  found  of  value  only  when  X  >  2. 


1 

I 

4 

elP(2») 

* 

" 

X-2.6 

K  =  3.0 

X  =  3.5 

X  =  2.6 

.379 
.134 
.059 
.029 

X  =  3.0 

.132 
.032 
.010 
.003 

X-3.5 

.065 
.012 
.003 
.001 

.275 
.118 
.056  1 
.028  3 

.116 
.031  4 
.009  SH 
.003  38 

.060  6 
.011  5 

.002  63 
.006  58 

3.  Example.  In  Biometkika  *  the  frequency  distributions 
of  a  number  of  coefficients  of  correlation  are  actually  computed. 
One  may  apply  the  above  inequahties  to  these  distributions 
(using  the  /3's  as  if  they  only,  not  the  entire  frequency  distri- 
butions, had  been  calculated),  and  then  compare  the  results 
obtained  with  the  true  values  of  P(Xs)  to  be  found  by  partially 
summing  the  frequencies  there  tabulated.  Take  X  =  3  in 
the  distribution  for  which  p  =  0.8,  n  =  100,  on  page  403. 
If  the  distribution  be  regarded  as  a  set  of  rectangles,  the  true 
value  of  P(3a)  is  about  0.009.  The  j3i  formula  shows  that 
PiZs)  S  0.018,  and  the  04  formula  that  P(33)  ^  0.012.  Case 
II  has  been  used  on  the  theory  that  the  practical  statistician 
would  be  confident  that  c  s  1,  but  the  use  of  Case  III  would 
increase  the  better  of  the  two  results  given  to  only  0.014. 
Here,  although  /Ji  departs  from  its  Gaussian  value  by  only 
0.42,  it  is  not  safe  to  use  the  Gaussian  table,  which  would 
make  P(3y)  =  0.0027.  The  reason  is  that  the  higher  p's 
depart  much  more  widely  from  their  Gaussian  values.  They 
are,  roughly,  ,3j  =  3.42,  0i  =  22.7,  ft  =  290,  ft  =  5000, 
fto  =  100000;  instead  of  3,  15,  105,  945,  and  10395,  respec- 
tively. It  is  a  common,  but  unwarranted  and  sometimes  very 
faulty  practice,  to  use  the  Gaussian  where  fit  only  is  near  its 
Gaussian  value. 
Wesuiyan  Uni 


•  Vol.  11  (1915-17),  pp.  37&-404. 
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TWO    THEOREMS     ON     MULTIPLE     INTEGRALS* 

BY   PHILIP   FRAN-KLIN 

1.  IntTodttction.  The  multiple  integrals  in  question  here 
were  discussed  by  Poincare  (Acta  Mathematica,  vol.  9, 
p.  321)  in  a  paper  in  which  he  defined  them  and  derived  their 
integrability  conditions.  In  this  note  we  give  two  theorems, 
which  simplify  the  derivation  of  these  conditions,  and  enable 
us  to  express  the  integral  of  an  integrable  function  over  an 
open  region  as  an  integral  of  one  order  lower  over  the  boundary 
of  this  region.  The  second  theorem  was  suggested  by  a 
special  case  proved  by  Professor  Eisenhart. 

2.  Firat  Theorem.     Our  first  theorem  is 


/»/ 


I  n  +  1   1   T" ''•"'" dxi  ,  ,rf.r,, ■  ■  -dx,-  . 

m-nj  J         dx,^_^, 

where  the  n  (dimensional)  region  of  integration  for  tlie  left 
member  is  the  boundary  of  the  n  +  1  region  for  the  right 
member,  and  the  summations  apply  to  all  n  or  n  -|-  1  permu- 
tations of  the  m  subscripts  of  our  fundamental  space.  The 
theorem  is  proved  by  adding  equations  of  the  form 


(2) 


fnfA,..„dx,. 


■dx. 


=     I    n+1    I      „    '"'"(fan+idli-  •  -dXn, 

J  J    dx„+Y 


which  may  be  established  when  the  A's  BlTg  functions  of  m  vari- 
ables by  methods  similar  to  those  ordinarily  used  to  prove  (2) 
in  n-space.     The  equation  (1)  shows  that  the  set  of  equations 

(3)  E(-  1)^'  ^^''■■'c'''^'--^±'  =  0 

1  OXi. 

is  a  necessary  and  sufBcient  condition  for  the  vanishing  of  the 
left  member  of  (1)  for  all  closed  regions  of  integration,  i.e., 
*  Presented  to  the  Society,  September  7,  1922. 
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that  (3)  is  the  condition  of  integrability  for  the  form 

(4)  Z^i,....,'ixi,---*iB,v 

3.  Second   Theorem.    It  follows  from   (1)    also  that  the 
integral 

(5)  Jn+l/EB .w.*'.V<fe<.+  >. 

taken  over  any  open  region  may  be  expressed  as  an  integral 

(6)  (m  -  n)(ra  +1)   C  n  f  Z^i.-.i^dx^,-  •  -dxi^, 

taken  over  its  boundary,  provided  A's  can  be  found  such  that 

(7)  5,-....-  ..  =  ZC-  i)>--i^^<--J-->f-- .H-.. 

We  shall  show  that  o  neceaaary  and  auficient  condition  for  the 
exiatence  of  such  a  aet  of  A't  ia  thai  (5)  be  integrable,  i.e.,  that 

aXj 

This  theorem  is  known  for  the  case  n  =  0.     We  shall  outline 

an  induction  by  which  the  general  case  may  be  reduced  to  this 

one.     We  first  consider  the  case  where  there  are  n  +  2  I's,  and 

hence  n  +  2  equations  (7)  and  one  condition  (8).     If  we  write 

(9)       Bl...p-1.  p+l...n+!  =    B1...P-1,  p+l.-.n+l 

+    (    —     1)1  ^^I...P-1.P+1..-B+I 

where  p  +  ra  +  2,  and  where  the  B"s  are  defined  by  the 
corresponding  equation  (7),  and  if  we  determine  the  ^'s 
appearing  explicitly  in  (9)  so  as  to  satisfy  the  remaining 
equation  of  the  set  (7), 


(10)  B,...„+i  =  E{-  1)' 


.idAi. 


dxj 


but  leave  their  values  otherwise  arbitrary,  we  find  that  by 
the  use  of  (9)  and  (10)  the  condition  (8)  reduces  to  the  form 

(11)  Z(-  iy-'^^^-':'fy-"f'=  o. 

f  aXj 

Since  (11)  is  of  the  same  form  as  (8),  but  in  one  less  index. 
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and  since  the  expressions  for  the  B'a  in  terms  of  ^'s  are  similar 
to  (7),  we  have  reduced  the  problem  to  one  of  lower  order. 
To  complete  our  proof,  we  reduce  the  case  for  m  +  1 
subscripts  to  that  for  m.  We  first  obtain  values  for  the  A's 
not  involving  one  subscript,  say  k,  from  the  equations  and 
conditions  not  involving  h,  by  the  case  assumed  as  the  basis 
of  the  induction.     Then  we  make  the  substitutions: 

(12)  B,,..i.t  =  B:,.....+  {-  1)-^^^^, 

which  effects  the  desired  reduction. 

This  proves  the  sufiBciency  of  the  conditions;  that  they  are 
necessary  follows  by  direct  substitution.  A  more  complete 
discussion  of  the  properties  of  multiple  integrals  is  given 
in  an  expository  article  that  will  appear  in  the  Annais  of 
Mathematics. 

Harvard  UmvERsnT 


KIRKMAN  PARADES* 

On  examining  the  complete  list  of  non-equivalent  triad  sys- 
tems in  15  letters  published  in  the  Memoihs  of  the  National 
Academy  of  Sciences  (vol.  14,  No.  2,  pp.  77-80),  it  ap- 
pears that  only  four  of  these  are  Kirkman  systems,  if  this 
name  be  applied  to  those  cases  where  the  35  triads  divide 
into  seven  sets  (or  columns)  of  five  with  each  column  con- 
taining all  the  15  letters.  Such  a  seven-column  arrangement 
might  be  called  a  Kirkman  parade.  And  it  turns  out  that 
three  of  the  Kirkman  systems  give  each  two  non-equivalent 
parades,  while  the  fourth  system  gives  only  one  parade. 

Kirkman  proposed  his  problem  in  the  Lady's  and  Gentle- 
man's Diary  for  1850.  The  seven  solutions  were  correctly 
given  by  Woolhouse  in  the  same  Diary  for  1862  and  1863. 
In  1881  Carpmael  published  a  list  of  eleven  solutions  in  the 
Proceedings  op  tue  London  Mathematical  Society  (vol. 
12,  pp.  148-15G).  But  his  sixth  and  seventh  items  duplicate  the 
third  and  fourth,  and  the  fifth  and  eleventh  duplicate  the 
ninth  and  tenth. 

•  presented  to  the  Society,  September  7,  1922 
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In  forming  the  columns  of  a  parade,  any  two  of  them  can 
always  be  reduced  to  one  of  the  types 

123  147  123  147 

456  258  456  25     10 

(o)      7      8      9  3     10    13  0?)      7      8      9  3      8    13 

10    11     12  6    11     U  10     U     12  6     11     14 

13     U     15  -9     12     15  13     14     15  9     12     15 

We  may  say  that  two  columns  are  laced  in  the  mode  (a)  or 
the  mode  03),  and  the  seven  parades  are  readily  distinguished 
by  this  lacing:  The  parades  follow  in  tabular  form,  together 
with  the  substitution  group  of  each  system  and  parade  and 
the  scheme  of  interlacing  of  the  columns. 


1      2      3 

1      4      7 

1      5 

5 

a 

3       1      9    10 

10    11    12 

8    11    14 

6      8 

2 

7 

5       4      8    13 

13    14    15 

0    12    15 

7    11 

3 

10 

4       5      0    14 

These  two  parades  are  included  in  a  single  triad  system, 
which  contains  120  conjugates  of  each  of  them.  The  group 
of  the  system  is  of  order  81/2.  The  group  of  I  is  of  order  168 
and  is  generated  by  (1  11  7  5  9  12  2){3  8  13  10  14  15  4) 
and  (1  13  12  11  15  3  4)(2  8  14  7  9  5  10);  it  is  transitive 
in  all  the  letters  but  6.  The  group  of  II  is  also  of  order  168, 
but  it  is  transitive  in  seven  and  in  eight  letters,  being  generated 
by  (1  2  9  13  6  3  10)(4  14  8  11  15  12  5)  and  (1  10  13  9  2 
6  3)(4  8  7  14  11  6  15). 

In  both  I  and  II  the  columns  have  only  the  lacing  (a). 


1       2 

4       S 

2      B 

13 

3      4 

1       3 

4       3 

S 

2       3 

8 

7 

10 

11    15 

«     7 

S    13 

13    14 

a   12 

8    10 

- 

1 

8 

e 

3  1 

2       3 

4  4 

12 

8 

13 

15 
13 

T    10 
8    11 
7    14 
0     0 
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These  are  included  in  a  single  triad  system,  which  contains 
12  conjugates  of  each  of  them.  The  group  of  the  system  is 
of  order  288.  The  group  of  III  is  of  order  24  and  is  generated 
by  (1  8  5){2  15  11)(3  6  9)(4  10  12)(7  14  13)  and  (1  10  2 
13)(5  15  4  12)(7  11  8  14)(6  9).  The  group  of  IV  is  also  of 
order  24  and  is  generated  by  (1  10  13)(3  6  9)C4  5  11)(8  15 
12)  and  (1  12  2  15)(4  11  5  14){7  10  8  13)(3  9).  The  last 
column  in  each  case  is  in  relation  (a)  to  all  the  other  columns; 
each  of  the  latter  has  two  (a)  lacings  and  four  03)  lacings. 


I      2      3 

1      7 

1  S'  1 

2  4    1 

0    11    12 

e    7  I 

3    U    15 

1  la  15 

8    10    I 

10    15       4      8 


I      e    10       3      5    15 

I      9    13       4      S    II 
i      8    12       7    10    13 

These  again  are  both  contained  in  one  triad  system.  They 
have  both  the  same  group  as  the  system,  viz.,  the  tetrahedral 
group  generated  by  (1  12){2  7)(5  15)(8  11)(6  10)(9  13)  and 
(I  2  3){4  12  7)(6  10  9){5  11  8).  The  last  three  columns  of 
each  have  the  lacing  (a);  the  other  lacings  are  all  of  type  03). 


U     15 

6     9 

2      8    15 

3      6    10 

10    13 

6      7    U 

5      0       2      S    10 


IS       4    II    15 


I    12    IS       7    11 


This  has  a  group  of  order  21,  generated  by  {1  2  12  3  7  4  14) 
(5  8  11  9  15  10  6)  and   (2  7  12)(3  4  14)(5  6  11)(8  9  15), 
which  is  also  the  group  of  the  triad  system.     The  lacings  of 
the  columns  are  all  of  type  (fi). 
Columbia  University 
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IMPOSSIBILITY  OF  RESTORING  UNIQUE 
FACTORIZATION  IN  A  HYPER- 
COMPLEX  ARITHMETIC 

BY  L.  E.  DICKSON 

1,  ItUroduclion.  Most  numbers  o  +  fee,  where  a  and  b  are 
integers  and  e^  =  0,  admit  of  several  factorizations  into  inde- 
composable numbers.  It  is  proved  in  §  3  that  we  cannot 
restore  unique  factorization  by  defining  hypercomplex  ideals 
analogous  to  algebraic  ideals,  nor  (§  4)  by  the  introduction  of 
any  sort  of  ideals  obeying  the  laws  of  arithmetic.  L.  G.  du 
Pasquier*  has  made  statements,  omitting  proofs,  concerning 
the  failure  of  unique  factorization  after  introducing  ideals, 
apparently  meaning  those  analogous  to  algebraic  ideals. 

2.  Hypercomplex  Integers.  Consider  the  hypercomplex 
numbers  x  =  a+  be  with  rational  coordinates  o,  b,  where 
6*  =  0.  Thus  {x  —  of  =  0.  This  quadratic  equation  has 
integral  coefficients  if  and  only  if  a  is  integral.  As  our  integral 
hypercomplex  numbers  we  shall  take  those  of  an  infinite 
system  of  numbers  a  +  fee,  where  a  is  integral  and  b  rational, 
such  that  the  system  has  a  basisf  1.  ce,  i.e.,  is  composed  of 
their  linear  combinations  with  integral  coefficients.  Since  we 
may  take  ce  as  a  new  unit  e  whose  square  is  zero,  we  may 
assume  that  a -\-  be  is  integral  if  and  only  if  a  and  b  are  both 
integers. 

*  ViEBTEUABRascHBiFT,    Zurich,   vol.   54   (1909),   pp.   116-148. 

L'Enbeionbubnt,  vol.  17  (1915),  pp.  340-3;  vol.  18  (1916),  pp.  201-260. 

NotrvELLES  Annales,  (4),  vol.  18  (1918),  pp.  448-461. 

CoMPTES  RBNDtrs  DC  CoNORfes  Internationai,  (Strasbourg),  1921. 

t  We  obtab  uninteresting  results  if  we  omit  the  aaaumption  of  a  baaia 
and  call  a  ■\-be  integral  if  a  is  iotegriJ  and  h  rational.  It  ia  a  unit  if  a 
—  ±1.  Ifr^O,  >)  —  r  +  ^is  "associated"  with  its  product  r  by  the 
unit  1  —  es/r.  Hence  the  classes  of  associated  numbers  whose  real  co- 
ordinates are  not  zero  are  in  (1,  1)  correspondence  with  the  real  integera 
and  obey  the  laws  of  divisibihty  of  inlcgera.  But  *e  ia  aasooiated  only 
with  ±  «e.  Now  U  ia  divisible  by  every  r  -^  ae,  r  ^  0,  the  quotient 
being  elJT. 
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The  units  (integral  divisors  of  1)  are  ±  1  +  be,  where  b  is 
integral.  A  simple  example  shows  that  the  laws  of  divisibility 
fail.    Let  p  be  any  odd  prime.    Then 

(1)  p-p  =  (p+  ke){p  -  fce), 

and  p  +  (e  is  indecomposable  and  is  associated  with  p  +  te  if 
and  only  it  t  m  I  (mod  p).  The  product  otp  —  ke  by  the  unit 
1  +  e  is  p  +  (p  —  !c)e.  Hence  if  we  give  to  k  the  values 
0,  1,  ■  ■  ■,  h(v  ~  1)  i°  (1)'  ^'^  obtain  the  j(p  +  I)  essentially 
different  ways  of  factoring  p'  into  indecomposables.  As  a 
generalization  of  (1), 

{p  +  fce)(p  +  fe)  =  (p  -f  xe)(p  -f-  ye),        x  +  y  =  k+  I. 

3.  Hypercomplex  IdeaU.  As  in  the  theory  of  algebraic 
numbers,  define  an  ideal  to  be  an  infinite  set  of  our  hyper- 
complex integers  which  is  closed  under  addition  and  sub- 
traction and  is  such  that  the  product  of  any  number  of  the 
set  by  any  hypercomplex  integer  is  equal  to  a  number  of  the 
set.  Since  (r  +  se)e  =  re,  every  ideal  contains  a  number  te, 
where  t  ^  0.  Let  m  be  the  minimum  positive  integer  such 
that  me  is  in  the  ideal.  The  products  xim  of  me  by  all  hyper- 
complex integers  x-^-  ye  constitute  a  principal  ideal,  denoted 
by  \me[.  Consider  an  ideal  7  which  contains  ame,  where  x 
ranges  over  all  integers,  and  further  numbers  r^  +  «,«,  where 
each  Ti  +  0,  The  positive  greatest  common  divisor  r  of  the 
r,  is  a  linear  combination  of  them  with  integral  coefficients. 
The  same  linear  combination  of  the  Ti  +  «,e  is  a  number 
r-\-  se  oi  I.    Write  qt  for  the  integer  fj/r.    Then  I  contains 

Ti  +  3ie  —  qi{T  +  ae)  =  i,e,         kt  =  3i—  9,3. 
Hence  fc,-  =  p,-m,  where  p,-  is  an  integer.     Thus 
r,-  +  Sie  =  pi{me)  +  ^((r  +  se), 
30  that  /  is  composed  of  linear  combinations  of  me  and  r  +  se 
with  integral  coefficients  (i.e.,  has  a  basis).    Finally,  the 
product  of  every  number  of  I  by  every  hypercomplex  integer 
must  belong  to  /,  which  will  be  true  if  the  products  by  e 
belong  to  I,  i.e.,  if  re  is  in  I.    Thus  r  =  qm,  where  q  is  an 
integer.    Hence 

(2)  I  =  [me,  qm.  +  se],         q  >  0,  m  >  0,  0  S  j  <  nt. 
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where  the  bracket  signifies  all  the  linear  combinations  of  the 
two  enclosed  numbers  with  integral  coefficients. 

The  product  of  two  ideals  is  defined  to  be  the  totality  of 
linear  combinations  with  integral  coefficients  of  the  various 
products  of  numbers  of  the  first  ideal  by  numbers  of  the 
second.    Hence 

[le]I  =  [tqme]  =  [te\P,         P  =  [qm^,  qm]. 
The  ideal  P  is  distinct  from  I  unless  q  =  1,  a  =  0.     Hence  the 
laws  of  arithmetic  do  not  hold  for  our  ideals* 

The  preceding  special  difficulty  may  be  obviated  by  ex- 
cluding one-based  ideals  [te].  Hence  we  shall  supplement  our 
definition  of  an  ideal  by  making  the  assumption  that  it  con- 
tains numbers  which  are  not  divisors  of  zero,  i.e.,  multiples 
of  e.     Now  every  ideal  is  of  tlie  form  (2), 

II  q  =  1,  (2)  is  composed  of  the  products  of  m  +  ae  by  all 
hypercomplex  integers  and  hence  is  called  a  principal  ideal 
!m  +  se].  If  7  >  1,  (2)  is  not  a  principal  ideal.  We  shall 
call  q  the  mass  of  the  ideal  (2).  Hence  an  ideal  is  a  principal 
ideal  if  and  only  if  its  mass  is  unity. 

The  mass  of  a  product  of  two  ideals  is  the  least  common 
multiple  of  their  masses.     For,  the  product  of  (2)  by 

J  =  [we,  pn  +  te] 
is 

IJ  =  [p-mne,  q-mne,  pqmn  +  ke],        h  =  qmi  +  pns. 
Let  G  be  the  greatest  common  divisor  of  p  =  PG  and  q  =  QG, 
whence  P  and  Q  are  relatively  prime.    Then  G  is  a  linear 
combination  of  p  and  q.    The  same  linear  combination  of  the 
first  two  entries  in  IJ  is  Gmne.     Hence 

IJ  =  [GmTie,  PQGGmn  +  ke], 
whose  mass  is  PQG,  i.e.,  the  least  common  multiple  of  p  and  q. 

It  follows  at  once  that  the  mass  of  the  product  of  any 
number  of  ideals  is  the  least  common  multiple  of  their  masses. 
The  latter  is  unity  if  and  only  if  all  the  masses  are  unity. 
Hence  a  product  is  a  principal  ideal  if  and  only  if  each  factor 
is  a  principal  ideal.  In  other  words,  every  factor  of  a  principal 
ideal  is  itself  a  principal  ideal. 

•  More  simply  since  [c]\i-\  is  not  an  ideal. 
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Consequently  our  ideals  fail  to  explain  our  difficulty  (1),  or 
the  equivalent  in  principal  ideals: 

(]')  |p|-!p}  =  {p+ke\{p-ke]. 

Since  we  saw  that  p-\-  te  is  an  indecomposable  number,  we 
conclude  that  \p  +  te]  is  not  a  product  of  principal  ideals  and 
not  a  product  of  any  ideals.  The  relation  (1')  between  dis- 
tinct indecomposable  ideals  shows  that  our  ideals  do  not  obey 
the  laws  of  arithmetic  and  do  not  explain  our  difficulty  (1). 

4.  ImpossifyilHy  of  the  Restoraiion  of  Uniqve  Factorizalion.  In 
§  3  we  saw  the  futility  of  the  introduction  of  hypercomplex 
ideals  defined  essentially  as  in  the  theory  of  algebraic  numbers. 
We  shall  now  prove  that  it  is  impossible  to  restore  unique 
factorization  by  the  introduction  of  ideals  of  any  kind  such 
that  a  number  and  its  products  by  the  units  all  correspond  to 
a  unique  ideal  (provided  the  number  be  not  a  divisor  of  zero) 
and  such  that  the  product  of  two  numbers  corresponds  to  the 
product  of  the  corresponding  ideals. 

The  numbers  o  =  3,  6  =  3  +  e,  c  =  3  +  2e  are  indecom- 
posable and  no  two  are  associated.    We  have 

(3)  ac  =  6',        be  =  (i'(l  +  e),        ab  =  c^(l  -  e). 

Let  a,  (9, 7  be  the  distinct  ideals  ?*  1  which  correspond  uniquely 
to  a,  b,  c.  respectively.  Since  I  +  e  and  1  —  e  are  units, 
we  have 

(4)  ay  =  ^,        jSt  =  a^         aff  =  7^ 

A  prime  ideal  divisor  5  +  1  of  a  must  divide  /3  and  y.    Write 

a  =  ai5,.^  =  /9iS,  y  =  TiS. 
Then 

(5)  ai7i  =  /3i',         ^i7i  =  at=,  ai^i  =  y^. 

No  one  of  ai,  (3i,  71  is  unity.  For,  if  at  =  I,  then  /3i7i  =  1, 
whence  jSi  =  71  =  1,  whereas  a,  &,  7  are  distinct.  Since  the 
relations  (5)  are  entirely  similar  to  relations  (4),  it  is  impossible 
to  restore,  in  a  finite  number  of  steps,  unique  factorization 
in  (3)  by  the  introduction  of  ideals. 
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5.  Factorization.  There  is  only  a  finite  number  of  ways  of 
factoring  into  indecomposables  and  each  way  involves  only  a 
finite  number  of  factors.  First,  to  obtain  all  pairs  of  factors 
of  te,  express  f  as  a  product  of  two  integers  x,  w  in  all  possible 
ways;  the  factors  are  x  +  ye,  we,  where  0  =  y<.x,  if  we  retain 
only  one  of  associated  numbers.  To  factor  a-\-  be,  where 
c  >  0,  express  a  in  all  possible  ways  as  a  product  xz  of  two 
integers  >  1.  For  each  such  pair  x,  z,  and  for  0  S  y  <  x, 
c  +  6c  has  the  factors  x-\-  ye  and  z  +  we,  where  w  is  deter- 
mined uniquely  by  xw  -^  yz  =  b,  the  ease  of  a  fractional  w 
being  excluded. 

The  only  pairs  of  factors  of  p*  (i  S  2),  no  one  a  unit,  are 
!>'  +  ye,        p'^^ipr  —  ye), 
where  r  ranges  over  the  positive  integers  ^  ^k,  and  0  S  y  <  p'. 
The  only  pairs  of  factors  of  p*  +  se  are 

p'  +  ye,        p*~'  +  (<r  —  p*"*'y)e, 
where  r  ^  ^k  and  p'  divides  s  =  ap'. 

If  p  and  q  are  distinct  primes  and  k  s  /,  the  only  pairs  of 
factors  not  units  of  p*v'  are  J,  p^^q'~^'K,  where 
J  =  pY  +  ye,         K  =  -^q'  —  ye, 
OST^^k,    OSs^y,    Q^y<p'q';    and   p'^^J,    q'-^'K 
(r  <  \k).     In  particular  pq  has  only  the  factors  p,  q. 

Regarding  factors  of  J,  note  that  pq  +  ae  has  the  unique 
factors,  apart  from  unit  factors,  p  +  yc  and  q  +  we,  where 
fi  %  y  <  p,  qy  =  s  (mod  p),  and  w  is  determined  by  pw  +  yq 
=  s.  Next,  p*9  +  *c  has  the  factors  p'  +  ye  and  q  +  wc, 
where  jc  is  uniquely  determined  by  0  ^  jc  <  g,  p*w  =  a 
(mod  5),  and  y  is  then  determined  by  p^w  +  7^  =  a.  It  has 
no  further  pairs  of  factors  if  »  is  prime  to  p.  But  if  a  =  Sp, 
the  only  additional  pairs  are  the  p  pairs  p  +  je,  pq  +  ice, 
where  0  S  y  <  p,  w  =  S  —  qy. 
The  Univerbitt  of  Chicaoo 
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A  REVISION  OP  THE  BERNOULLIAN  AND 
EULERIAN  FUNCTIONS* 


1.  Introduction.  To  secure  simplicity  and  uniformity  in  the 
derivation  of  relations  between  the  BernouUian  and  Eulerian 
functions  (not  to  be  confused  with  the  numbers  of  the  same 
name)  occurring  most  frequently  in  appHcations  we  take  as 
fundamental  a  set  of  four  functions  instead  of  the  usual  pair, 
and  from  these  by  easy  substitutions  obtain  the  values  of  the 
functions  defined  by  other  writers-f 

Following  Lucas  J  we  use  the  even  sufl5x  notation  for  the 
numbers  B,  G,  E,  R  of  Bernoulli,  Genocchi,  Euler  and  Lucas; 
with  the  exceptions  B\  =  —  \,  G\  =  1,  the  numbers  of  odd 
rank  vanish,  and  Bo  =  1,  Go  =  0,  Eo  =  1,  Bo  =  \-  Unless 
otherwise  stated  n  is  an  arbitrary  integer  S  0.  The  "repre- 
sentative" or  umbral  calculus  of  BHssard  §  is  used  throughout, 
so  that  the  nth  power  a"  of  the  umbra  a  represents  the  ordinary 
o,.  The  letters  x,  y,  z,  u,  v  denote  ordinary  algebraic  quan- 
tities, or  ordinaries;  a,  b,  c,  B,  E,  G,  R,  ip,  ^,  X,  p.  are  umbree. 
The  umbral  sin  ax,  cos  ax  are  defined  by  the  series,  assumed 
absolutely  convergent  for  some  \x\  >  0, 

the   umbral    multinomial   theorem  gives  the '  expansion   of 

(ax  +  by  +  •  ■  ■  +  cz)"  in  either  of  the  identical  forms 

•  Presented  to  the  Society,  April  8,  1922. 

t  Accounts  of  the  history  and  notations  of  these  (unctions  are  conttuned 
in  papers  by  Worpitzky,  Crellb's  Journal,  vol.  94  (1883),  pp.  203-232, 
and  Glaiaher,  Quabterlt  Jodhnal,  vol.  29  (1898),  pp.  1-169;  vol.  42 
(ISll),  pp.  86-157. 

I  Tkioris  des  Nombres,  Chap.  XIV.      . 

S  QuAKTERLt  Journal,  vols.  6^9  (1863-1867);  cf.  also  Lucas,  loc.  cit.. 
Chap.  XIII. 


sin  ax  = 
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^^  a'.pi-  ■  -7! 

the  ^  extending  to  all  sets  of  values  of  a,  ^,  ■  ■  ■,  7  S  0  whose 
sum  is  n.     When  precisely  r  of  the  umbrae  a,b,  ■  ■  ■ ,  c  are  the 
same  they  are  replaced  by  r  distinct  umbree  until  after  the 
degradation  of  exponents.    Thus  (a  —  aY  is  obtained  from 
(a  -  6)*  or  aV}'*  —  2aW  +  a"6*,  and  its  value  is  2(aoaj  —  ai'). 
Throughout  the  paper  f{x)  is  an  arbitrary  analytic  function 
of  a:;  its  derivatives  with  respect  to  x  are  denoted  by  accents, 
^'{x),  f"{x),  ■■  ■;  with  respect  to  any  other  variable,  say  u,  of 
which  it  is  a  function,  by  /„,  /„„,   ■  ■  ■.     As  a  special  case  of 
importance  in  applications  the  power  series  representation 
fco  +  kix  +  k'ii?  +  ■  ■  ■  of  f{x)  may  terminate ;  that  is,  for  m  a 
finite  constant,  kj  =  0,  j  >  m. 
2.  Umbral  Identities.    The  functions  defined  by 
.    p„(ffl,  6)  =  (o  +  6)"  +  (a-  &)", 
^„(a,  6)=  {a +6)--  (a  -  6)-, 
and  the  identities  connecting  them,  are  fundamental  for  the 
whole  subject.*     Each  is  said  to  be  of  rank  n.    Noting  that  they 
may  be  written  umbrally  <fi"(a,  b),  ^""(0,  b),  we  have 
2  cos  ax  cos  bx  =  cos  if>{a,  b)x, 
2  sin  ax  sin  6j:  =  —  cos  ^(a,  b)x; 
.  2  sin  ax  cos  bx  =  sin  ip(a,  b)  x, 

2  cos  ax  sin  bx  =  sin  ^(a,  b)x. 
From  the  definitions  we  write  down  as  special  cases  the  values 
of  v„{xa,  yb);^n{xa,  yb),  ipn{x,  yb),  etc.     For,  if  a  =  yb,  then 

a„  =  a"  =  y"b''  =  y''b^, 
since  y  is  an  ordinary,  b  an  umbra;  while  if  a  =  x. 

On   =    O"    =    X". 

The  suffix  u  denoting  as  above  the  M-derivative,  we  have 

*  This  is  true  whatever  definition  of  the  Bemotitlian  and  Eulerian 
functions  be  taken.  Thus  the  existing  treatments  could  he.  much  Bimplified 
by  the  use  of  v,  ^-     It  appears  best,  however,  to  recast  the  entire  theory. 
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(3)  X,"(»,  o)  -  »X"-"(»,  a),        X  =  V,  *! 
and  it  is  easily  seen  that 

(4)  v-+'(«,  o)-{n+l)  J'v^u.  a)i»  +  ll-(-l)-lo.+i- 

Let  i  denote  either  +  1  or  —  1.    Then 
(X  +  M  +  <i)"  ±  (i  +  <o  -  fJ)"  -  (I  +  «X(a,  6))- 

.'X'(a,  i)l"-', 


=  sa-' 


where  X  =  ^  or  ^  according  as  the  upper  or  lower  sign  on 
the  left  is  taken.  Multiply  this  throughout  by  k^,  hi,  fcj,  ■  ■  ■ 
and  add  all  the  results: 

(5)  /(x  +  ta  +  €b)  ±  S{x  +  «o  -  A)  =  /(x  +  eX(a,  fc)), 

the  ambiguous  sign  being  determined  as  above.  In  the  same 
way, 

(6)  f{x  +  a+h)  +  (J{x  +a-b)  +  e^f{x  -  a  -  b) 

+  fiftSix  -a+b)=  Sinix,  X)), 
where  X  =  if>{a,  b)  or  ipia,  b)  according  as  ti  =  +  1  or  —  1, 
and  fi  =  ip  OT  4'  according  as  tj  =  +  1  or  —  1.  Many  more 
relations  of  a  similar  kind  can  be  written  down  in  the  like 
manner.  The  process  by  which  (5),  (6)  are  obtained  is  more 
easily  applied  in  many  cases  than  the  final  formulas.  For 
example,  suppose  we  have  formed  the  relation  (a  -f-  bY"  =  <?". 
Then  since  n  is  an  arbitrary  integer  S  0  we  have  identically 

{x  +  a->r  br  +  {x  -  a  -  by  =  {x  +  c)"  -\- {x  -  c)~, 
and  from  this,  proceeding  as  before, 

/(x+  a  +  b)  +/(3:  -  a  -  b)  = /{jr  +  c)  + /{a:  -  c). 
All  of  the  above  formulas  can  be  easily  generalized  to  the  case 
of  any  number  n  of  umbrse  by  extending  (1),  (2)  to  n  factors 
on  the  left.  In  doing  this  it  is  advantageous  to  take  as 
fundamental  the  function  generated  by  the  product  of  Wi 
umbral  sines  and  lij  umbral  cosines,  Hi  +  Wa  =  n.  The  cases 
(wi,  ni)  =  (1,  1),  (2,  0),  (0,  2)  are  sufficient  for  the  present 
sketch. 
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From  Lucas,*  we  transcribe  the  relations 

(7)  X  ctn  X  —  cos  2Bx,        2x  tan  x  =  cos  2Gx, 

(8)  sec  X  =  cos  Ex,  x  cac  x  =  2  cos  fiar. 
Although  the  lack  of  symmetry  in  these  destroys  many 

uniformities  later  we  shall  retain  the  definitions  of  B,,  G„,  E„, 
Rn  implied  in  them,  as  Lucas'  notation  is  well  established. 

3.  The  Fundamental  Functions.  The  BernouUian  functions 
j9''(u)  =  0n(u),  y"(w)  =  7n(u)  of  rank  n  and  argument  u  are 
now  defined  by 

(9)  rCw)  =  ^"C",  2B)  =  2  g2»'(2")^^'  »""*'- 

(10)  7''(«)=  V^",  2G); 
and  the  Eulerian  functions  similarly  by 

(11)  Tt-iu)  =    V^iv,  E)  =  2  Z(^^)E2r  «"-*', 

(12)  p"(w)  =  v^u,  ii). 

When  there  can  be  no  confusion  the  argument  u  will  be  omitted 
but  understood,  and  we  shall  write  X„  (u)  =  X„  (X  =  (3,  y,  ij,  p). 
The  derivatives  are  obtained  from  (3), 

(13)  X."-nX»-',  (X  =  ft  T,  ij,  p); 
and  from  (9)-{12),  noting  the  zero  values  of  B,  G,  E,  R  to 
write  down  those  of  ^,  y,  ij,  p,  we  have  for  (X,  L)  =  Ui,  B), 
i,y,  G)  and  (p,  M)  =  (,,  £),  (p.  K), 

X!.+,  =  (2»+  1)   (\,Ju, 
(")  % 

X,.+,  -  (2»  +  2)   /  X,.+,i»  +  2'-*'  i,.+,; 

Pin+i  =  (2n  +  1)   I  pj„£?M, 

(15)  ■> 

P>rt.  =  (2»  +  2)  J  P!.+i((»  +  2.»/,^.. 

With  the  initial  values 

(16)  ft  -  2,         To  =  0.         Id  -  2,         Pd  -  1, 

•  Loc  dt..  p.  261. 
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these  enable  us  to  calculate  the  successive  X„  rapidly  when  the 
B,  G,  E,  R  numbers  are  given  by  either  tables  or  recurrences. 
From  {9)~(12),  (7)-C8),  (1),  (2)  we  write  down  the  generating 
identities,* 

(17)  sin  fix  =  2x  ctn  x  sin  vx,  cos  0x  =  2x  ctn  x  cos  vx; 

(18)  sin  yx  =  4z  tan  x  sin  ux,  cos  yx  =  Ax  tan  x  cos  vx; 

(19)  sin  ija;  =  2  sec  x  sin  vx,  cos  -qx  =  2  sec  a:  cos  ux; 

(20)  sin  px  =  X  esc  x  sin  ux,  cos  px  =  x  esc  a:  cos  wa;. 
In  conjunction  with-(l),   (2),   (7),   (8)   these  contain  the 

entire  theory  of  the  relations  between  j9,  y,  tj,  p..  The  relations 
are  found  uniformly  from  (I7)-(20)  by  obvious  trigonometric 
manipulations.  There  is  space  here  only  for  a  few  examples 
to  illustrate  the  processes. 

4.  Relations  between  the  Functions.  Multiply  the  identities 
(17)  throughout  by  4x  tan  x,  use  the  second  of  (7)  to  reduce 
the  left-hand  members  of  the  results  to  the  form  of  the  corre- 
sponding member  of  (2),  and  apply  (2): 

sin  >p(fi,  2G)x  =  8x*  sin  ux,        cos  <p(fi,  2G)x  =  Sj:*  cos  vx. 
Equate  coefficients  of  like  powers  of  x, 

generahze  this  as  in  obtaining  (5),  noticing  that  f"(x  +  u) 
=  Uix+u): 

(21)  f{x+0+  2G)  +  /(x  +  (9  -  2C)  =  -  8/"{x  +  u). 
Similarly  from  (18), 

(22)  /(x  +  7  +  25)  +  /(x  +  7  -  2B)  =  -  8/"(x  +  u). 

If  in  this  /(x)  =  X",  and  then  x  =  0,  the  form  from  which  it 
was  inferred  is  recovered.  In  the  same  way  from  (19),  (20) 
after  multiplication  throughout  by  2  cos  x,  2  sin  x  respectively, 

(23)  /(:r+,+  l)+/(x+^~  l)  =  4/(x+«), 

(24)  /(^+p+l)-/(;r-|-p-l)  =  2/'(x  +  «); 

and  from  (17),  (18)  for  the  multipliers  sin  x,  cos  x  we  find  first 

^"(ff,  1)  =  2y."(M,  1),         ip'-jy,  1)  =  -  4f„'(M,  1). 

•  Note  the  unnecesaary  lack  of  symmetry  caused  by  the  unfortunate 
deanitions  (7),  (8). 


f'ifi,  2G)  '- 
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whence  by  generalization  to  functions/, 

(25)  f{x+0+\)-S(x+^-l)  =  2f{x+u+\)+2f{z+u-l), 

(26)  f{x+y+l)+Kx+y-\)  =  4f'(x+u-l)-'if{x+u+l). 
Again,  dividing  each  of  the  identities  in  each  of  (17)-(20) 

hy  the  other  we  get,  for  \  =  ff,y,  17,  p, 

cos  Xa:  tan  vx  =  sin  Xz,         sin  Xt  cot  ux  =  cos  Xar, 
and  hence  as  before, 

(27)  <f>"'(\,  2Gu)  =  -  4mX„*~,  ^''+HX,  2Bu)  =  2uX„*"+'. 
These  express  the  functions  of  given  rank  linearly  in  terms  of 
functions  of  the  same  kind  and  lower  ranks.  To  generalize  we 
proceed  as  in  §  2,  getting 

/(a-  +  X  +  2Gu)  +f{x-\-  2Gu) 

(28)  +nx+\-  2Gu)  +f{x-\+  2Gu) 

=  -^u\j.{x^-\)+Ux~\)]. 
/(x  +  X  +  2Bu)  -f(x-\-  2Bu) 

(29)  +  /(x  +  X  -  2Bu)  -f(x-\  +  2Bu) 

=  2w[/„(x+X)-/„(x-X)], 
which  hold  for  X  =  /3,  7,  ij,  p.  The  identities  from  which 
these  are  inferred  may  be  recovered  as  indicated  above. 

A  relation  between  functions  /  whose  arguments  contain  at 
most  r  distinct  umbrae  chosen  from  among  0,  y,  tj,  p  is  called 
r-fold.  It  would  be  of  interest  to  write  out  a  set  of  such 
relations  for  r  =  1,  2,  3,  4  containing  4,  6,  4,  1  relations  of 
the  respective  types  (the  case  r  =  1  is  treated  above) ;  but  to 
save  space  we  indicate  the  method  for  r  >  1  in  one  case  only. 
When  r  =  2  the  simplest  relations  are  found  by  multiplying 
together  two  of  the  generating  identities  and  proceeding  as 
above.     Thus  (19),  (20)  give 

cos  ^  (i?,  p)x  =  —  4  cos  2Rx  +  2  cos  2px, 
cos  ip  {-n,  p)x  =       4  cos  2Rx  +  2  cos  2px\ 
and  hence 

{■n  ±  pf  =  2'"+V,    2=''-^^fl*", 

the  upper  sign  giving  the  first  on  the  right,  the  lower  the 
second.     Generahzing  we  get 
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(30)  f(x+v+p)+f(^-v-p)  =  2fix+2p)+2f(x-2p), 

(31)  f{x+7,-p)+nx-7,+p)  =  if{x+2R)+if{x-2R).       . 
Other  simple  types  arise  from  division;  thus 

fix+v+  2B)  +/(a:  +  ^  -  2B)  =  4/(3:  +  p). 

5.  Functions  oj  Argumeni  2^1,  2u  —  1.  In  many  applications 
the  values  of  the  functions  in  §  3  are  required  only  for  the 
arguments  2m,  2w  —  1.  It  is  then  desirable  to  consider  the 
functions  of  2u,  2it  —  1  as  new  functions  of  w.  Accordingly 
we  write  the  definitions 

Xy^M)  =  X;.n(w)  =  X"(2w  -  j),  (j  =  0,  1), 
for  \  =  &,  y,  rj,  p.  There  can  be  no  confusion  between  the 
constant  suffix  j  and  the  u  in  X,„"  denoting  the  w-derivative 
of  X,"  (the  argument  u  being  omitted  as  before).  We  have 
Xj''(m)  =  (X(2«)  —  j)",  as  is  evident  on  expanding  by  Taylor's 
theorem  and  noting  (3),  The  generating  identities  are  written 
down  from  (17)-(20)  by  changing  n  into  2m  —  j  and  replacing 
X  by  \j.  Hence  all  the  relations  between  the  Xj"  (j  =  0,  1) 
functions  of  either  kind  can  be  written  down  immediately 
from  those  for  the  X"  functions  by  replacing  in  the  latter 
relations  X  by  X,- and  u  by  2u  or  2w  —  1  according  asj  =  Oorl. 
It  is  therefore  unnecessary  to  repeat  any  of  the  derivations. 

We  note  one  relation  of  particular  interest,  tjie  analogue 
for  the  Xi"(u)  (X  =  ^,  y,  ij,  p)  of  relations  found  by  Raabe, 
Schlomilch  and  Glaisher  for  their  functions,  the  obviousness 
of  which  by  the  symbolic  method  is  striking: 

(32)  Xi"(w)  =  (-  1)-Xi-(1  -  H),     {\  =  &.y,n.P)- 
Another  type    may    be    noticed.     Expand  sin  (2u  —  l)x, 

cos  (2u  —  l)ar  in  the  generating  relations  by  the  addition 
theorems  for  the  sine  and  cosine,  use  (17),  (18)  to  reduce  the 
results,  and  finally  equate  coefficients  of  tike  powers  of  a-. 
Thus 

sin  j3iX  =  2x  ctn  x  [sin  2m3:  cos  x  —  cos  2vjc  sin  x\ 
=  2a-  CSC  X  sin  2ux  —  2x  cos  (2u  —  l)ar, 
=  2  sin  p(2M)ar  -  2ar  cos  (2w  -  l)x, 
and  similarly  for  cos  ffix  and  the  rest.    We  find  hence 
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(33)  ^i"(«)  =  2p''{2u)  -  2n{2u  -  1)"-', 

(34)  yi-{u)  =  -  2nij»-i(2w)  +  4n(2M  -  l)""', 

(35)  2nt,i'-'(M)  =  y'{2u)  +  4n(2«)--', 

(36)  2p,''(u)  =  /3''(2m)  -  2n(2u)"-'; 
and  generalizing, 

(37)  fix  +  (3,)  =  2f{x  +  po)  -  M^  +2u-  1), 

(38)  /(ar  +  7i)  =  -  fu(x  +  m)  +  2Ux  +  2u  -  1), 

(39)  Mx  +  I?,)  =  /(:r  +  7o)  +  2Ux  +  2w), 

(40)  2/(x  +  pO  =  f(x  +  0o)  -  Ux  +  2u). 

Thus  if  a  relation  between  any  members  of  either  set  X/ 
(X  =  ^1  y>  V'  Pt  j  =  0,  1)  be  given,  a  relation  between  the 
corresponding  members  of  the  other  set  can  be  written  down 
from  it,  0,  p  and  y,  ij  being  the  pairs  of  correspondents. 

6.  Valves  of  the  X^"  (j  =  0,  1)  for  Integral  Arguments  >  0. 
The  connection  between  our  functions  and  those  of  other 
writers  is  obtaineH  (among  other  ways)  by  noting  the  sums  of 
like  powers  of  integers  to  which  the  X,"  degenerate  when  the 
argument  v,  is  an  integer  >  0.  There  are  16  cases  in  sets  of 
fom"  each,  obtained  by  multiplying  sin  2nx,  cos  2ux,  sin 
(2m  —  l)x,  cos  (2u  —  l)x  by  x  ctn  a-,  2x  tan  x,  sec  ar,  3^  esc  x, 
reducing  the  products  to  linear  functions  of  circular  functions 
(of  which  not  more  than  one  in  any  case  is  other  than  a  sine 
or  cosine),  and  taking  the  coefficient-  of  a^''l(,2n) !  or 
i*''+7(2n  +  1) !  according  as  the  expanded  product  is  an  even 
or  an  odd  function  of  z.  These  coefficients  are  simply  expres- 
sible in  terms  of  X,  (j  =  0,  I)  functions;  they  also  are  readily 
expressed  in  terms  of  the  Bernoullian  and  Eulerian  functions 
already  in  the  literature.  A  full  discussion  of  them  having 
been  given  elsewhere  it  suffices  here  to  state  the  reference* 
llNivEHsnT  OF  Washington 

*  Mebsenoek  of  Mathematics,  vol.  50  (1921),  pp.  177-186.  The 
functions  ^,  ^  of  the  paper  difTer  slightly  rrom  those  of  the  present,  aJso 
0,  y  there  have  no  conncctioD  with  0,  y  here. 


ovGoogIc 


CUBV£S  WFTH  ASSIGNED  SINGULARITIES 


ON  THE  EXISTENCE  OF  CURVES  WITH 
ASSIGNED  SINGULARITIES' 


The  fundamental  relations  which  connect  the  point  and  line 
singularities  of  algebraic  plaae  curves  are  called  Pliicker's 
equations;  they  give  necessary  limitations  upon  the  numbers 
of  characteristics  of  the  different  sorts.  These  equations  do 
not,  however,  contain  in  themselves  any  existence  theorems, 
and  after  a  solution  in  integers  has  been  obtained,  there  is  no 
guarantee  that  there  is  any  curve  whose  characteristics  are 
the  numbers  found.  Erroneous  views  have  been  held  on  this 
point.  The  fact  that  a  quartic  is  possible  with  three  cusps 
suggests  the  existence  of  a  unicursal  curve  of  any  order  all  of 
whose  singular  points  are  cusps;  such  a  curve  can  not  exist. 

Various  attempts  have  been  made  to  show  the  existence  of 
curves  with  assigned  singularities,  the  most  important  beiug 
that  of  Lefschetz.t  As  far  as  simple  nodes  are  concerned,  he 
completed  the  solution,  exhibiting  the  existence  of  plane  curves 
with  no  singularities  but  simple  nodes,  and  these  in  any 
desired  number  up  to  the  theoretical  maximum.  He  also 
showed  that  the  requirement  of  each  additional  node  imposed 
just  one  new  condition.  With  regard  to  cusps,  he  was  less 
successful.  He  established  certain  upper  limits  which  may  be 
attained,  but  the  conclusions  are  not  clean-cut,  and  depend 
upon  what  he  caUs  the  Postulate  of  singvlarities,  which  consists 
essentially  in  assuming  that  when  we  require  a  certain  curve 
to  have  an  additional  cusp,  we  do  not  thereby  impose  upon 
it  automatically  more  than  one  additional  cusp. 

The  present  paper  follows  closely  Lefschetz's  methods,  but 
reaches  a  more  definite  and  much  simpler  conclusion,  and  does 
so  without  the  use  of  his  postulate,  which  is  proved  in  the 
course  of  the  work.    The  final  result  is  as  follows. 

•  Presented  to  the  Society,  December  27,  1922. 

\  On  the  existence  of  loci  with  ffipea  Binffalarilies,  TnANSAcrnoNS  OP  this 
SociETT,  vol.  14  (1813),  p.  23. 
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Theorem.     The  maximum  possible  number  of  cus-ps  for  a 
curve  of  odd  order  n  and  deficiency  p,  where  n  S  2p+V8p+9,iff 
1 
"2" 

The  maximum  number  for  a  curve  of  even  order  n  and  deficiency 
p,  where  n  S  2p  +  1  +  VSp  +  l,is 

I" 

There  exist  curves  of  order  n  ond  deficiency  p  having  cusps  in 
any  number  up  to  the  maximum. 

Let  us  begiD  by  writing  some  of  PI  Acker's  numbers,  and  the 
equations  which  connect  them: 

Order  of  curve       =  n,  Number  of  cusps  *=  k. 

Class  of  curve       =  m,        Deficiency  =  p. 

Number  of  nodes  =  6,         Number  of  inflections  =  i. 
We  have,  then,  the  following  equations  of  Plucker: 

(1)  m  =  n(n  -  1}  -  2{5  +«)-«, 

(2)  p.  <"-»<« -2) -(«+„, 

(3)  m  -  2(n  -  1)  +  2/)  -  «, 
n  =  2(m  -  1)  +  2p  -  i, 

«  -  3»(«  -  2)  -  6(8  +  ic)  -  2«, 
i  =  3[{n  -  2)  +  2p]  -  2«, 

(4) 

In  order  to  prove  that  a  curve  may  have  the  maximum  number 
of  cusps  we  must  show  that  we  can  ha^e  a  curve  of  given 
order  and  deficiency  with  one  inflection,  if  the  order  be  odd, 
and  no  inflection  if  it  be  even. 

Suppose  that  we  have  a  unicur^al  curve  of  order  re  with  a 
multiple  point  A  of  order  n  —  1,  all  the  tangents  being  distinct. 
Let  £  be  a  simple  point  of  this  curve.  Pass  a  quadric  surface 
through  A  and  fi,  and  let  V  be  the  point  where  a  generator 
through  A  meets  a  generator  through  B.     Let  us  project  our 
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plane  curve  upon  this  quadric  from  V.  The  space  curve  will 
not  pass  through  V,  but  will  meet  VA  at  the  points  of  contact 
of  the  tangent  planes  through  the  tangents  to  the  plane  curve 
at  A,  and  will  meet  VB  in  the  point  of  contact  of  the  tangent 
plane  through  the  tangent  at  B  to  the  plane  curve.  Since 
the  space  curve  does  not  go  through  V,  and  meets  a  plane 
through  F  in  n  points  other  than  V,  it  is  a  space  curve  of 
order  n.  Now  if  we  project  this  space  curve  back  upon  the 
plane  from  a  point  which  does  not  lie  on  one  of  its  tangents, 
or  on  the  common  secant  of  two  intersecting  tangents,  we  get 
a  plane  curve,  also  of  order  n,  whose  only  singularities  are 
nodes,  and  this  plane  curve  is  unicursal,  for  it  is  birationally 
related  to  the  first  one.  But  if  the  point  of  projection  lie 
upon  a  tangent  to  the  space  curve  the  new  plane  curve  will 
have  just  one  cusp,  but  a  deficiency  0  as  before.  We  see, 
therefore,  that  we  may  have  a  unicursal  curve  with  no  singu- 
larities but  nodes,*  or  with  a  single  cusp.  The  classes  in 
these  two  cases  are,  by  (3), 

2(11-  1);         2(n-l)-  1. 
If  we  increase  n  to  n  +  1,  we  shall  get  the  classes 
2n;        2n  -  1. 

Thus  it  appears  that  we  can  find  a  unicursal  curve  with  one 
cusp  and  any  odd  class  above  1,  or  with  no  cusp  and  any  even 
class.  Dually,  we  can  find  a  curve  which  is  unicursal  with 
one  inflection  and  any  odd  order,  or  with  no  inflection,  and 
any  even  order,  and  this  shows  that  we  can  find  a  unicursal 
curve  with  the  maximum  number  of  cusps.  Now  for  a  curve 
of  deficiency  jj,  we  follow  a  general  form  of  reasoning  of 
Lefschetz. 

There  will  exist  a  curve  of  deficiency  p  and  the  maximum 
number  of  cusps  If  there  exist  a  curve  of  given  order  and 
deficiency  with  one  inflection  or  no  inflection,  as  the  case  may 
be,  i.e.,  if  there  exist  a  curve  of  given  deficiency  and  class 
with  one  cusp  or  no  cusp,  or,  finally,  a  curve  of  given  order 

•  See  Snyder,  Conilriiction  of  curuca  oj  given  ileficieiicy,  this  Bulletin, 
vol.  15(1908),  p.  1. 
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and  deficiency  with  one  cusp  or  no  cusp.  Since  the  number  of 
double  tangents  cannot  be  negative,  when  m  and  n  are  even, 
i  —  0,  and 

(m  -  1)  (m  -  2)  >  2p,        2(m  -  1)  ^  1  +  a/S?  +  1, 
nS2p  +  1+  48p  +  l; 
when  n  is  odd,  i  =  1,  and 

n  S  2p  +  VSp  +  9. 
What  is  the  contrary  hypothesis?  It  is  that  if  a  curve  have 
deficiency  p  and  given  order  it  must  have  more  than  one  cusp 
or  the  equivalent  in  higher  singularities.  If  this  were  true  for 
every  cur\'e  of  deficiency  p  it  would  be  true  for  every  curve  of 
lesser  deficiency,  for  the  curves  of  lesser  deficiency  have  more 
singularities,  i.e.,  they  have  imposed  upon  them  all  the  condi- 
tions for  the  curves  of  higher  deficiency,  and  others  also.  But 
this  last  hypothesis  does  not  hold  where  the  deficiency  is  0; 
hence  it  does  not  hold  in  the  general  case.  Thus,  there  are 
curves  of  any  deficiency  with  one  cusp  or  no  cusps,  or  with  one 
inflection  or  no  inflections,  hence  curves  of  any  deficiency 
with  the  maximum  number  of  cusps. 

We  have  now,  lastly,  to  prove  that  we  can  have  any  number 
of  cusps  less  than  the  maximum.  We  can  have  no  cusps  at 
all  or  one  cusp.  Start  with  this  and  impose  conditions  for 
one  cusp,  then  another,  etc.  We  shall  thus  get  any  number 
of  cusps  up  to  the  maximum  unless  it  happen  that  at  some 
stage  of  the  process  the  imposition  of  an  additional  cuspidal 
condition  will  produce  several  new  cusps.  If  this  should 
happen,  the  intervening  number  of  cusps  would  he  impossible. 
But  another  result  would  be  reached  also,  for  the  number  of 
additional  conditions  imposed  in  order  to  change  from  a  curve 
with  no  cusps  or  one  cusp  to  one  with  the  maximum  number 
of  cusps  would  be  less  than  the  number  of  cusps  so  gained. 

If  a  curve  have  the  order  n  and  k  cusps,  where  this  number 
is  one  or  zero,  according  as  n  is  odd  or  even,  the  number  of 
degrees  of  freedom  is 

»ii±«  _  ^tzM-LT^  _y]_.=  3,.+p-l-.. 
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Hence  the  number  of  degrees  of  freedom  of  a,  curve  of  class 
m  with  one  inflection  or  no  inflections  is 

3m  +  p  —  1  —  i, 
where  i  =  0  or  t  =  1. 

If  the  conditions  for  cusps  are  ali  independent,  and  only  in 
that  case,  the  amount  of  freedom  would  be 


n{n  +  3)  _  V{n-l){n-2)  _     1 


^[(«-2)  +  2p]+|=|+2-2p  +  |- 


3n 

-  2 1*-"  ~  ■'J  "I"  ■'PI  "1"  2  ^ 

But 

m  =  2(n  -  1)  +  2p  -  I  [(n  -  2)  +  2p]  +  ^ 


It  appears,  then,  that  a  curve  with  the  maximum  number  of 
cusps  has  exactly  the  freedom  compatible  with  the  appearance 
of  one  new  cusp  for  each  additional  cuspidal  condition,  and 
with  no  other  hypothesis.  This  proves  Lefscbetz'  postulate  of 
singularities,  and  shows  that  we  may  assign  any  number  of 
cusps  up  to  the  maximum,  without  fear  that  any  case  is 
impossible,  i.e.,  proves  our  theorem  in  its  entirety. 
Habvako  UmvEHanr 
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A  GENERALIZATION"  OF  NORMAL 
CONGRUENCES  OF  CIRCLES* 


1.  Introduction.  A  congruence  of  circles  in  three-dimen- 
sional space  19  said  to  be  normal  if  every  circle  of  the  congruence 
is  normal  to  three  surfaces.  Normal  congruences  have  long 
been  studied.t  and  one  of  their  principal  properties  is  expressed 
in  the  theorem  that  if  a  variable  circle  C  is  normal  to  the 
three  fixed  surfaces  Si,  Si,  S3  at  the  points  Pi,  Pi,  Pi  re- 
spectively, and  if  the  point  Pi  is  determined  by  a  real  constant 
cross  ratio  with  Pi,  Pi,  Ps,  then  as  C  varies  the  point  Pt 
traces  a  surface  which  is  also  orthogonal  to  C. 

It  is  the  purpose  of  the  present  note  to  consider  a  type  of 
congruence  to  which  we  shall  give  the  name  of  isogonal 
congruence  and  which  is  a  generalization  of  the  notion  of 
normal  congruence.  A  congruence  of  circles  is  said  to  be 
isogonal  if  ever\'  circle  of  the  congruence  cuts  three  surfaces  at 
equal  angles  in  such  a  way  that  when  the  circle  is  inverted 
into  a  straight  line  L,  the  tangent  planes  to  the  corresponding 
surfaces  at  their  points  of  intersection  with  L  are  all  parallel. 
That  is,  every  sphere  through  a  circle  of  the  congruence  cuts 
at  equal  angles  the  three  surfaces  at  their  points  of  intersection 
with  that  circle.  It  is  to  be  noted  that  the  term  isogonal 
might  well  be  given  to  a  still  larger  tj-pe  of  congruence  of 
circles,  but  in  the  present  paper  the  term  will  be  used  only  in 
the  restricted  sense  indicated. 

We  shall  prove  (Theorem  III)  that  if  a  congruence  is  isogonal 
there  are  not  merely  three  surfaces  but  a  one-parameter 
family  of  surfaces  which  have  the  isogonal  property,  and  all 
the  surfaces  of  the  family  can  be  obtained  as  in  the  case  of 
normal  congruences. 

'  Presented  to  iht'  Mucicty,  l>pi:fiubtT  27,  1922. 

t  By  Kibaucour,  Darboux,  Bianchi,  Eisenhart,  and  Coolidge,  among 
others.  Detailed  referennea  are  given  by  CcxiUdge,  A  Tre<tiiae  on  the  Circle 
and  the  Sphere,  O.vford,  lOlG,  Chap.  XV. 
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Isogonal  congruences  of  circles  are  thus  a  generalization  of 
normal  congruences  of  circles,  of  normal  congruences  of  lines, 
and  of  certain  congruences  of  lines  which  naturally  arise  in 
connection  with  the  parallel  mapping  of  surfaces*.  Isogonal 
congruences  are  particularly  interesting  because  in  general 
three  arbitrary  surfaces  determine  one  or  several  such  con- 
gruences bogonal  to  them.  If  one  fixed  circle  C  is  isogonal  to 
three  surfaces,  there  is  in  general  one  and  only  one  congruence 
of  circles  isogonal  to  those  surfaces  and  containing  C.  For 
the  condition  of  isogonality  for  a  circle  C  and  three  sur- 
faces C\,  Ct,  Ca  is  satisfied  if  two  spheres  through  the  circle 
C"  cut  at  equal  angles  the  surfaces  Cu  Cj,  d  at  their  points  of 
intersection  with  C.  This  is  equivalent  to  four  independent 
conditions  on  all  the  six-parameter  family  of  circles  in  space. 

Let  us  proceed  to  investigate  the  analogue  in  the  plane  of 
the  isogonal  congruence. 

2.  Isogonal  Series  in  the  Plane.  The  name  isogonal  series 
shall  be  given  to  a  one-parameter  family  of  circles  in  the  plane 
such  that  each  circle  of  the  family  cuts  at  equal  angles  three 
curves,  and  in  such  a  way  that  when  the  circle  is  inverted  into 
a  straight  line,  the  tangents  to  the  transformed  curves  at  their 
points  of  intersection  with  the  transformed  circle  are  all 
parallel.  In  general,  three  arbitrary  curves  determine  one  or 
more  isogonal  series,  and  if  a  circle  C  cuts  isogonally  three 
curves  there  is  in  general  one  and  only  one  isogonal  series 
which  contains  C  and  all  of  whose  circles  cut  isogonally  those 
three  curves.  For  the  condition  of  isogonality  to  three  curves 
involves  two  independent  conditions  on  the  three-parameter 
family  of  all  circles  of  the  plane.  We  shall  proceed  to  prove 
the  following  theorem. 

Theorem  -I.  Let  a  variable  circU  C  cut  three  fixed  curces  C\, 
d,  Ci  isogonally  tU  the  variable  points  Zi,  Zt,  Zs  respectively. 
Then  the  -point  zt  defined  by  the  real  constant  cross  ratio 

(1)  A  =   (21,82,23,24)  =  ,  . . 

*  laogonal  (»iigruences  are  also  a  gBDeralixation  of  a  type  of  congni- 
eaces  of  ciicles  considered  by  F.  W.  Beal,  Annalb  of  MATHEUATica,  (2), 
vol.  17  {191&-16),  pp.  180-170. 
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traces  a  curze  Ct  suck  that  the  circle  C  cuia  isogonaUy  Cu  Ca, 
Ct,  Ci  at  the  ■pmnta  zi,  zi,  zj,  z*. 

We  lix  our  attention  on  a  particular  circle  C  and  its  points 
of  intersection  zi,  Z\,  zx  (supposed  distinct)  with  C\,  Ct,  Cj. 
We  shall  prove  that  if  Zi,  Zj,  zt  move  nmultaruovsly  from 
Zi,  z%,  Z\  along  Ci,  Ct,  C»  in  any  way  whatever,  then  the  point 
Zi  defined  by  (1)  traces  a  curve  which  C  cuts  isogonally  vntk 
Cu  C„  Ct. 

If  2i  moves  from  Zi  along  Ci,  but  zj  and  Zj  are  kept  coin- 
cident with  Zi  and  zt,  then  zt  moves  from  Zt  along  a  curve 
which  is  cut  by  C  isogonally  with  Cj.  This  becomes  obvious 
if  Zi  is  transformed  to  infinity;  equation  (1)  then  represents 
a  transformation  (zi,  ^4)  of  similitude  with  zt  as  center,  while 
0  is  a  straight  line  which  is  unchanged  by  the  transformation. 
Likewise  H  Zi  moves  from  Z2'  along  Ct,  hut  zi  and  21  are  kept 
coincident  with  zi  and  z»',  then  Z4  moves  from  z*'  along  a 
curve  which  is  cut  by  C  isogonally  with  Cj.  A  similar  fact 
obtains  if  23  moves  from  zj'  along  Ct-  Thus,  independent 
infinitesimal  changes  of  Zi,  Zj,  Zi  from  Zi',  zi,  Zi'  along  d', 
Ci,  Ct'  move  z*  from  24'  along  a  curve  of  the  kind  described, 
so  simultaneous  infinitesimal  changes  of  Zi,  zi,  Zj  from  Zi,  zi, 
zt  along  Ci',  Ci,  Ct  also  move  Zi  from  Z4'  along  a  curve  C4 
such  that  C  cuts  the  curves  Ci,  Cj,  C3,  Ct  isogonally  at  2/, 
Zi,  =3',  Zi*    This  completes  the  proof  of  Theorem  I, 

Theorem  I  is  particularly  interesting  in  the  case  that  Ci, 

*  The  detailed  analysis  of  the  diSereDtiuLi  involved  is  extremely  simple 
in  the  present  case.  We  have  by  differentiation  of  (1)  and  substitution  of 
(1)  \a  the  result, 

Transform  the  circle  C  of  Theorem  I  into  the  axis  of  reals,  identify  the 
reaJ  values  z,'  of  Theorem  I  with  the  z;  of  (1').  and  identify  the  vsriablee 
ti  of  Theorem  I  with  the  ii  +  dzi  of  (1')-  All  the  quantities  in  {!')  except 
the  differentials  are  real;  all  the  differentials  of  the  right-hand  member 
have  the  same  argument  (mod  r),  so  dzt  has  also  that  same  argument 
(mod  irj. 

Thus  if  ii(l),  Z](0,  2i(')i  2i(0  ^re  solutions  of  a  Riccati  equation  whose 
cross  ratio  is  a  real  constant,  then  ivhenever  thezi(f)  vary  as  functions  of  t, 
they  trace  paths  that  are  cut  isogonally  l>y  the  circle  on  which  the  nd)  he. 


(!')      du  = 


ovGoogIc 


1922.]  CONGBUENCES  OF  CIRCLES  459 

Ci,  Cs  are  all  circles.    In  this  case  we  have  the  following 
theorem.* 

Theorem  II.  Let  Ci,  Ct,  Ct  he  three  fixed  non-cowcial  ciTcUs, 
Then  the  circles  C  which  cut  isogonaUy  Ci,  Cj,  d  ai  pointt 
Z\,  Zt,  2|  form  four  distinct  aeries,^  each  of  which  m  composed  of 
the  circles  of  a  coaxial  family.  If  there  are  considered  the  circlet 
C  of  but  one  iaogotud  series,  the  pcnnt  Zt  defined  by  the  real 
constant  cross  ratio 

X  =  (zi,  -zi,  Zi,  zt) 

traces  a  circle  d  which  is  such  that  C  cxUs  isogonaUy  Ci,  Cj,  Ct, 
Ct  atzi,  3a,  2j,  S4- 

If  d,  Ci,  Ct  are  coaxial  but  not  all  tangent  at  a  single  point, 
there  is  but  one  series  of  circles  C  cutting  them  isogonaUy, 
namely  the  circles  of  the  coaxial  family  conjugate  to  the 
family  to  which  Cj,  Ct,  Ct  belong,  and  all  these  circles  C  cut 
the  three  given  circles  orthogonally.  But  the  points  zi,  zi,  zt 
may  be  chosen  on  C  and  on  the  circles  Ci,  Cj,  Ct  in  four 
essentially  different  ways,  always  so  that  C  cuts  Ci,  Ct,  Ct 
isogonaUy  at  Zi,  Zj,  Zj,  Thus  we  still  have  four  circles  C*  and 
for  any  particular  choice  of  C4,  the  circle  C  cuts  isogonaUy 
Ci,  Ci,  Ct,  Ci  at  Zi,  Zs,  2i,  Zi. 

If  Ci,  Ci,  Ci  are  all  tangent  at  a  single  point  P,  any  circle 
C  through  P  cuts  the  original  circles  isogonaUy  at  the  inter- 
sections of  C  and  those  circles  distinct  from  P,  so  no  isogonal 
series  is  defined.  We  can  still  obtain  the  four  circles  C4, 
however,  by  requiring  respectively  (1)  that  no  point  zi,  Z2,  2» 
shall  coincide  with  P;  (2)  that  Zi  shall  always  lie  at  P;  C 
must  then  be  orthogonal  to  Ci,  d,  Ct;  (3),  (4)  similarly  for 
zj  and  Zj.  Always  the  circle  Ct  is  traced  by  the  point  Z4,  and 
the  circle  C  cuts  C\,  Ct,  Ca,  Ct  isogonaUy  at  zi,  zz,  zj,  Z4. 

3,  Isogonal  Congruences  in  Space.     Theorem  I  and  its  proof 

•See  Walsh,  Tranbactionb  of  this  Socikty,  vol.  22  (1921),  pp.  101- 
116;  Lemma  IV. 

t  By  a  proper  conveotioQ  for  the  angle  between  two  circles,  these  four    ■ 
systems  are  described  respectively  by  saying  that  C  cuts  C|,  Ct,  Ci  all  at  the 
same  aogle  or  one  of  those  circles  at  an  angle  supplementary  to  the  an^e 
cut  on  the  other  two.    A  similar  remark  obtains  below  for  Theorem  IV. 
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as  just  given  extend  directly  to  space.    Let  us  prove  the 
following  theorem. 

Theorem  III.  Let  a  variable  circle  C  cut  isogonaUy  three 
fixed  surfaces  Ci,  d,  d  at  the  mriable  points  Pi,  Pt,  Pt-  Then 
the  point  P4  defined,  by  the  real  constant  cross  ratio 

(2)  X  =  (Pi,  Pi,  Ps,  Pi) 

traces  a  surface  Ct  such  that  the  circle  C  cuts  isogonaUy  C\,  Cj, 

Ci,  Ci  at  the  points  P„  P2,  P»,  Pi. 

We  fix  our  attention  on  a  particular  circle  C  and  its  points 
of  intersection  Pi,  Pt',  Pa'  (supposed  distinct)  with  Ci,  d,  Cj. 
We  shall  prove  that  (W  Pi,  Pj,  Pj  inme  from  P,',  P^',  Pj'  on 
Ci,  Cj,  Cj  in  any  way  whatever,  then  Pi  as  defined  by  (2)  traces 
a  surface  Ct  such  that  C  cuts  isogonaUy  Ci,  Cj,  d,  d'  at  Pi, 
Pi',  Pi',  Pi,  where  P/  is  defined  by  \  =  (P/,  Pi',  Pj,',  P/). 

If  Pi  moves  from  Pi'  along  Ci,  but  Pj  and  Pt  are  kept 
coincident  with  Pt  and  Pa',  then  P*  traces  a  surface  which  is 
cut  hy  C  at  P,'  isogonaUy  with  Ci,  d,  d  at  Pi,  Pi,  Pt'. 
The  corresponding  fact  holds  if  Pj  or  Pj  is  allowed  to  move 
on  d  or  Cj  while  the  other  two  of  the  original  three  points  are 
kept  fixed.  Independent  infinitesimal  changes  of  Pi,  Pi,  Pj 
from  Pi',  Pi,  Pt  along  C|,  d,  Ct  therefore  move  P4  along  s 
surface  of  the  kind  described,  so  simultaneous  infinitesimal 
changes  of  these  points  must  move  P*  along  a  sm-face  d'  such 
that  C  cuts  isogonally  Ci,  d,  d,  C,'  at  P/,  Pj',  P3',  Pi'. 
Thus  even  if  a  congruence  is  not  isogonal  hut  a  single  circle  C 
of  the  congruence  cuts  isogonally  the  surfaces  d,  d,  Ct,  then 
C  cuts  isogonally  with  Ci,  d>  C3  the  surface  traced  by  the 
point  Pi  defined  by  (2). 

We  leave  to  the  reader  the  proof  of  the  following  theorem, 
which  is  the  space  analogue  of  Theorem  II. 

Theorem  IV.  Let  Ci,  d,  Ct  be  three  fixed  non-coaxial 
spheres.  Then  the  circles  C  which  cut  isogonaUy  Ci,  Ct,  Ct  at 
points  Pi,  Pj,  Pa  form  four  distinct  congruences,  each  of  which 
is  composed  of  the  circles  through  two  points,  real,  coincident,  or 
imaginary.  If  there  are  considered  the  circles  C  of  but  one 
isogonal  congruence,  the  point  Pj  defined  by  the  real  constant 
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cross  ratio 

X  =  (Pi,  Pj,  Pa,  Pt) 

traces  a  sphere  Ci  which  is  such  that  C  cvts  isogonally  C\,  d, 
C3,  Ci  at  P,,  Pi,  P3,  P4. 

If  the  spheres  Ci,  Cj,  Cj  are  coaxial  but  not  all  tangent  at 
a  single  point,  there  is  but  one  congruence  of  circles  cutting 
them  isogonally;  all  of  these  circles  C  cut  C|,  d,  d  orthog- 
onally. However,  the  points  Pi,  Pj,  Pj  may  be  chosen  on 
C  and  on  their  proper  spheres  in  four  essentially  different 
ways,  and  in  each  case  C  cuts  isogonally  d,  Cj,  C3  at  Pj,  Pj, 
Pj.  Thus  the  point  P^  still  traces  four  spheres  C4J  and  for 
any  particular  d,  the  circle  C  cuts  isogonally  Cj,  Cj,  Cj,  C4 
at  "Pi,  Pi,  Pj.P*. 

If  the  spheres  Ci,  Ci,  Cj  are  all  tangent  at  a  single  point  P, 
any  circle  C  through  P  cuts  those  spheres  isogonally  at  the 
intersections  of  C  and  these  spheres  distinct  from  P,  so  we 
have  no  unique  isogonal  congruence.  There  are,  however, 
four  spheres  C4  which  can  be  obtained  by  requiring  respectively 
that  Pi,  Pj,  Pj,  or  that  none  of  those  points  should  coincide 
with  P.  In  the  former  cases  the  circle  C  must  be  orthogonal 
to  Ci,  €2,  d  to  have  the  proper  isogonal  property;  in  the 
latter  case  all  the  circles  C  to  he  considered  form  a  complex 
instead  of  a  congruence.  In  every  case  the  point  P4  traces  a 
sphere  d  such  that  Ci,  d,  C3,  Ct  are  cut  isogonally  by  C  at 
Pi,  Pa,  P,,  P4. 

Theorems  III  and  IV  can  be  extended  readily  to  any  number 
of  dimensions. 

We  add  the  remark  that  isogonal  congruences  arise  in  space 
naturally  if  we  consider  the  problem  of  finding  the  locus  of  a 
point  P4  defined  by  the  real  constant  cross  ratio 
(3)  X  =  (Pi,  Pi,  Ps,  P,) 

when  the  points  Pi,  Ps,  Pj  have  as  their  respective  loci  the 
regions  Pi,  flj,  Rs,  or  the  surfaces  Si,  S2,  Sj.  The  surfaces 
Ci,  Cj,  d  defining  the  isogonal  congruence  are  the  boundaries 
of  the  regions  Ri,  flj,  Bj  or  the  surfaces  Sj,  Sj,  S»  themselves. 
The  boundary  of  the  locus  of  P4  is  traced  by  P4  as  defined  by 
(3)  when  the  circle  C  of  the  congruence  cuts  Ci,  d,  Cs  isog- 
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onally  at  Pi,   Pi,  P»,     Detailed  consideration  of  the  corre- 
sponding  Fact  for  the  plane  has  been  given  in  a  paper  by  the 
writer,*  and  can  easily  be  extended  to  space  by  the  reader. 
Harvard  University 


A  CORRECTION 

In  the  June  number  of  this  Bulletin  (vol.  28,  No.  5,  p.  261), 
the  author  published  a  paper  with  the  title  Convex  diatributton 
qf  the  zeros  of  Sturm- lAoumlle  functions.  Through  an  over- 
sight the  last  paragraph  of  the  paper  is  inaccurate.  We  list 
the  necessary  corrections  below. 

Page  264,  lines  4-10:  Instead  of  "  Note  the  lineal  ,  .  .  ipo.", 
read  "On  /  we  mark  the  eventual  points  Ob  aa  well  as  the 
points  where  either  arg  G(z)  =  arg  G(zi)  +  ir  or  6,=  <pq 
(mod  t).  Let  zi  =  2a(po)  be  the  first  of  these  points,  different 
from  Si,  which  we  encounter  when  proceeding  along  the  ray, 
the  rest  of  which  we  leave  out." 

Page  264,  line  13:  Instead  of  "an  analytic  curve",  read 
"either  of  two  analytic  curves,  namely  A{zi)  which  is  the 
locus  arg  G(z)  =  arg  G{zi)  +  jt,  and". 

Page  264,  lines  24-27 :  Instead  of  "/(^i)  .  .  .  respectively", 
read  "Hipi),  considered  as  a  double  ray  if  necessary,  from 
2s~  to  zi  and  from  Zz  to  Zi"*",  we  make  the  boundary  curve 
continuous  at  v*  =  V\"- 

Page  264,  line  28;  Instead  of  "cuts",  read  "straight  hnes". 

Page  264,  line  30:  After  "the  part  of",  insert  "^(zi)  and". 

Page  265,  first  line:  Leave  out  "on  the  cuts". 

Same  page,  lines  6-10:  Replace  "Then  , . ,  depends  upon  za" 
by  "Then  we  can  find  an  angle  0  such  that  the  two  inequalities 

will  hold  for  all  interior  points  on  the  segment  (zi,  zj),  where 
k  is  some  integer". 

Princeton  Univebsity 
*See  Lemma  HI  of  the  paper  to  which  reference  haa  already  been 
made,  and  also  Tkaksactions  op  this  Societt,  vol.  23  (1922),  pp.  67-88, 
Theorem  U. 
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Vorlesungen  aber  Zahlen-  nnd  Funkltonenlehre.    Erster  Band,  dritte  Abteil- 

ung.    By  Alfred  Pringsheim.    Lejpiig  and  Berlin,  B.  G.    Teubner, 

1921.    U+ 515-976  pp. 

The  first  part  of  thia  volume  waa  reviewed  in  a  previous  number  of 
this  Bulletin  (vol.  25  (1919),  p.  470).  The  second  part/,whicb  appeared 
shortly  after  the  first,  was  devoted  to  a  detailed  exposition  of  the  theory 
of  infinite  series  with  real  t«rms.  The  third  part  treats  of  complex  numbers, 
infinite  series  with  complex  terma,  infioite  products,  and  continued  frac- 
tions. It  also  contains  an  appendix  to  the  whole  first  volume  and  an  index. 
The  appendix  (pp.  917-969)  conaists  of  numerous  references  to  the  litera- 
ture and  indications  of  the  historical  development  of  portions  of  the  theory, 
as  well  as  further  discussion  of  many  of  the  topics  treated  in  the  body  of 
the  text. 

The  exposition  exhibits  Professor  Pringaheim'a  characteristic  lucidity, 
and  the  theory  throughout  is  developed  from  first  principles  in  elementary 
fashion.  By  the  phrase  "elementary  fashion"  we  do  not  wish  to  connote 
anything  in  the  nature  of  looseness  of  treatment  or  lack  of  rigor,  for  the 
author  has  been  at  particular  pains  to  avoid  defects  of  that  sort.  Thus 
the  book  is  well  adapted  lo  meet  the  needs  of  any  reader,  regardless  of  the 
extent  of  his  previous  mathematical  knowledge,  who  wishes  to  have  a 
complete  and  logically  accurate  account  of  the  arithmetic  foundations  of 
modem  analysis. 

In  spite  of  the  elementary  treatment,  the  book  is  in  no  way  limited  to 
the  elements  of  'the  subject  and  in  connection  with  various  particular 
topics  comes  close  to  the  confines  of  our  present-day  mathematical  knowl- 
edge. For  example  in  the  second  chapter  of  Section  III,*  as  a  preparation 
for  the  treatment  of  the  multiplication  of  series,  the  methods  of  Holder 
and  Ces^LTO  for  summing  divergent  series  are  introduced  and  the  equivalence 
of  these  two  methods,  a  theorem  of  comparatively  recent  date,  is  estab- 
lished. In  this  connection  it  is  of  interest  to  note  that  Professor  Pringshcim 
objects  to  the  use  of  the  phraseology  "summation  of  a  divergent  series" 
and  introduces  in  place  of  it  the  expression  "reduction  (Reduktionj  of  a 
divergent  series."  He  thus  speaks  of  a  certain  series  as  being  reducible 
(redusibel)  with  a  particular  associated  limit  (lugeordneter  Gretiiwert). 
He  bases  his  objection  t«  the  current  usage  on  the  statement  that  at  the 
present  time  there  exists  no  precise  definition  of  the  term  "sum  of  a  diver- 
gent series,"  and  in  his  opinion  an  epithet  so  expressive  and  sonorous  (ein 
so  prftgnant  klingendes  Beiwort)  as  summable  should  have  a  precise  and 
definite  meaning,  such  as  the  words  convergent  and  divei^nt  possess. 

It  will  be  recalled  by  those  particularly  interested  in  the  study  of 
divergent  series  that  the  objections  raised  by  Professor  Pringsheim  to  the 
present  use  of  the  word  summable  ate  quite  similar  to  those  previously 
expressed  by  Professor  W.  B,    Ford  in  hia  book  Sludi«t  on   Difergenl 

*  The  whole  first  volume  has  been  divided  into  four  principal 
of  which  Part  three  contains  Sections  III  and  IV, 
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Serw  and  SummabiUty  and  his  address  entitled  A  compedus  o/  the 
modem  iheory  of  dkergenl  eeriet,  published  in  voliuDe  25  oF  <>'■')  Bulle- 
tin. It  will  also  be  recalled  that  the  remedy  proposed  by  the  latter  waa 
more  drastic,  namelj-  to  give  the  word  summable  a  definite  meaning,  baaed 
on  the  notion  of  analytic  extension,  and  thus  exclude  from  consideratJon 
any  divergent  series  that  did  not  satisfy  the  proposed  definition  of  sum' 
inability.  A  combination  of  the  suggestjons  of  ProfeHSors  Ford  and 
Pringsheim,  namely  the  use  of  Professor  Ford's  definition  to  set  off  a 
definite  class  of  divergent  series  to  be  known  as  summable  series,  and  the 
use  of  Professor  Pringsheiia's  term  reducible  in  connection  with  other 
divergent  series  might  be  more  generally  acceptable  than  either  suggestion 
alone.  It  is  the  opinion  of  the  reviewer,  however,  that  the  present  use 
of  the  word  summable,  even  if  it  does  involve  a  certain  vagueness  id  the 
meaning  of  such  an  excellent  word,  is  rather  too  firmly  entrenched  to  be 
changed  overnight.  But  the  objections  of  Professors  Ford  and  Pringsheim 
do  have  a  certain  validity,  and  regardless  of  the  opinion  of  particuUr 
individuate  the  final  terminology  will  probably  be  an  illustration  of  the 
survival  of  the  fittest. 

In  connection  with  the  introduction  of  complex  numbers  in  Chapter  1 
of  Section  III,  the  author  departs  from  the  generally  adopted  method  of 
first  building  up  a  ss^stem  of  pairs  of  real  numbers  with  arbitrarily  ai 
rules  of  combination.  He  begins  by  introducing  the  pure  imaginary  a 
new  type  of  number  adapted  to  provide  a  solution  for  equations  of  the 
type  x'  "  —a'  (a  real).  Then  after  developing  the  properties  of  this 
new  .system  on  the  Itasis  of  the  principle  that  in  their  rules  of  combination 
they  should  obey  the  fundamental  laws  of  algebra,  be  leads  naturally  to 
the  introduction  of  complex  numbers  by  showing  that  the  result  of  adding 
a  real  number  and  an  imaginary  number  will  not  be  a  n\unber  of  either  of 
these  types. 

The  treatment  of  continued  fractions,  to  which  all  of  Section  IV  is 
devoted,  is  particularly  complete.  As  regards  questions  of  convergence  it 
contains  practically  all  of  our  present-day  knowledge  of  the  subject.  In 
bis  preface  the  author  expresses  the  hope  that  this  part  of  the  book  will 
serve  to  gain  for  this  highly  important,  and  in  his  opuiion  not  sufficiently 
appreciated,  topic  new  devotees  from  the  ranks  of  mathematical  novitiates. 

The  book  proper  contains  relatively  few  references  to  the  literature, 
these  having  been  in  the  main  relegated  to  the  appendix.  Thia  arrange- 
ment is  in  line  with  the  purpose  of  making  the  treatment  particularly 
suitable  for  beginners,  since  it  avoids  undue  interruption  in  the  orderly 
presentation  of  the  theory  and  the  possibly  forbidding  aspect  of  numerous 
footnotes  and  citations  in  the  body  of  the  text.  With  regard  to  the  appen- 
dix the  author  specifically  disclaims  any  pretensions  to  completeness  and 
excuses  himself  in  advance  in  case  he  may  on  this  account  have  passed 
over  priority  claims  of  particular  individuals.  In  this  connection  he 
expresses  the  opinion  that  the  custom  of  attaching  the  names  of  the  dis- 
coverers to  mathematical  theorems  has  been  carried  too  far  in  recent  times 
and  has  led  to  what  he  considers  a  depreciation  of  the  value  of  mathematical 
immortality.  For  this  reason  he  has  in  general  avoided  the  use  of  the 
name  of  the  originator  in  connection  with  a  theorem  or  a  method  except 
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in  instances  where  the  usage  may  be  regarded  as  classical.  One  is  tempted 
to  inquire,  however,  bow  these  classical  usages  could  have  originated  if 
some  one  had  not  initially  honored  an  author  by  naming  one  of  his  dia- 
coveriea  after  him?  It  would  seem  thai)  the  whole  question  reduces  to  a 
matter  of  taste,  as  to  whether  one  prefers  the  personal  or  the  impersoDal 
point  of  view  in  the  study  of  mathematical  science. 

C.  N.  MOOBE 

Theorie  dea  PolentiaUi  und  der  KugelfujtktitmeTi.     3y  A.  Wangerin.     Band 

Il.SammlungScfaubert LIX.    Bcrlinand  Leipzig,  Vereinigung  Wlssea- 

Bchaftlicher  Verleger,  1921.    viii  +  286  pp. 

The  first  volume  of  the  above  work,  which  deals  with  the  fundamental 
portions  of  the  potential  theory,  was  reviewed  in  a  previous  number  of 
the  Bulletin  (vol.  16  (1910),  p.  492).  The  present  volume  is  devoted  to 
a  study  of  the  properties  of  spherical  harmonics  and  their  applications  to 
various  problems  of  potential  theory. 

The  book  ia  divided  into  four  sections.  The  first  section  deals  with 
such  properties  of  spherical  harmonics  as  are  essential  for  later  develop- 
ments; the  second  deals  with  potential  problems  for  the  sphere;  the  third 
with  potential  problems  for  the  ellipsoid  of  revolution,  for  two  spheres, 
and  for  a  few  other  special  cases;  the  fourth  with  potential  problems  for 
arbitrary  closed  surfaces. 

The  book  as  a  whole  contains  more  material  than  one  would  expect  to 
find  in  a  work  of  its  size,  and  the  presentation  is  in  general  clear  and  suffi- 
ciently refined  for  the  purpose  in  hand.  There  are,  however,  certain  errors 
and  inconsistencies  in  the  statements  and  demonstrations  of  some  of  the 
fundamental  theorems  that  should  be  eliminated.  For  example,  any  one 
familiar  with  the  literature  on  spherical  harmonics  will  be  surprised  to  find 
on  page  93  the  claim  that  the  author  haa  established  the  convergence  of 
the  development  in  Laplace's  functions  of  any  function  /(fl,  (b)  that  is 
finite,  single-valued,  and  continuous  on  the  whole  sphere.  Since  examples 
have  been  constructed  by  Haar  and  Grouwall  of  continuous  functions 
whose  development  in  spherical  harmonics  is  divergent,  one  naturally 
examines  the  "proof"  of  the  eo-called  theorem  with  some  curiosity.  On 
page  89  he  finds  the  assumption  that  a  sum  of  p  terms,  each  one  of  which 
approaches  zero,  will  also  approach  zero,  even  though  p  becomes  infinite 
at  the  same  time  that  the  individual  terms  approach  zero.  On  page  93 
he  finds  a  statement  that  is  equivalent  to  the  assumption  that  a  function 
continuous  throughout  a  certain  inlerval  does  not  have  an  infinite  number 
of  maxima  and  minima  in  that  interval. 

It  would  surely  be  better  to  omit  entirely  any  proof  of  the  development 
theorem,  imp>ortant  as  it  is  for  the  subsequent  theory,  thfin  to  introduce 
such  obvious  errors  with  regard  to  the  fundamentals  of  analysis  in  the 
course  of  the  demonstration.  A  less  radical  remedy  is  available,  however, 
for  by  adding  a  further  restrictive  condition  to  the  statement  of  the  theorem 
and  a  relatively  small  amount  of  material  to  the  proof,  the  whole  dis- 
cussion could  be  put  on  an  entirely  rigorous  basis.  It  is  to  be  hoped  that 
these  changes  will  be  made,  it  a  subsequent  edition  appears. 

C.  N,  Moore 
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Letioni  guUa  Teoria  dei  Numeri  ofeeWct  e  Pritwipi  d'Arilmetica  analitiea. 

By  Lui^  Biancbi.    Piia,  Enrico  Spoerri,  1921.    viii  +  444  pp. 

This  work  coDsbts  of  a  50-pagc  introduction  and  three  chapters.  The 
iDtroduction  cod  tains  a  development  of  the  theoiy  of  numbers  for  the  field 
Jt(t).  The  theorems  of  the  theory  of  the  rational  numbers  are  extended 
to  this  field  pving  the  proof  of  the  unique  separation  into  prime  factors, 
the  development  of  the  v  function,  the  proof  of  Fermat'a  theorem,  the 
theory  of  binomial  congruences  with  proof  of  the  existence  of  primitive 
roots  of  the  congruence  zi^>  »  1  mod  p,  and  the  theory  of  indices  and 
quadratic  residues  with  the  law  of  reciprocity. 

The  first  and  second  chapters  are  devoted  to  the  theory  of  algebraic 
numbers  in  a  general  field  of  degree  n.  The  first  chapter  contains  the 
development  of  that  part  of  the  theory  which  b  independent  of  factor- 
isation. The  existence  of  a  base  is  shown  atid  the  discriminant  of  a  field 
is  defined.  The  greater  part  of  the  chapter  is  devoted  to  the  theory  of 
units  which  is  developed  from  Minkowski's  theorem  on  linear  forms 
leading  up  to  the  proof  of  the  existence  of  a  fundamental  system  of  unitfi. 

The  second  chapter  contains  the  theory  of  ideals,  showing  the  purpose 
of  their  introduction  into  the  theory  of  algebraic  numbers,  proving  the 
unique  factorization  theorem,  and  discussing  congruences  with  respect  to 
an  ideal  modulus.  The  chapter  also  contains  the  theory  of  the  classification 
of  ideals,  the  discussion  of  the  group  of  classes,  and  the  correspondence 
between  the  cla.'««3  of  ideals  and  equivalent  decomposable  forma.  , 

The  last  part  of  the  chapter  is  given  over  to  a  brief  consideration  of 
the  theory  of  ideals  in  Galois,  Abelian,  cyclotomic,  and  Kummer  fields. 
The  law  governing  the  factoriiation  of  the  rational  primes  in  a  cyclotomic 
field  of  prime  degree  is  developed.  This  is  also  done  earlier  in  the  chapter 
for  quadratic  fields  as  an  application  of  the  theory  of  quadratic  residues 
with  respect  to  an  ideal  modulus. 

The  last  chapter  contains  a  good  presentation  of  the  analytic  theory 
of  ideals.  The  Riemonn  and  Dedekind  zeta  functions  are  studied  showii^ 
the  relation  of  the  latter  to  the  problem  of  the  delerraination  of  the  number 
of  classes  in  a  field. 

The  zeta  functions  for  quadratic  and  cyclotomic  fields  are  reduced  to 
their  simpler  forms  and  the  method  for  the  determination  of  the  number 
of  classes  in  A  quadratic  field  is  given  for  the  case  when  the  discriminant 
of  the  field  is  congruent  to  1  mod  4. 

The  last  paragraph  contains  a  brief  indication  of  Eecke's  results  re- 
garding the  zeta  function. 

Einfuhrung  in  die  elettientare  und  analsligehe   Theorie  der  atgebraUcken 

Zahlen  und  der  Ideaie.     By  Dr.  Edmund  Landau.     Leipzig  and  Berlin, 

B.  G.  Teubner,  1918.    viu  +  143  pp. 

This  work  is  divided  in  two  parte.  The  first  part  (64  pages)  contaiiw 
a  brief,  but  imusually  clear,  presentation  of  the  elementary  theory  of 
algebraic  numbers  and  ideals  in  an  algebraic  number  field. 

The  author  states  in  the  preface  that  the  aim  of  the  work  is  not  to  give 
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an  exhaustive  treatment,  but  to  bring  the  reader  up  to  and  a  little  beyond 
the  fuodamental  theorem  of  Dedekind  that  the  separation  of  an  ideal 
into  the  product  of  prime  ideals  is  unique. 

The  subjects  considered  beyond  the  work  necessary  for  the  proof  of 
the  theorem  mentioned  are:  the  theory  of  the  claasification  of  ideals 
showing  that  the  number  of  classes  is  finite,  and  the  theory  of  \mita  in  an 
algebraic  number  field,  with  the  proof  of  the  existence  of  a  fundamental 
system  of  units. 

The  second  part  is  devoted  to  the  analytic  theory  of  ideals.  The  first 
chapter  gives  a  clear  introduction  to  the  functions  {"(■)  and  ((i;  i),  where 
K  is  a  class  of  the  field.  It  is  shown  that,  except  for  a  pole  of  the  first 
order  in  s  =  1,  the  functions  are  regular  in  the  entire  plane,  and  that  the 
residue  of  f  (s;  x)  in  «  -  1  is  a  number  X,  independent  of  the  class  ■,  while 
that  of  t(»)  is  XA,  where  A  is  the  number  of  classes.  Hecke's  functional 
equations  for  {"(s)  and  [{s;  k)  are  also  developed. 

The  second  chapter  is  a  study  of  the  distribution  of  the  leros  of  {(a), 
and  the  third  chapter  leads  to  the  proof  of  the  author's  remarkable  theorem 
that,  asymptotically,  the  number  of  prime  ideals  is  the  same  in  all  fields. 

The  last  chapter  contains  the  result  of  the  author's  researches  regarding 
the  number  of  ideals,  in  a  field  or  a  class,  whose  norms  are  less  than  x. 
If  this  number  be  denoted  by  H(,x)  for  the  field  and  tUx;  *)  for  a  class,  it 
is  shown  that 

H(x;k)  =Xa;+0(i») 

H(x)  =  )Ja  +0(1*) 

where  X  and  h  have  the  meaning  given  above, 

and  0(1*}  ia  a  function  whose  quotient  by  x*  is  limited  for  sufficiently  lai^ 
X.    It  ia  shown  that  the  exponent  i)  cannot  be  less  than 


The  last  four  pages  contain  a  brief  historical  survey  with  examples 
from  a  quadratic  field,  as  well  aa  notes  of  reference  to  the  Uterature  bearing 
on  the  various  sections. 

G.  E.  Wahlin 

Lehrbueh  der  FanlUwnentheorie.     By  L.  Bieberbach.     Band  I.     Elemenle 

der  Punktwnentheorie. ,  Leipzig,  Teubner,  1021.    6  +  314  pp. 
Funtdionenthtone.    By  L.  Bieberbach.    Teubner's  Technische  Leitfaden, 
Bd.  14.    Leipzig,  Teubner,  1922. 118  pp. 

'The  author  in  his  preface  to  the  first  book  pleads  guUty  to  entertaining 
the  hope  that  he  has  written  a  text-book  on  complex  function  theory. 
He  proceeds  to  set  forth  the  quaUties  that  such  a  text-book  should  have. 
Til :  completeness,  clarity,  aimpUcity  and  unity.  That  the  author  succeeds 
in  giving  a  clear,  elementary  presentation  of  the  fundamental  principles  of 
the  theory  of  functions  of  a  complex  variable  cannot  be  gainsaid. 
The  teble  of  contents  indicates  the  usual'order  of  topics. 
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1.  Elemeotary  treatmcDt  c^  complex  numbers  as  Dumber  pairs,  treated 
aritbrnetically  and  geometrically.  2.  LimiU  and  series,  contaiiung  the 
fuodBmental  concepts  and  definitions.  3.  Continuity,  region,  deriva- 
tives, series  of  functions,  conformal  mapping.  4.  The  elementary  fimo- 
tioDH  of  a  complex  variable.  5.  Integration.  6.  Cauchy's  integral  form- 
ula. 7.  Theory  of  residues.  S.  Analytic  continuation.  9  and  10.  Alge- 
braic [unctions.     11.  Elliptic  functions.     12.  Simple  periodic  functions. 

13.  Expansion   of  analytic  functions    in    infinite    series    and    products. 

14.  The  Gamma  function. 

The  printing  is  very  good,  unusually  free  from  errors.  The  reviewer 
wishes  t«  point  out  that  on  page  34  in  the  paragraph  on  the  inverse  function 
defined  by  lo  =  /(z)  the  requirement  /'(z»)  ^  0  should  be  added.  Again 
on  page  35  in  the  paragraph  in  which  Laplace's  differential  equation  is  de- 
rived, the  condition  necessary  to  make  the  equation  Ci^  —  v„  valid  is  not 

The  eighty  figures  in  the  book  are  illuminating  and  helpful.  Perhaps 
the  chief  contribution  is  contained  in  the  use  of  the  modem  point-set  theory 
in  the  fundamental  definitions.  This  is  a  logical  development  of  the 
fundamental  importance  which  this  theory  is  rapidly  assuming  in  ail 
branches  of  mathematics,  especially  in  function  theory.  Two  important 
theorems  arc  to  t*  noted,  the  first  an  extension  of  Weierstrass's  theorems 
on  a  uniformly  convergent  series  of  analytic  functions  and  an  extension  of 
Mittag-Leffler's  theorem.  The  first,  on  page  165,  is  due  to  Vitali,  and  the 
second,  on  page  292,  is  due  to  Hunge.  The  book  as  a  whole  is  a  welcome 
addition  to  complex  functJoo  theory  and  marks  a  distinct  contribution. 

The  second  book  is  a  simplified  summary  of  the  Lehrbuch  and  possesses 
the  same  merits  as  the  larger  text.  The  last  two  chapters  contain  appli- 
cations to  potential  theory  and  hydrodynamics. 

H.  J.  ElTUNOBH 

VorUaungen  liber  Hdhere  Maihemalik.     By  Hermann  Rothe.     Vienna,  L. 

W.  Seidel  imd  Sohn,  1921.    xi  +  681  pp. 

This  book  is  strikingly  like  the  Qrst  volume  of  Pierpont's  Theory  of 
Functions  of  a  Real  Variable,  both  in  scope  and  in  the  spirit  of  rigor 
which  pervades  it.  Its  larger,  more  closely  printed  pages  contain  much 
more  detail  of  proof,  but  beyond  a  considerable  wealth  of  illustrative 
examples  and  some  geometric  applications  of  the  calculus,  the  material 
and  the  degree  of  generality  of  the  theorems  are  almost  identical.  At  many 
points,  the  reader  will  find  the  proofs  easier  to  study  than  those  of  Pierpont 
because  every  step  is  supphed.  But  at  other  points,  he  will  find  this 
same  trait  wearying  and  obscuring  to  the  real  essence  of  the  demonstration. 
It  is  not  likely  that  the  author  had  any  knowlet^  of  the  Theory  oj 
Function*  of  a  Real  Variohle,  for  in  supposing  that  he  might  be  offering 
the  first  valid  proof  of  the  theorem  on  the  derivative  of  a  function  of  a 
function  (see  the  preface),  the  only  place  in  which  he  claims  novelty  of 
results,  he  overlooks  the  satisfactory  proof  given  in  that  book. 

The  fact  that  these  VorUeungen  are  an  elaboration  of  lectures  given 
in  a  prescribed  course  in  the  Technische  Hocbschule  at  Vienna  will  mislead 
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no  one  in  this  country  into  thinking  that  they  can  be  of  large  service  to 
technical  students  here.  We  appreciate  rigor,  to  be  sure,  and  (eel  the 
need  of  more  of  it.  But  we  want  also  some  analytical  skill,  we  want  some 
treatment  of  serieft,  including  Fourier  series,  and  of  approximation  pro- 
cesses, and  we  want  practice  in  the  application  of  the  calculus  to  problems 
of  physics  and  engineering.  And  we  do  not  care  particularly  for  unusual 
generality  at  the  expense  of  simplicity  of  proofs. 

For  the  student  of  pure  mathematics,  on  the  other  hand,  the  book  has 
value.  He  may  consult  it  with  confidence,  and  will  find  it  useful  in  sup- 
plying alternative  proofs,  or  in  supplying  details  of  proofs  given  too  suc- 
cinctly elsewhere.  He  will  find  it  well  print«d,  well  arranged,  and  supplied 
with  figures  which  are  models  of  clearness,  if  exception  be  made  of  a  few, 
which,  like  the  text,  are  overloaded  with  detail. 

It  is  regrettable  that  so  many  mathematical  texts  are  written  without 
any  clear  purpose  of  stimulating  self-activity.  In  the  Vorletungen 
there  is  not  a  single  problem  to  be  worked,  and  no  detail  of  proof  to  be 
supplied.  Many  a  mathematician  owes  his  interest  in  the  science  to  early 
bouts  with  problems,  and  the  writer  who  gives  careful  attention  to  the 
selection  of  problems,  or  who  includes  as  exercises  valuable  theoretical 
results,  renders  a  high  service.  Both  of  these  merits  characterize,  for 
instance,  Appell's  Micanique  Rationnetle,  and  Goursat's  Cours  d'Analyte. 
Had  our  present  author  followed  some  eucfa  course,  he  might  have  saved 
space,  and  produced  a  much  more  stimulating  book. 

O.  D.  Kellooo 

Plane  Geometry.    By  L.  B.  Benny.    Glasgow  and  Bombay,  Blackie  and 

Son,  Ltd.,  1922.    vi  +  336  pp. 

The  title  of  this  book  is  misleading  to  American  readers.  The  sub-title 
is  as  follows:  "An  account  of  the  more  elementary  properties  of  conic 
sections  treated  by  the  methods  of  coordinate  geometry  and  of  modem 
projective  geometry  with  applications  to  practical  drawing."  The  con- 
tents will  appeal  to  the  American  reader  as  a  rather  unusual  mixture  of 
elementary  analytic  geometry  and  projective  geometry.  In  addition  to 
the  ordinary  analytic  treatment  of  the  straight  line  and  conic  sections, 
the  book  contains  chapters  on  ranges  and  pencils,  harmonic  properties  of 
circles,  inversion,  projection,  confocal  conies,  cross  ratios  and  ends  with  a 
treatment  of  Pascal's  and  Briancbon'e  theorems.  While  the  selection  of 
contents  is  an  imusual  one  in  this  country,  the  reader  will  find  much  of 
interest.  Like  most  English  texts,  it  is  well  supplied  with  exercises  and 
problems  of  a  type  and  difficulty  unusual  on  this  side  of  the  Atlantic. 
The  book  also  contains  a  number  of  portraits  of  mathematicians  who  have 
contributed  to  the  subjects  under  discussion  with  an  appendix  giving 
biographical  notes  concerning  them.  These  include  Cayley,  Riemann, 
Cremona,  Descartes  and  Pascal. 

J.  W.  Yoc.vG 
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Cpurg  de  GiomUrie  Analylique.    By  Georges  Boultgand,  with  a  preface  by 

E.  Cartftn.    Paria,  Librairie  Vuibert,  1919.    vii  +  421  pp. 

This  book  constituteH  a  second  course  in  the  Cartesian  geometry  of  the 
plane  and  of  space,  freely  inlersperaed  with  essentials  of  modem  geometry. 
After  a  concise  development  of  rectangular  and  oblique  coordinates  and 
their  application  to  straight  lines  and  planes,  the  infinite  and  the  imaginaTy 
elemente  are  introduced.  With  the  basis  for  projective  geometry  in 
complex  space  or  for  any  of  ite  sub-geometries  thus  developed,  the  author 
proceeds  to  consider  some  general  questions.  He  first  treats  miscellaneous 
elementary  properties  of  real  curves  and  surfaces  in  real  space.  He  then 
passes  on  to  the  discussion  of  projective  and  alBne  properties  of  algebraic 
curves  and  suriaces  in  complex  space,  developing  the  ideas  of  the  order  of 
a  curve  or  a  surface  and  that  of  one  of  its  pointe,  proving  Bezout's  theorem, 
and  devoting  some  attention  to  asymptotes  and  to  unicursal  curves. 
After  a  brief  discussion  of  loci  comee  the  next  major  topic,  that  of  trans- 
formations. Rigid  motions,  reflections,  and  transformations  of  similitude 
are  discussed,  followed  by  afline  and  projective  transformatioDs;  cross 
ratio  is  introduced  and  the  projective  generation  of  conies  and  quadrics 
developed,  involutions  are  given  proper  attention  and  Desargues'  theorem 
is  proved;  finally  comes  the  geometry  of  inversion. 

An  iniportant  phase  of  this  chapter  is  the  stress  laid  on  the  distinction 
between  metric,  affine,  and  projective  geometries.  Indeed,  if  the  reviewer 
were  to  single  out  any  one  motive  governing  the  plan  of  the  book,  it  would 
be  this  motive.  Lat«nt  but  still  decbive  in  the  beginning,  when  once 
introduced  it  maintains  predominance. 

One  further  general  concept,  that  of  tangential  coordinates,  is  developed, 
and  the  author  then  attacks  the  theory  of  curves  and  surfaces  of  the  second 
order.  With  the  general  equation  as  the  point  of  departure  in  each  case, 
the  usual  questions  of  classification,  normal  forms,  various  geometric 
definitions  (of  the  conies),  rulings  and  circular  sections  (of  the  quadrics), 
tangential  equations,  poles  and  polars,  diameters,  etc.,  are  discussed;  a 
separate  chapter  treats  geometrically  the  intersection  of  two  quadrics. 

A  supplement  of  some  sixty  pages  covers  the  geometrical  applications 
of  determinants,  the  classification  of  conies  and  quadrics  on  an  analytic 
basis,  the  determination  of  conies  and  quadrics  under  given  conditions, 
pencils  of  conies  and  quadrics,  and  an  introduction  to  the  theory  of 
invariants. 

The  differential  calculus  is  freely  applied  and  a  modicum  of  differential 
geometry  developed.  Certain  subjects,  whose  detailed  analytic  treatments 
are  regarded,  perhaps  unfortunately,  by  most  American  geometers  as 
belonging  to  analysis,  are  carefully  treated:  the  implicit  function  theorem 
in  connection  with  a  plane  curve  defined  by  an  implicit  equation,  and  a 
thorough  analytic  theory  of  envelopes  in  connection  with  line  coordinates. 
On  the  other  hand,  the  principle  of  duality  is  barely  mentioned  and,  though 
polar  reciprocation  with  respect  to  the  sphere,  x'  +  v'  +  z'  +  1  ~  0,  is 
freely  used,  the  theory  of  reciprocal  polars  in  general  is  lightly  passed  over 
and  that  of  general  correlations  not  mentioned. 

All  in  all,  however,  the  author  is  to  be  congratulated  on  his  choice  of 
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material;  only  essentially  important  topics  are  treated  and  these  carefuUy 
and  fully,  lliere  are  no  exercisea  per  se,  but  the  author  leaves  much  in 
the  text  to  the  student  and  furnishes  frequent  suggestions  for  further  study. 
The  methods  followed  are  for  the  most  part  analytic,  but  are  inspired  by 
a  keen  geometric  insight.  The  proofs  and  deductions  are  concise,  rigorous, 
facile,  and  in  some  cases,  novel. 

The  author  has  followed  an  established  custom  in  the  descriptive, 
rather  than  logical,  introduction  of  imaginary  elements.  This  has  led 
here,  as  frequently,  to  a  lack  of  proper  respect  for  the  eccentricities  of  the 
complex  domain,  resulting  in  some  unguarded,  if  not  inaccurate,  state- 
ments. It  is  to  be  hoped  that  the  time  is  not  far  distant,  when  geometers 
who  feel  themselves  forced  into  the  complex  domain  will  accord  to  it  a 
logical  and  rigorous  foundation. 

The  book  makes  delightful  reading.  It  should  prove  of  value  to  ad- 
vanced students  and  to  teachers  of  Cartesian  and  modem  geometry  in 
this  country, 

W.  C.  Graubtein 

Applied  Caicului.    By  F,  F.  P.  Bisacre.    Glasgow  and  Bombay,  Blackie 

and  Son,  Ltd.,  1921,     liv  +  44B  pp. 

It  is  not  in  general  the  policy  of  the  Bulletin  to  review  elementary 
textbooks  on  the  calculus.  In  the  present  instance,  however,  it  seems 
desirable  to  make  an  exception  and  ta  give  a  brief  notice  ta  Mr.  Bisaore's 
text.  It  differs  in  several  particulars  from  the  usual  elementary  textbook. 
Its  avowed  intention  is  to  provide  an  introductory  course  in  the  calculus 
for  the  use  of  students  in  the  natural  and  applied  science  whose  knowledge 
of  mathematics  is  shght.  The  author  does  not  presuppose  anything  beyond 
elementary  algebra,  trigonometry,  geometry  and  graphs.  In  particular  no 
previous  course  in  analytic  geometry  b  presupposed.  The  first  part  of 
the  text  as  far  as  its  selection  of  material  is  concerned  does  not  differ  very 
greatly  from  the  ordinary  textbook.  It  is,  however,  distinguished  by  a 
remarkable  vividness  of  presentation.  The  author  uses  a  quotation  from 
the  Merchant  of  Venice,  for  example,  to  illustrate  the  notion  of  units  and 
large  and  small  quantities,  in  particular  the  notion  of  allowable  error,  etc. 
In  the  latter  part  of  the  text,  the  selection  of  material,  however,  differs 
widely  from  the  conventional.  There  is  a  chapter  of  thirty-two  pages  on 
problems  in  electricity  and  magnetism,  a  chapter  of  twenty-one  pages  on 
problems  in  chemical  dynamics  and  a  chapter  of  sixty-five  pages  on  prob- 
lems in  thermodynamics.  The  treatment  is  remarkably  accurate  and 
rigorous  considering  its  elementary  character.  Its  interest  is  further 
enhanced  by  bii^raphical  notes  and  portraits  of  mathematicians  who  have 
contributed  to  the  development  of  the  calculus  and  to  the  physical  theories 
covered.  ■ 

It  is  doubtful  whether  the  book  could  be  advantageously  used  in  courses 
on  the  calculus  in  this  country  and  yet  it  is  not  at  all  clear  that  some  schools 
of  applied  science  or  technology  might  not  find  it  distinctly  available  in 
their  work. 

J.  W.  Yorw»3 
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IHe   Grundgleiehungen  der   Mechanik,  imibesondeTe  gtarren  Korper.     Neu- 

entwickelt  mit  Grassnmnna  Punktrechnung.     By  A,  Lotie.   Leipzig,  B. 

G.  Teubner,  1922,     50  pp. 

A  great  maoy  quantities  which  enter  into  mechanics  are  vectors  and 
consequently  the  most  natural  way  to  treat  mechanics  is  by  vector  methods 
and  this  has  been  done  by  a  great  many  writers.  There  ore,  however, 
difficulties  in  treating  forces  which  act  at  a  given  point,  for  vectors  in  general 
are  only  determined  in  magnitude  and  direction  and  hence  to  locate  them 
on  definite  lines  brings  in  other  considerations. 

The  Grasamann  point  analysis  gives  us,  however,  a  natural  way  outoC 
this  difficulty.  He  consideied  two  elements,  A~B  (where  A  and  B  are 
points)  which  represents  a  vector  in  the  ordinary  sense  of  the  word,  and 
AS  which  represents  the  segment  of  the  line  joining  the  points  A  andB. 
In  cases,  then,  when  we  wish  to  localize  a  vector  we  can  indicate  it  by  AB. 

In  this  Uttle  pamphlet  Lotie  writos  up  quite  an  extensive  treatment  of 
mechanics  from  the  point  of  view  of  Grassmann's  analysis.  He  assumes 
a  knowledge  of  the  point  analysis  including  the  notions  of  the  Ltlckenaus- 
druck  and  the  fraction.  No  discussion  of  this  is  given  and  in  places  the 
argument  is  not  easy  to  follow.  The  author  has  introduced  some  symbols 
of  his  own  or  at  least  not  known  to  the  reviewer,  e.g.,  in  addition  to  Grass- 
mann's complement  he  uses  L  ?  to  indicate  the  vector,  in  a  plane,  into 
which  (i  rotates  by  a  positive  rotation  through  ^12;  ±  v  indicates  (in 
space)  the  2-vector  perpendicular  to  v  and  of  equal  magnitude  and  so 
directed  that  5  ±  ii  =  «'.  Different  symbols  are  used  to  represent  the 
quantities  of  different  order  and  this  Ics-iens  the  difficulty  of  reading. 

This  is  a  fairly  complete  text  of  the  mechanics  of  rigid  bodies.  It  is 
divided  into  three  chapters:  I.  Kinematics  of  rigid  iiodics;  II.  General 
dynamics  of  material  point  systems;  III.  D>-nBmic8  of  rigid  bodies.  The 
general  properties  of  rigid  motion  arc  quite  fully  treated  in  the  first  chapter. 
The  second  chapter  carries  us  as  far  as  the  derivation  of  d'Alerabert'a  and 
Hamilton's  principles  and  Lagrange's  equations.  The  last  chapter  deals 
with  work  and  energy  and  the  various  screws  such  as  the  impulse  screw 
and  the  force  screw. 

The  pamphlet  is  well  worth  reading;  but  it  seems  to  the  reviewer  as  if 
the  reading  could  have  been  made  much  easier. 

C.  L.  E.  Moore 

Prfris  d' Arithmilique.     By   J.   Poir6e.      Paris,   Gauthier-Villars  et  Cie., 

1921.     62  pp. 

C.  Camichel  bus  written  a  preface  for  this  delightful  little  volume  in 
which  he  says,  "  L'Arithmftique  ^l^mentaire  est  une  excellente  introduction 
A  r^tude  des  Malhfmatiquos.  On  y  trouve  sous  une  forme  concri^te  des 
modules  de  tous  les  modes  de  raisonnement  depuis  Ics  plus  simples  jusqu'aux 
plus  d^licats  de  I'.^nalysc.  Cependant  cette  partie  des  Math^matiques 
est  en  gfin^ral  negtigde  par  les  (Slaves."  Poir^c  has  presented  a  few  topics 
from  the  theory  of  arithmetic  and  the  theory  of  numbers  in  a  way  that 
will  attract  the  neophyte  and  will  be  approved  by  the  savant.  The 
discu^ion  commences  with  "Combien  y  a-t-il  de  billes?"  and  leads  up  to 
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"Ii«chercbe  des  Racines  primitives  d'un  Nombre  premier  p."  The  idea 
of  limit  is  introduced  in  connectioD  with  fractions,  irrationals  are  connected 
with  square  root,  logarithms  with  progressions.  Glasmcal  theorems  and 
concepts  are  introduced  throughout  the  boolc:  Euclid's  proof  of  the  infini- 
tude of  primes,  sieve  of  Eratostheaes,  number  of  diviaora  and  sum  of 
divisors  of  an  integer,  Cauchy's  indicator,  elementary  theory  of  the  con- 
gruence, Fennat's  minor  theorem,  Wilson's  theorem. 

Possibly  a  book  of  this  type  needs  no  references,  although  some  would 
probably  lead  a  few  readers  to  wider  study.  The  book  containa  numerous 
good  examples,  but  is  without  problems  or  stimulating  questions  for  its 
reader.  It  is  an  engaging  monograph  with  hardly  a  typographical  flaw, 
and  the  reviewer  believes  that  it  will  be  of  service  either  to  organise  and 
clarify  the  mathematical  thinking  of  the  younger  or  to  direct  students  into 
number  theory. 

L.  C.  MATHEwaotf 

Latitude  Developments  Connected  urith  Geodesy  and  CarUigraphi/.    By  Oscar 

S.  Adams.    Washington,  United  States  Coast  and  Geodetic  Survey, 

1921.    Special  Publication  No.  67.     132  pp. 
Elements  of  Map  Projection.     By  Charles  H.  Deetz  and  Oscar  S.  Adams. 

Washington,  United  States  Coast  and  Geodetic  Survey,  1921.    Special 

Pubhcation  No.  68.     160  pp. 

The  first  of  theee  little  books  discusses  the  various  "kinds  of  latitude" 
that  arise  in  questions  connected  with  geodesy  and  cartography.  Five  of 
these  are  diecussed;  namely,  1.  Oeodetie,  or  astronomical,  latitude  is  the 
angle  which  the  normal  to  the  earth's  surface  at  any  point  makes  with  the 
major  axis  of  the  meridian  ellipse  through  the  point;  2.  Geocentric  latitude 
is  the  angle  which  the  radius  vector  makes  with  the  major  axis;  3.  Para- 
metric latitude  is  the  parametric  angle  when  the  equation  of  the  meridian 
ellipse  is  written  in  the  usual  parametric  form;  4.  Isometric  latitude  is 
connected  with  the  conformal  representation  of  the  earth  upon  a  sphere; 
5.  AiUhalic  latittide  is  connected  with  the  "equal  area"  representation  of 
the  earth  upon  a  sphere  (authaUc  from  Tisaot). 

The  book  deals  with  formulas  giving  the  last  four  in  terms  of  the  first 
and  the  eccentricity  of  a  meridian.  The  formulas  are  appUed  to  the  Clarke 
spheroid  of  1866,  and  there  is  a  complete  table  for  changing  from  one 
latitude  to  another. 

The  second  book,  as  its  title  indicates,  is  devoted  to  various  methods 
for  constructing  maps  of  the  earth's  surface,  to  a  discussion  of  the  advan- 
t^ea  and  disadvantages  of  each,  and  to  the  relative  distortions  introduced 
by  each.  The  first  half  of  the  book  is  mostly  descriptive  and  is  geometrical 
in  character.  The  latter  half  contains  a  full  development  of  the  Mercator 
.projection  with  tables  for  computation,  and  also  a  mathematical  discussion 
of  various  other  projections.  There  is  an  explanation  of  the  French 
"grid  system"  so  much  in  use  during  the  war. 

The  book  has  many  excellent  diagrams  and  mapa  and  can  be  read  by 
any  one  familiar  with  the  calculus. 

I..  W.  DowLiso 
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Lessen  over  de  Hoogere  Al^bra.     Vol.  I.     By  Fred.  Schuh.     Groningen, 

P.  Niwrdhof,  1920,    xn  +  526  pp. 

This  work,  which  is  to  be  complete  in  two  volumes,  was  planned  to 
be  a  ninth  edition  of  Lobatto's  Higher  Algthra  and  on  ite  title  page  is  being 
announced  as  such.  But  although  designed  at  its  inception  to  tbe  simply 
a  revision  of  the  eighth  edition  of  Lobatto,  the  changes  and  additions  which 
have  arisen  are  so  numerous  aa  to  warrant  the  appearance  of  these  volumes 
as  tejcts  by  Dr.  Schuh  himself.  Very  little  has  been  taken  bodily  from 
Lobatto's  text,  the  material  taken  over  unchanged  tteing  primarily  the 
examples  and  exercises  used;  but  even  with  respect  to  these  much  new 
material  has  been  added.  These  additions  have  so  enlarged  the  work  aa  to 
necessitate  its  publication  in  two  volumes. 

In  volume  1,  the  new  material  includes  the  treatment  of  theory  of 
linear  transformations  and  quadratic  forma  and  the  closely  alUed 
characteristic  equation,  called  by  Dr.  Schuh  the  "secular  equation"  or 
"5-cquation,"  To  compensate  for  the  quantity  of  additional  material, 
there  has  been  eliminated  from  the  Lobatto  text  the  treatment  of  per- 
mutations  and  combinations  as  they  relate  ta  the  binomial  theorem  and 
to  powers  of  polynomials,  the  reader  being  referred  for  theao  subjects  to 
.  the  secondary  algebra  published  by  Dr.  Schuh  in  collaboration  with 
P.  Wydenes,  which  publication  is  to  be  considered  as  the  connecting  hnk 
between  Wydenes'  Elementary  Algebra  and  the  present  two  volumes  of 
Dr.  Schuh.  Following  the  chapters  dealing  with  determinants,  linear 
equations  and  transfoYmations,  quadratic  forms,  simple  properties  of 
polynomials  in  i,  are  chapters  in  which  D'Alembert's,  Rolle's,  Des  Cartes' 
Budan-Fourier's  and  Sturm's  theorems  and  their  applications  are  treated 
in  full.  The  concluding  chapter  treats  the  characteristic  equation.  The 
work  is  replete  with  examples,  there  being  815  in  this  first  volume.  The 
text  is  an  admirable  one  suited  to  an  advanced  undergraduate  course  in 
college  algebra. 

J.  N.  Van  dbr  Vrieb 

Encyklopidif.  dtr  Mathematisehen  Wissenacha/len.  Volume  II,  Part  II. 
Edited  by  H.  Burkhardt,  W.  Wirtin^r,  R.  Fricke,  and  E.  HUb.  Leip- 
zig, B.  G,  Teubncr,  1901-1921.     xv  +  807  pages. 

This  part  of  the  German  encyclopedia  of  mathematics  contains  articles 
by  Osgood  on  the  general  theory  of  analytic  functions  of  one  and  of  several 
complex  variables,  by  Wirtinger  on  algebraic  functions  and  their  integrals, 
by  Fricke  on  elliptic  functions  and  on  automorphic  functions  including 
elliptic  modular  functions,  by  Hilb  on  linear  differential  equations  in  the 
complex  domain  and  on  non-linear  differential  equations,  by  Kraier  and 
Wirtinger  on  Ahelian  functions  and  general  theta  functions.  The  first 
article  was  completed  in  1901  and  the  last  in  1920.  The  authors,  editors, 
and  publishers  are  to  be  congratulated  on  the  completion  of  this  part  of 
the  encyclopedia.  It  will  be  of  the  greatest  service  to  the  students  of 
analysis.  Indeed,  the  earlier  articles  have  been  in  use  for  many  years. 
Americans  are  proud  that  the  article  on  analytic  functions  is  wTitten  by  a 
noted  American  mathematician  who  has  contributed  so  much  to  the  field. 
A,  D.  Pitcher 
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Funktionenthecreliseii*  VorlesunjKn.    By  H.  Burkhardt.    Berlin,  Vereini- 
guDg   Wiasenschaftlicher   Verleger.    Band  1.     Heft  1.     XijK&raiscfte 
Attalyne.    Dritte  umgearbeitete  Auflage,  beaorgt  von  G.  Fab«r,  1920. 
10  +  182  pp.     Bandl.     Heft  2.     EiTifukning  in  die  Tkeorie  der  AittUy- 
iischen  Funktimten   einer   Komplexen    Veranderliehea.      FUnfte  unige- 
arbeitete  Auflage,  besorgt  von  G.  Faber.     1921.     10  +  286  pp. 
The  firet  edition  of  this  excellent  and  well  known  elementary  treatment 
of  functioD  theory  appeared  in  1S97.    Since  then  it  haa  appeared  in  three 
further  editions,  in  1903,  1907,  and  1912  respectively,  under  the  revision 
of  the  author.    The  latter  died  in  1914.     This  fifth  edition  of  the  second 
section  and  the  third  edition  of  the  first  section  have  been  issued  under  the 
direction  of  Dr.  G.  Faber  who  succeeded  Burkhardt  at  the  Techniscbe 
Hochschule  in  Munich.     The  first  edition  of  Heft  2  was  carefully  reviewed 
by  M.  B6cher  in  this  Bulletin,  vol.  5  (1898-99),  pp.  181-185.    The  sec- 
ond edition  of  Heft  2,  together  with  the  first  edition  of  1,  was  reviewed 
by  L.  E.  Dickson  in  this  Bulletin,  vol.  10  (1903-04),  pp.  317-321.    The 
third  and  fourth  editions  present  no  essential  changes.    It  is  to  be  noted 
that  S.  £.  lUsor  has  provided  a  good  EngUsh  translation  of  the  fourth 
edition  and  has  supplied  splendid  sets  of  problems  to  accompany  each 
chapter.    The  translation  is  published  by  D.  C.  Heath  and  Co. 

In  the  present  edition  no  fundamental  changes  appear,  and  the  method 
and  spirit  of  Burkhardt  have  t>een  retained  by  Faber.  Whatever  slight 
changes  have  been  made  are  in  the  interest  of  clarity  and  simplicity. 
These  two  books  should  continue  to  furnish  an  excellent  introduction  to 
the  theory  of  functions,  both  real  and  complex. 

H.  J.  Ettlinoer 

GiomitrU  Perspective.    By  M.  Emanaud.    Paris,  Octave  Doin,  1921.    xv 

-I-  432  pp. 

The  Encyclopedic  ScientiSque  published  under  the  direction  of  Dr. 
Toulouse  contains  as  a  sub-class  the  Biblioth^ue  de  Math^matiques 
Appliqu^  edited  by  M.  d'Ocagne  of  nomographic  fame.  The  volume 
under  review  belongs  to  this  series  and  has  lieen  written  by  M.  Emanaud, 
the  chief  of  graphic  courses  at  the  Ecole  poly  technique.  In  an  introduction 
of  39  pages  the  author  gives  a  brief  account  of  the  properties  of  collineations 
in  two  and  three  dimensions  with  special  reference  to  their  applications 
in  perspective  constructions.  This  is  a  very  commendable  feature  of  the 
book.  In  fact,  a  scientific  base  of  this  sort  is  indispensable  for  a  successful 
and  up-to-date  course  in  perspective.  When  years  ago  the  reviewer  was 
teaching  artistic  perspective  at  the  cantonal  technicum  in  Bicl,  Switzerland, 
he  followed  the  same  method. 

M.  Emanaud's  book  is  very  ably  written.  It  covers  the  usual  topics 
in  perspective.  Of  particular  interest  are  the  cliapters  on.  perspective  in 
art,  on  theatrical  perspective,  and  on  the  construction  of  dioramas  and 
panoramas.  The  only  serious  criticism  which  the  reviewer  has  to  make 
pertains  to  the  figures,  which  are  very  poorly  drawn  and  lettered. 

A.  EucH 
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At  the  meetiag  of  the  Chicago  Section  of  this  Society  on  April  13-14 
in  Chicago,  Professor  S.  Lefschetz,  of  the  University  of  Kansas,  wiU  deliver 
a  symposium  lecture  oq  Curves  traeed  on  tdgebraic  twfaett. 

The  opening  number  of  volume  23  of  the  Transactions  of  this  Societt 
ooDtaine  the  foUonluK  papers:  Rdatwely  uniform  corwergmee  and  the 
cUurification  of  Junctumt,  by  E.  W.  Chittenden;  Periodic  funetiom  Kith  a 
mtiitipUcalion  theorem,  by  J.  F.  Ritt;  Note  on  DiricUel  andfatloritU  eerin, 
by  Tomlinson  Fort;  Functions  of  infinitely  many  variables  in  Hiibert  apace, 
by  W.  L.  Hart;  Prime  and  eomposiie  polynomialt,  by  J.  F.  Ritt;  Some  iiro- 
dimenaional  loci  connected  with  cross  ratios,  by  J.  L.  Walsh;  On  transfarmaf 
lions  icith  invariant  points,  by  J.  W.  Alexander;  Invariant  points  in  function 
space,  by  G.  D.  BirkhoS  and  O.  D.  Kellogg.  Volume  23  is  the  extra 
volume  presented  to  the  Society  by  an  anonymous  donor  (see  this  Bul- 
letin, vol.28,  p.  234). 

The  opening  number  of  volume  44  (1922)  of  the  American  Joohnal  or 
Mathematics  contains:  An  arilkmelic^  dual  of  Rummer's  qttartic  surface, 
by  E.  T.  Bell;  Jncidenees  of  Blraighl  IiTies  and  plane  algebraic  curves  and 
surfaces  generated  by  them,  by  Arnold  Emch;  On  the  theorems  of  Gauss  and 
Green,  by  V.  C,  Poor;  An  extension  of  the  Slurm-LiouvUle  expansion,  by 
C.  C.  Camp;  Conformal  Iran^ormationa  of  period  n  and  groups  generated 
by  them,  by  Harry  Longman. 

The  December,  1921,  number  (vol.  23,  No.  2)  of  the  Annals  op  Mathb- 
UATics  contains:  Transformations  of  trajectories  on  a  tmrfotx,  by  Joseph 
lipka;  On  the  strutiure  of  finite  con/inuou«  growps  \c^h  one  two-parameler 
invariant  subgroup,  by  S.  D.  Zeldin;  On  the  simplifieation  of  the  structure 
(^finite  continuous  groups  with  more  than  one  tuiO'parameier  invariant  sub- 
group, by  S.  D.  Zeldin;  The  auiomorpkic  Irartsformation  of  a  btlinear  form , 
by  J.  H.  M.  Wedderbum;  A  direct  determination  of  the  minimiim  area  be- 
tween a  curve  and  its  caustic,  by  Otto  Dunkel ;  The  Poisson  integral  and  an 
analytic  function  on  its  cirde  of  convergeru:e,  by  A.  Arwin;  Systems  of  drcuUs 
on  tim-dimensi^nial  manifolds,  by  H.  R.  Brahana;  Two  generalizations  of 
the  Stieltjes  integral,  by  P.  J.  Daniell. 

Two  volumes  of  the  Publications  oe  l'Inbtitdt  Math£iiati4UE  de 
l'Universit£  de  STnASBOCRQ  have  appeared,  in  1920  and  1922.  They 
contain  memoirs  pubUshed  by  the  members  of  the  faculty  of  the  Univeraity. 

At  the  meeting  of  the  National  Academy  of  Sciences  held  in  New  York 
City  November  14-16, 1922,  the  following  mathematical  papers  were  read: 
On  the  attraction  of  a  central  body  in  the  theory  of  relaiivily,  by  G.  D.  Birkhoff; 
The  egviafiiTte  geometry  of  paths,  by  Oswald  Veblen;  The  coimologieal  equa- 
tion of  gravitation,  by  Edward  Kasner;    The  use  of  isophelimatic  lines  in 
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historical  geogra'phy,  A  neto  theory  of  population,  A  new  hydrodynamica 
phenomenon,  and  FvrUur  retuUs  in  irUerior  ballistics,  by  A.  G.  Webater 
Affine  geometry  of  paths  possesnng  an  invarianl  integral,  by  L.  P.  Eisenbart. 
The  Draper  Gold  Medal  waa  presented  to  Professor  H.  N.  Russell,  of 
Princeton  University, 

At  the  meeting  of  the  International  Research  Council  at  Brussels,  in 
July,  1922,  the  following  executive  committee  was  elected  to  serve  until 
192o:  £.  Pioard,  president;  G.  Lecointe  and  V.  Volterra,  vice-presidents; 

Sir  A.  Schuster,  secretary  general. 

The  following  awards  of  Nobel  prizes  in  physics  have  been  announced: 
for  1921,  to  Professor  Albert  Einstein,  for  his  theory  of  relativity  and  his 
general  work  in  physics;  for  1922,  to  Professor  Neils  Bohr,  for  his  researches 
in  the  structure  of  atoms  and  radiation. 

The  Paris  Academy  of  Sciences  has  awarded  its  Lalande  Medal  to 
Professor  H.  N.  Russell,  of  Princeton  University,  and  its  Janssen  Medal 
to  Dr.  Carl  Stormer,  professor  of  pure  mathematics  at  the  University  of 
Christiania,  for  his  work  on  the  aurora  borealia. 

Dr.  J.  G.  Hagen,  director  of  the  observatory  of  the  Vatican,  has  been 
elected  non-resident  member  of  the  Accademia  dei  Lincei. 

The  Royal  Society  of  London  has  awarded  its  Sylvester  Medal  to 
Professor  TulUo  Le\'i-Civita,  tor  his  researches  in  geometry  and  mechanics. 

The  Franklin  Medal  of  the  Franklin  Institute  of  Philadelphia  has  been 
presented  to  Sir  J.  J.  Thomson. 

Professor  J.  H.  Jeans  received  the  doctorate  of  science  from  Oxford 
University  on  the  occasion  of  his  delivery  of  the  Halley  lecture. 

Professor  N.  E.  Norlund,  of  the  University  of  Lund,  has  been  called  to 
the  University  of  Copenhagen. 

Professor  F.  von  Dalwigk,  of  the  University  of  Marburg,  has  been 
called  to  the  Potsdam  Geodetio  Institute. 

Dr.  H.  K^ig,  of  the  University  of  Gdttingen,  has  been  appointed  pro- 
fessor of  mathematics  at  the  school  of  mines  at  Clausthal. 

Dr.  E.  Kruppa  has  been  appointed  associate  professor  of  mathematics 
at  the  Vienna  Technical  School. 

Professor  H.  von  Sanden,  of  the  school  of  mines  at  Clausthal,  has  been 
appointed  to  a  professorship  at  the  Hannover  Technical  School. 

Dr.  C.  Siegel,  of  the  University  of  G6ttingen,  has  been  appointed  pro- 
fessor of  mathematics  at  the  University  of  Frankfurt  am  Main. 

Professor  R.  Mehmke,  of  the  Stuttgart  Technical  School,  has  retired 
from  active  teaching. 
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Dr.  A.  Ostroweki  has  been  admitted  as  privat  docent  at  tbe  University 
of  Hamburg. 

Dr.  Janet  has  been  appointed  professor  of  pure  mathematics  at  the 
University  of  Benoes. 

Profeseor  S.  K.  Baaerji,  of  the  department  of  applied  mathematics  at 
the  University  of  Calcutta,  has  resigned  to  become  director  of  the  observa- 
tories at  Bombay. 

The  Council  of  the  University  of  Sheffield  has  appointed  Professor  A.  H. 
Leahy  emeritus  professor  of  mathematics. 

Mr.  G.  P.  Thomson,  lecturer  in  mathematics  at  Corpus  Chrigti  College, 
Cambridge,  has  been  appointed  professor  of  natural  philosophy  at  the 
University  of  Aberdeen,  aa  successor  to  Professor  C.  Niven,  retired. 

Mr.  E.  C.  Francis,  of  Trinity  College,  has  been  elected  fellow  and  lec- 
turer in  mathematics  at  Peterhouse,  Cambridge. 

Associate  Professor  C.  F.  Gununer  has  been  promoted  to  a  full  professor- 
ship at  Queen's  University,  Kingston. 

Professor  A.  Sommerfeld  will  deliver  a  course  of  lectures  at  the  Bureau 
of  Standards,  Washington,  early  in  March,  1923,  on  the  quantum  theory 
and  related  subjects. 

Associate  Professor  C.  M.  Sparrow,  of  the  University  of  Vii^jnia,  has 
been  promoted  to  a  full  professorship  of  physics. 

Dr.  T.  H,  Brown,  of  Yale  University,  has  been  appointed  assistant 
professor  of  foreign  trade  at  Columbia  University. 

Professor  Glenn  James,  of  the  Carnegie  Institute  of  Technology,  has 
been  appointed  assistant  professor  of  mathematics  at  the  southern  branch 
of  the  University  of  California. 

Mr.  R.  M.  Deming,  of  the  Case  School  of  Applied  Science,  has  been 
appointod  professor  of  mathematics  at  Upper  Iowa  University,  Payette. 

Mr.  F.  H.  Murray  has  been  appointed  instructor  in  mathematics  at 
the  University  of  West  Virginia. 

Tbe  death  is  reported  of  Professor  A.  V.  Backlund,  of  Lund,  at  the  age 

of  seventy-seven  years. 

Professor  C.  A.  Fischer,  of  Trinity  College,  Hartford,  died  December  7, 
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NEW  PUBLICATIONS 

I.    HIGHER  MATHEMATICS 

Andersbk  (A.  F.).    Studier  over  CeB&ro'B  Bummabilitetsmetode.     Med 

sffirlig    anvendelae    orerfor     poteDsnekkemes     teori.    K^benhavD, 

Gjellerap,  1021.    8ro.     100  pp. 
Antoinb  (L.).     1:    Sur  rhom£omorphie  de  deiui  figures  et  de  leiira  voi- 

sinages.    2;    Propositions  donn^ea  par  1ft  faculty.    Theses  pr£aent^ 

&  la  faculty  des  sciences  de  Strasbourg.    Paris,  Gauthier-Villars,  1921. 

4to.     105  pp. 
Akciuwedes.     Ueber  Spiraleo.    Uebersetzt  und  mit  Anmerkungen  und 

einem  Anhang  versehen   von   A.  Cxwalina-AUeDstein.     (Ostvald's 

Klaesiker  der  exakten  Wissenschaften.)    Leipzig,  Akademische  Ver- 

lagsgesellscbalt,  1922.    8vo.    71  pp. 
BOREL  (E.).     M^thodes  et  probl^mes  de  la  th£orie  dea  fonctioDs.    Paris, 

Gsuthier-Vaiars,  1922.    8vo.     148  pp. 
BRtTNSCuvicti  (L.).    L'exp6rience  huniaine  et  la  causality  physique.    Paris, 

Aican,  1922.     16  +  625  pp. 
CesXro  (G.).    G^mdtrie  et  crystallographie.    Tous  les  poIyMres  sjiii6t- 

riquea,  non-euperposables  ou  superposablea  ik  leurs  images,  peuvent 

etre  d£duits  d'un  petit  nombre  de  formes  tr^s  simples,  en  n'employant 

que  la  droite  comme  616ment  de  sym^trie.    Bruxelles,  Hayez,  1922. 
CouRANT  (C.).    See  Hubwitz  (A.). 
Cdij.18  (C.  E.).    Chapters  on  algebra.    Being  the  first  three  chapters  of 

Matrices  and  detenuinoids,  volume  3.    Cambridge,  University  Press, 

1920.    8vo.    9  +  182  pp. 
Ciwalika-Allehbteim  (A.).    See  ARCniMEnES. 
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The  St.  Andrew's  cross  (X)  as  a  mathematical  symbol.    Read  (San 

Francisco)  Oct.   21,   1922.     MatheTnaiical  Gazette,  vol.   11,  No.   160, 

pp.  136-143;  Oct.,  1922. 
Carhichagl,  R.  D.    Boundary  value  and  expansion  problems;  formula- 
tion  of  various   transcendental  problems.    Read  April    10,    1920. 

American  JoUTnal  of  Mathematics,  vol.  43,  No.  4,  pp.  232-270;  Oct., 

1921. 
Algebraic  guides  to  transcendental  problems.     Read  Dec,  29,  1921. 

This  BuUelin,  vol.  28,  No.  4,  pp.  179-210;  April-May,  1922. 
Abstract  definitions  of  the  symmetric  and  alternating  groups  and 

certain  other  permutation  groups.     Read  April  14,  1922.     Quarterly 

Journal  of  Mathematics,  vol.  49,  No.  3,  pp.  226-283;  Oct.,  1922. 
CHnTBNDBN,  E.  W,     On  the  relation  between  the  Hilbert  space  and  the 

calcul  fonctionnel  of  Fr^het.     Read  Sept.  8.  1920.     Kendiconti  del 

Cireolo  MaUmatieo  di  Palermo,  vol.  45,  pp.  285-270;  1921. 
Relatively  uniform  convergence  and  the  classification  of  functions. 

Read  Sept.  8,  1920.     Transaetiona  of  thit  Society,  vol,  23,  No.  1, 

pp.  1-15;  Jan.,  1922. 
Note  on  the  division  of  a  plane  by  a  point  set.      Read  (South- 

western  Section)    Nov.  26,  1921.     This  BuBetin,  Tol.  28,  No.  6,  pp. 

310-312;  July,  1922. 
Coble,  A,  B.    Geometric  aspects  of  the  abelian  modular  functions  of 

genusfour.     Read  Dec.  31,  1919.     Proceedings  of  the  National  Academy 

of  Sciences,  vol.  7,  No.  8,  pp.  245-249;    No.  12,  pp.  334-338;  Aug. 

and  Dec.,  1921. 
Cremona  trauBformations  and  applications  to  algebra,  geometry,  and 

modular  functions.    Read  Dec.  31,  1919,  and  April  14,  1922.     This 

Bulletin,  vol.  28,  No.  7,  pp.  329-364;  Oct.,  1922, 
Cole,  F.  N.     Kirkman  parades.     Read  Sept.   7,   1922.      This  B^dletin, 

vol.  28,  No.  9,  pp.  435-437;  Dec,  1922. 
CooLiDoR,  J.  L.    Difi'erential  geometry  of  the  complex  plane.     Read 

Dec.  29,  1920.     Transactions  of  this  Society,  vol.  23,  No.  2,  pp.  117-134; 

March,  1922. 
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On  the  existence  of  curves  with  sssigDed  singularitiee.    Read  Dec. 

27,  1922.      Tki»  BuUetin,  vol.  28,  No.  9,  pp.  451-455;  Dec.,  1922. 
Cruu,  W.  L.    a  special  appUcation  of  partial  correkition.    Read  Sept.  9, 

1921.     Quarlerly  Publicalion  of  the  Ameriain  Slalittical  Association, 

new  ser.,  vol.  17,  No.  136,  pp.  950-952;  Dec.,  1921. 
A  measure  of  dispersion  for  ordered  series.    Read  Sept.  9,  1921. 

Quarterly  Publication  of  the  American  Statistical  Association,  new  ser., 

vol.  17,  No.  136,  pp.  969-975;  Dec.,  1921. 
The  determination  of  secular  trend.    Read  Dec.  28,  1921.    Qtiarterlv 

Publication  of  the  American  Slatistiad  Association,  new  aer.,  vol,  18, 

No.  138.  pp.  210-215;  June,  1922. 
Curtis,  M.  F.    Curves  invariant  under  point-transformations  of  special 

type.     Read  Sept.  5,  1918.     Tranmeiions  of  this  Society,  vol.  23,  No. 

2,  pp.  151-172;  March,  1922. 
RTtes,  D.  R.    A  mechanical  ana' 

Dec.  29,   1921.     Science,  new 

Feb.  24,  1922. 
Davib,  H.  T.    Relating  to  the  proof  of  an  ejcistcnce  theorem  for  a  certain 

type  of  boundary  value  problem.     Read  .\pril  15, 1922.     This  Butklin, 

vol.  28,  No.  8,  pp.  390-394;  Nov.,  1922. 
Dickson,  L.  E.    Some  relations  between  the  theory  of  numbers  and  other 

branches  of  mathematics.     Read  Dec.  30,  IWm.     Comples  Bendas  du 

Congri»  International  des  Math^matieiem,  Strasbourg,  pp.  41-56;  1921, 
Homogeneous  polynomials  with  a  multiplication  theorem.    Read 

Dec.  30,  1920.     Comples  Rendus  du  Congrts  Inlemationid  des  Mathi- 

matieient,  Strasbourg,  pp.  215-230;  1921. 
Arithmetic  of  quaternions.     Read  Dec.  30,  1920.    Proceedings  of  the 

London  Mathematical  Soaely,  (2),  vol.  20,  No.  3,  pp.  225-232;  Aug., 

1921. 
DoDD,  E.  L.    Functions  of  measurements  under  general  laws  of  errors. 

Read  Dec.  28,  1918,  Dtc.  30,  1919,  Sept.  8.  1921,  and  Dec.  28,  1921. 

Skandinavisk  Akluarielidshift,  H&ft  3,  pp.  133-158;  1922. 
DoDOLAS,  J.    On  certain  two-point  properties  of  general  families  of  curves. 

Read  April  28,  1917.     Tranaaclions  of  this  Society,  vol.  22,  No.  3, 

pp.  289-310;  July,  1921. 
Dresden,  A.     A  report  on  the  scientific  work  of  the  Chicago  Section, 

1899-1922.     Read  April   15,    1922.     This  Bullelin,   vol.   28,   No.   6, 

pp.  303-307;  July,  1922. 
DuNKEi.,  O.    The  curve  which  with  its  caustic  encloses  the  minimum 

area.     Read   (Southwestern   Section)     Nov.   27,    1920.     Washington 

University  Studiea,  scientific  aeries,  vol.  8,  No.  2,  pp.  183-194;  1921, 
A  direct  determination  of  the  minimum  area  between  a  curve  and  its 

caustic.     Read   (Southwestern  Section)   Nov.   26,   1921.     Annals  of 

Mathematics,  (2),  vol.  23,  No.  2,  pp.  135-140;  Dec.,  1921. 
EisENHART,  L.  P.    EInxtein  Static  fields  admitting  a  group  Gt  of  continuous 

transformations  into  themselves.      liead  Sept.  8,  1921.      Proceedings 

of  the  National  Academy  of  Sciences,  vol.  7,  No.   12,  pp.  328-334; 

Dec,  1921. 
Ricci's  principal  directions  for  a  Riemann  space  and  the  Einstein  the- 
ory.    Read  Feb.  25,  1922.      Proceedings  of  the  National  Academy  of 

Sciences,  vol.  8,  No.  2,  pp.  24-26;  Feb.,  1922. 
Condition  that  a  tensor  be  the  curl  of  a  vector.      Read  Sept.  7,  1922, 

ThU  Bulletin,  vol.  28,  No.  9,  pp.  425-427;  Dec,  1922. 
EisENHART,  L.  P.,  andVEBLEN,0.    The  Riemann  geometry  and  itA  general- 
isation.    Read  Dec.  28,  1921.     Proceedings  of  the  National  Academy 

of  Sciences,  vol.  8,  No,  2,  pp.  19-23;  Feb,,  1922, 


ovGoogIc 


1922.]  LI8T    OF   PUBLISHED    PAPERS 


Incidences  of  straight  Udcs  and  plane  algebraic  curves  and  surfaces 

Renerated  by  them.     Read  Dec.   31,   1919.    American  Journal  of 

Mathemali£»,  vol.  44,  No.  1,  pp.  12-19;  Jan.,  1922. 
On  the  polar  e<|uation  of  al(pbraic  curves.    Read  Feb.  26,  1921. 

Iteoitta  MaUmatica  Hispano-Amerieana,  vol.  4,  pp.  5-9,  21-27;  Feb.- 

March,  1922. 
Kinematics  in  a  complex  domain  and  some  geometric  apphcations. 

Read  Feb.  25,  1922.     ThU  BuUelin,  vol.  28,  No.  5,  pp.  251-257;  June, 

1922. 
Evans,  G.  C.    Problems  of  potential  theory.    Read  Sept.  4,  1919,  and 

Dec.  30,  1920.     Proceedings  o}  the  National  Academy  of  Sciences,  vol. 

7,  No.  3,  pp.  89-98;  March,  1921. 

Fischer,  C.  A.  Note  on  the  definition  of  a  linear  functional.  Read 
Sept,  8,  1921.     Proceedings  of  the  NalioTial  Academy  of  Sciences,  vol. 

8,  No.  2,  pp.  26-29;  Feb.,  1922. 

FiTE,  W.  B.  Properties  of  the  solutions  of  certain  functional  differential 
equations.  Read  April  26,  1919,  and  Dec.  31,  1919.  Transactiona  of 
this  Society,  vol.  22,  No.  3,  pp.  311-319;  July,  1921. 

Ford,  W.  B.  On  Kakcya's  minimum  area  problem.  Read  Sept.  7,  1920. 
This  BiMelin,  vol.  28,  Nos.  1-2,  pp.  45-53;  Jan.-Feb.,  1922. 

Forsyth,  C.  H.  Depreciation  by  a  constant  percentage  plus  a,  constant. 
Read  Dec.  28,  1921.  American  Mathematical  Monthly,  vol.  29,  No.  2, 
pp.  60-62;  Feb.,  1922. 

FoaT,  T.  Note  on  Dirichlet  and  factorial  series.  Read  Dec.  31,  1919. 
Tmnmctiona  of  this  Society,  vol.  23,  No.  1,  pp.  26-29;  Jan.,  1922. 

Frankun,  p.  Two  theorems  on  multiple  integrals.  Read  Sept.  7,  1922. 
This  BuUetin,  vol.  28,  No.  9,  pp.  433-435;  Dec,  1922. 

GiBBENS,  G.  E.  C.  A  comparison  of  different  line-geometric  representa- 
tions for  functions  of  a  complex  variable.  Read  Dec.  30,  1920. 
Author's  dissertation.    Collegiate  Press,  Menasha,  Wis.,  1922.     15  pp. 


Gillespie,  D.  C.  A  property  of  continuity.  Read  Sept.  7,  1920.  Tkit 
Bulletin,  vol.  28,  No.  5,  pp.  245-250;  June,  1922. 

Glenn,  0.  E.  An  algorism  for  differential  invariant  thcon'.  Read  Oct. 
30,  1920.  Annali  of  Mathematics,  (2),  vol.  23,  No.  1,  pp.  16-28; 
Sept.,  1921 ,  Proceedings  of  the  National  Academy  of  Sciences,  vol.  7, 
No.  9,  pp.  276-279;  Sept.,  1921. 

Graustein,  M.  C.    See  Curtis,  M.  F, 

Hart,  W.  L.  The  Cauchy-Lipachitz  method  for  infinite  systems  of  differ- 
ential equations.  Read  Dec.  28,  1916.  American  Journal  of  Mathe- 
matics, vol.  43,  No.  4,  pp.  226-231;  Oct.,  1921. 

Functions  of  infinitely   many  variables  in   Hilbert  space.     Read 

Sept.  8,  1920,     Transactions  of  this  Society,    vol.    23,    No,    1,    pp. 
30-50;  Jan.,  1922. 

Summable   infinite    determinants.    Read    March    26,    1921.     This 

Bulletin,  vol.  28,  No.  4,  pp.  171-178;  April-May,  1922, 

The  method  of  monthly  means  for  determination  of  a  seasonal  varia- 
tion. Read  April  15,  1922.  Quarterly  Ptdilication  of  the  American 
Statistical  Association,  new  sej,,  vol.  18,  No.  139,  pp.  341-349;  Sept., 
1922, 

in  the  theorj'  of  modular  covariants. 
Fi  Journal  of  Mathetnalics,  vol.  43,  No. 
1,  189-198;  July,  1921. 
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Hbdrick,  E.  R.,  and  Westfall,  W.  D.  A.    The  existence  domain  of 

implicit  functions.    Read  April  10,  1914.    MathemalUche  Annalen, 

vol.  85,  pp.  74-77;  1922. 
HiLDEBRANDT,  T.  H.    Convergence  of  sequences  of  linear  operations. 

Read  Sept.  4,  1919,  and  Sept.  7,  1920.     This  BuUelin,  vol.  28,  Nos. 

1-2,  pp.  53-58;  Jan.-Feb.,  1922. 
HiLLC,  E.    Convex  distribution  of  the  zeros  of  Sturm-Liouville  functions. 

Read  Dec.   28,   1921.     This  Butktin,  vol   28,   No.  5,  pp.  261-265; 

June,  1922.     See  aUo  A  correction,  ThU  BuUtfin,  voL  28,  No.  9, 

p.  4ft2;  Dec,  1922. 
Hitchcock,  F.  L.,  and  Wiener,  N.    A  new  vector  method  in  integral 

equations.     Read  April  23,  1021.     Journal  of  Mathematicg  a/id  Physics 

of  the  MassachuaetU  Insliluie  of  Technology,  vol.   1,  No.   1,  20  pp.; 

Dec.,  1921. 


HuNTiNOTON,  E.  V.    The  mathematical  theory  of  the  apportionment  of 

repreaentatives.    Read  Dec.  28,  1920,  and  Feb.  26,  1921,    Pnxxedinqa 

of  the  National  Academy  of  Science,  vol.  7,  No.  4,  pp.  123-127;  April, 

1921. 
A  new  method  of  apportionment  of  representatives.    Read  Dec.  28, 

1920,  and  Feb.  26,   1921.    Quarterly  Publieation  of  the  American 

Stalittical  Association,  new  ser.,  vol.  17,  No.  136,  pp.  859-870;  Sept., 

1921. 
HuRwiTi,  W.  A.    Report  on  topics  in  the  theory  of  divergent  series. 

Read  April  23,  1921.     This  BuUclin,  vol.  28,  Nos.  1-2,  pp.  17-36; 

Jan.-Feb.,  1922. 
Jackbon,  D.    Note  on  a  class  of  polynomials  of  approximation.    Read 

Sept.  8,  1920.     Transactions  of  this  Society,  vol.  22,  No.  3,  pp.  320-326; 

July,  1921. 
Note  on  the  Picard  method  of  successive  approximations.    Read 

Sept.  8,  1920.    Annals  of  Mathematics,  (2),  vol.  23,  No.  1,  pp.  75-77; 

Sept.,  1921. 
Note  on   an   irregular  expansion   problem.     Read   April   23,    1921, 

This  BTdUlin,  vol.  28,  Nos.  1-2,  pp.  37-41;  Jan.-Feb.,  1922. 
Kasner,  E.    Geometrical  theorems  on  Einstein's  cosmological  equations. 

Read  Dec.  28,  1920.     American  Journal  of  Malhemaiies,  vol.  43,  No, 

4,  pp.  217-221;  Oct.,  1921. 
The  solar  gravitational  field  completely  determined  by  its  light  ravs. 

Read  Sept.  8,  1921.    Mathematiache  Annalen,  vol.  85,  pp.  227-236; 

1922. 
KEtJX)GQ,  0.  D.    A  decade  of  American  mathematics.    Read  Dec.  29, 

1920.     Science,  new  ser.,  vol.  53,  No.   1381,  pp.  541-548;  June  17, 

1921. 
- —  On   the  existence  and  closure  of  sets  of  characteristic  functions. 

Read  Dec.  30,  1920.     Malhemaiische  Annalen,  vol.  86,  Nos.  1-2,  pp. 

14-17;  April,  1922. 
- —  A  property  of  certain  functions  whose  Sturmian  developments  do  not 

terminate.     Read  Feb.  23,  1922.     This  Bulklin,  vol.  28,  No.  S,  pp. 

388-389;  Nov.,  1922. 
See  BiBKHOFP,  G.  D. 


Betr^  zulassen.  Read  (Southwestern  Section)  Nov,  29,  1913, 
Arehiv  dcr  Maikemalik  und  Physik,  (3),  vol,  25,  No,  3,  pp.  236-242; 
Nov.,  1916. 
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Polynoniiala  and  their  residue  ^steme.     Read  Dec.  29,  1917,  and 

Dec.  30,  1920.  TTansaelUms  of  Ihia  Society,  vol.  22,  No.  3,  pp.  267- 
288;  July,  1921. 

Ueber  die  SeparatioD  konplexer  Wiwieln  algebraischer  Gleicbungen. 

Read  Sept.  2,  1910.     Mathenialiselu!  Attnaten,  vol.  8£,  pp.  49-50;  1922. 

KuNE,  J.  R.  A  theorem  concerning  connected  point  sets.  Read  Sept.  8, 
1921.     Fundamenla  Malhemaliar,  vol.  3,  pp.  238-239;  1922. 

Lanouan,  H.  Conformal  tranaTonnatioDB  of  period  n  and  groups  gen- 
erated by  them.  Read  Dec.  28,  1920.  American  Journal  of  Mathe- 
matics, vol.  44,  No.  1,  pp.  54-86;  Jan.,  1922. 

Laslet,  J.  W.  Some  special  cases  of  the  flecnode  transformation  of  ruled 
s<u^aces.  Read  Dec,  29,  1920.  Author's  dissertatioD.  Chicago, 
University  of  Chicago  Press,  1922, 

Lepscuetz,  S.  On  certain  numerical  invariants  of  algebraic  varieties  with 
application  to  abelian  varieties.     Read  (Southwestern  Section)  Nov. 

27,  1920.  Trantaciitms  of  this  Society,  vol.  22,  No.  3,  pp.  327-406; 
July,  1921;  and  vol.  22,  No.  4.;  Oct.,  1921. 

Lehmer,  D.  N.  On  the  computation  of  interest  on  certain  kinds  of 
investments.  Read  (San  Francisco)  April  9, 1921.  American  Journal 
lif  Accountancy,  July,  1921. 

LiPKA,  J.  On  the  geometry  of  motion  in  curved  n-epace.  Read  April  23, 
1921.  Journal  of  Mathernalict  and  Physics  of  the  Massachusetts 
InstUute  of  Technalofiy,  vol.  1,  No.  1,  21  pp.;  Dec.,  1921. 

Transformations  of  trajectories  on  a  surface.     Read  Dec.  28,  1920. 

Amuiis  of  MathemtUict,  (2),  vol.  23.  No.  2.  pp.  lOl-Ul;  Dec,  1921. 

McLensan,  J.  C.  Atomic  nuclei.  Read  Dec.  29,  1921.  Science,  new 
ser.,  vol.  55,  No.  1418,  pp.  219-232;  March  3,  1922. 

MacDfffee,  C.  C.  Invariantive  characterizations  of  linear  alsebraa 
with  the  associative  law  not  assumed.  Read  March  25,  1921.  Trans- 
actions of  this  Society,  vol.  23,  No.  2,  pp.  135-150;  March,  1922. 

MacMillan,  W.  D.  The  moment  of  inertia  in  the  problem  of  n  bodies. 
Read  April  10,  1920.  This  Bulletin,  vol.  28,  No.  4,  pp.  165-168; 
April-May,  1922. 

MacNeish,  H.  F.  Das  Problem  der  36  Offiziere.  Read  Dee.  28,  1921. 
Jahresbericht  der  Dculschen  Malhemaliker-Vereini^ng,  vol.  30,  Nos. 
9-12,  pp.  151-l.W;  1921. 

Mathews,  R.  M.     Two  new  conalructions  of  the  strophoid.     Read  Dec. 

28,  1920.  American  Malhematicai  \fonthly,  vol.  29,  No.  2,  pp.  55-58; 
Feb.,  1022. 

A  general   construction   for  circular   cubics.     Read  Oct.   28,   1922. 

American  Mathematical  Monthly,  vol.  29,  No,  5,  pp.  202-204;  May, 

1922. 
Miller,  G.  A.     An  overlooked  infinite  system  of  groups  of  order  pq'. 

Read  March  26,  1921,     Proceedings  of  the  National  Academy  of  Sci- 
ences, vol.  7,  No.  5,  pp.  146-148;  May,  1921. 
Substitutions  commutative  with  every  substitution  of  on  intransitive 

group.     Read  Dec.  28,   1921.     This  BuUelin,  vol.  28,  No.   4,  pp. 

168-170;  April-May,  1922. 
Moore,  C.  N.     Sut  I'l^qui valence  des  mt^thodes  de  sommation  de  Ct-siro 

et  dc  H61der  pour  les  limites  multiples.    Read  April  14, 1922.    Comptes 

Rendus  de  lAcadimie  de*  Sciences,   vol.   175,   No.   9,   pp.   397-398; 

Aug.  28,  1922. 
Generalized  limifii  in  general  anfllysis.    Read  Dec.  28,  1918.     Pro- 

cenlings  of  the  National  Academy  of  Sciences,  vol.  8,  No.  10,  pp.  288- 

29:t;  Oct.,  1922. 
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MooKB,  R.  L.  On  the  relation  of  a  continuous  curve  to  its  coinplementai7 
domsins  in  space  of  three  dimensions.  Read  Oct.  29,  1921.  fro- 
oeedinaa  of  the  Nalitmal  Academy  of  SeUncei,  vol.  8,  No.  3,  pp.  33-38; 
March,  1022. 

Conoeming  connectedness  im  kleinen  and  a  related  property.    Etead 

Sept.  8,  1921.    Fxmdammta  Mathemaixea,  vol.  3,  pp.  232-St7;  1922. 

HoRBNUB,  E.  M.  Geometric  properties  of  the  system  of  all  curves  of 
constant  preasure  in  a  plane  field  of  force.  Bead  Feb.  25,  1922. 
Author's  dissertation.    Philadelphia,  Winston,  1922. 


malieal  JottmiU,  vol.  21,  Nos,  1-2,  pp.  51-64;  July,  1922, 
OwsNB,  F.  W.    On  the  apportionment  of  representatives.    R«ad  Feb.  26, 

1921,  nnd  April  23,  1921.    Qiianerly  PtMicatUm  o}  the  Americtm 

StalUtical  AattKialion,  new  ser.,  vol.  17,  No.  136,  pp.  958-968;  Dec., 

1921. 
Pell,  A.  J.    Linear  equations  with  two  parameters.    Read  Oct.  25,  1910. 

Traneactione  o}  tAu  Soctefy,  vol.  23,  No.  2,  pp.  198-211 ;   March,  1922. 
Poor,  V.  C.    On  the  theorems  of  Green  and  Gauss.    Read  April  23, 1921. 

.4ffl«ncan  Journal  o/3faJA«ma<tes,  vol.  44,  No.  1,  pp.  20-24;  Jan.,  1922. 
PoBTER,  M.  B.    A  two-way  infinite  series  for  Lebesgue  int«Krals.     Read 

Sept.  9, 1921.     ThU  fluUehn,  vol.  28,  No.  3,  pp.  105-108;  March,  1922. 
Post,  E.  L.    Introduction  to  a  general  theoiv  of  elementary  propositions. 

Read  April  24,  1920.    American  Jovnvuo}  Mathematica,  voL  43,  No. 

3,  pp.  163-185;  July,  1921. 
Ricii.  L.  H.    A  certain  type  of  product  and  the  combinatoiy  analyaia 

mvolved  in  ite  expansion.    Read  Feb.  26,  1921,  and  Oct.  20,  1021. 

Ji/umal  c^  MathenviiKS  and  Phytiea  of  the  Maeiaekuaette  InttUvte  of 

TtchnoUtgy,  vol.  1,  No.  2,  pp.  86-SS;  March,  1922. 
On  the  expression  of  the  sum  of  any  two  determinants  as  a  det«nninant 

of  more  cumenBiona.    Read  Oct.  28,  1022.    Journal  of  Mathemaiia 

and  PhyHci  of  the  Maetachueetti  InetUute  of  Technology,  vol.  1,  No.  3, 

pp.  160-166;  AprU,  1922. 
Rrrr,  J,  F.    Periodic  functions  with  a  multiphoation  theorem.    Read 

Feb.  26,  1921.     Transaeliona  of  thU  Soeielg,  vol.  23,  No.  1,  pp.  16-25; 

Jan.,  1922. 
Prime  and         ^ 

actions  of  this  Society,  \ 
ROEVER,  W.  H.     Brilliant  point  phenomena.     Read  (Southwestern  Sec- 
tion} Nov.  27,  1915.     Waahinfltm  Uniitreiiy  Studies,  scientific  series, 

vol.  8,  No.  2,  pp.  131-160;  1921. 
Lines  of  illumination  caused  by  the  passage  of  Ught  through  a  screen. 

Read  (Southwestern  Section)  Nov.  27,  1915.    American  Mathematieal 

Monthly,  vol.  29,  No.  4,  pp.  149-156;  April,  1922. 
RowE,  J.  E.    The  power  of  a  modem  gun  and  of  thunder.    Read  Sept.  9, 

1921,    Scientific  Avienean,  vol.  125,  No.  11,  p.  49;  Nov.,  1921, 
Rtjtledgb,  G.    ExpUcit  determination  of  Coles'  coefBcients  for  polynomial 

area.     Read  April  10,  1920.    Jminud  of  Mathematics  and  Physics  of 

the  MassachTtsetts  Institute  of  Technology,  vol.  1,  No,  2,  pp.  78-86; 

March,  1922. 


May,  1920. 

Schmidt,  K.  The  theory  of  functions  of  one  Boolean  variable.  Read 
Sept.  7, 1022.  Transactione  of  this  Society,  vol.  23,  No.  2,  pp.  212-222; 
March,  1922. 


ovGoogIc 


1922.]  LIST  OF  PUBLISHED   PAPERS  491 

Sladoht,  H.  E.    Subsidy  funda  for  matbematicol  projects.    Read  Dec. 

29,  1921.    Science,  new  aer.,  vol.  55,  No.  1415,  pp.  146-148;  Feb.  10, 

1922. 
Sfeiseb,  a.    Die  Zerlegung  von  Primcablen  in  algebraischen  Zahlkdn)ein. 

Read  April  14,   1922.     Trajieaclvms  of  this  Soeuty,  vol.  23,  No.  2, 

pp.  173-178;  March,  1622. 
Stoutteb,  E.  B.    a  calculation  of  the  invariants  and  corariants  of  ruled 

surfaces.    Read  (Southwestern  Section)  Nov.  27, 1920.    Kantat  Uni- 

veT»ay  Sdente  BvOetin,  vol.  13,  No.  5,  pp.  59-71;  May,  1920. 
Semi-covariants  of  a  general  system  of  linear  homogeneous  differential 

equations.     Read  (Southwestern  Section)  Nov.  27,  1920.     Proceedingt 

of  the  ffaluttud  Academy  of  Seietuxt,  vol.  7,  No.  9,  pp.  273-276;  Sept., 

1921. 
Tatlor,  J.  S.    The  analytic  geometry  of  complex  variables  with  some 

applications  to  function   theory.    Read  Dec.   29,    1920.    Ctmtple* 

Rendu*  du  Congrla  International  det  Maihfmaticiens,  StroAourg,  pp. 

3SS-396;  1921. 
VAmnvER,  H.  S.    On  Kummer's  memoir  of  1857  oonceming  Fermat's  last 

theorem.    Read  Oct.  30,  1920.     Tki*  BvOetin,  vol.  28,  No.  8,  pp. 

400-407;  Nov.,  1922. 
Van  Vlece,  E.  B.    An  extension  of  Green's  lemma  to  the  case  of  a  recti- 

fiable  boundary.    Read  March  29,  1919.    jlnnob  of  Mathematiet,  (2), 

vol.  22,  No.  4,  pp.  226-237;  June,  1921. 
VzBLEN,  0.    Analysis  situs.    Read  Sept.  6-8,  1916.    The  Cambridge 

Colloquium,  1916,  Part  II,  8  +  150  pp.;  New  York,  1922. 

See  EiSENBABT,  L,  P. 

V/albb,  J.  L.    On  the  transformation  of  convex  point  sets.    Read  Sept. 

7,  1920.    Annak  of  Mathemalie*.  (2),  vol.  22,  No.  4,  pp.  262-266; 

June,  1921. 
Some  two-dimensional  loci  connected  with  cross  ratios.     Read  Sept. 

7,  1920,  and  Sept.  9,  1921.     Tramaclwnt  of  tkix  Society,  vol.  23,  No. 
1,  pp.  67-88;  Jan.,  1922. 

A  generalization  of  normal  congruences  of  circlee.    Read  Deo.  27, 

1922.     This  Bulletin,  vol.  28,  No.  9,  pp.  456-482;  Dec,  1922. 

Walsh,  J.  L.,  and  WieinEB,  N.  The  equivalence  of  e]n)ansion8  in  terms 
of  orthogonal  functions.  Read  Dec.  28,  1921.  JounuU  of  Mathe- 
matica  and  Fkytict  of  the  Maeeaehuietfa  iTiBliiuie  of  Teehnology,  vol.  1, 
No.  2,  pp.  103-122;  March,  1922. 

Webster,  A.  G.  On  steering  an  automobile  around  a  corner.  Read 
Sept.  8,  1921.     Proeeedingt  of  the  National  Academy  of  Scieneet,  vol. 

8,  No.  5,  pp.  100-106;  May,  1922. 

Weddergcrn,  J.  H.  M.    The  automorphic  transformation  of  a  bilinear 

form.    Read  Dec  28,  1920.    Annide  of  Mathemalict,  (2),  vol.  23, 

No.  2,  pp.  123-134;  Dec,  1921. 
Webtpall,  W.  D.  A.    See  Hbdrick,  E.  R. 
WHrn-EUORE,  J.  K.    Minimal  surfaces  containing  straight  lines.     Read 

April  26,  1910.    Aniwd*  of  Mathematita,  (2),  vol.  22,  No.  4,  pp.  217- 

225;  June,  1921. 
Reciprocity  in  a  problem  of  relative  maxima  and  minima.    Read 

April  24,   1920.     Ameriean  Journal  of  Mathematia,  vol.  43,  No.  4, 

pp.  271-290;  Oct.,  1921. 
Wiener,  N.    The  average  of  an  analytic  functional.    Read  Dec  28, 1920. 

Proceedingt  of  the  National  Academy  of  Sciencee,  vol.  7,  No.  9,  pp. 

253-260;  Sept.,  1921. 


;  C(X>glc 


492  LIST  OF   PUBLISIIflD   PAPERS  C^^^^-' 

The  average  of  an  analytic  functional  and  the  Brownian  movement. 

Read  Dec.  2S,  1920.     Proceedings  of  the  National  Academy  of  Scienee», 

vol.  7,  No.  10,  pp,  294-298;  Oct.,  1921. 
A  new  type  of  integral  expansion.     Read  April  14,  1922.      Jotimal 

of  Matheniaiij:s  and  Physics  of  the  MastaehuselU  Ijtstilule  of  Technology, 

vol.  1,  No.  3,  pp.  167-176;  April,  1922. 

See  Hitchcock,  F.  L,,  Wai^h,  J.  L. 

WiLCZTNSKi,  E.  J.     Charakteristiache  Elgenachaften  der  isothcrm-konju- 

gierten  Kurvennctze.     Read  Dec.  29,  1920.     Mathemaliache  AanaUn, 

vol.  85,  p£  208-212;  1922. 
Woods,   R.     The  elliptic  modular  functions  associated  with  the  elliptic 

norm  curve  E'.    Read  April  14,  1922.     Trantactions  of  IhU  Societu, 

vol.  23,  No.  2,  pp.  179-197;  March,  1922. 
Zeldin,  8.  D.    Some  hydiodynamic  aspects  of  group  theory.    Read  Sept. 

9,   1921.     Journal  of  Mathetnalict  and  Physio  of  the  Mastachuselis 

InatUvie  of  Tteknology,  vol.  1,  No.  1,  9  pp.;  Dec,  1921, 
On  the  structure  of  finite  continuous  groups  with  one  two-parameter 

invariant  subgroup.     Read  Dec.  28,   1920.     AnnaU  of  Mathematics, 

(2),  vol.  23,  No.  2,  pp.  112-117;  Dec,  1921. 
On  the  simplification  of  the  structure  of  finite  continuous  sroups 

with  more  than  one  two-parameter  invariant  subgroup.     Read  Feb. 

29,  1921.     Annals  of  Mathematics.  (2),  vol.  23,  No.  2,  pp.  118-121; 

Dec.,  1921. 
Commutativity  of  contact  tranaformations  of  mechaaica.    Read  Dec. 

28,   1921.     Journal  of  Mathematics  and  Physics  of  the  MassachaselU 

InatituU  of  Technology,  vol.  1,  No.  3,  pp.  157-159;  April,  1922. 
Note  on  steady  fluid  motion.     Read  Sept.  7,   1922.     This  BuUelin, 

vol.  28,  No.  6,  pp.  313-314;  July,  1922. 


ibvCooglc 


1922.3  INDEX    OF   VOLUME    XXVIII 


INDEX  OF  VOLUME    XXVIII 

Adams,  E,  P.    See  Reviews,  under  RougieT. 
Allen,  E.  S.    See  Reviews,  under  Sommerville. 
Bateman,  H.    See  Reviews,  under  Robb. 

Bell,  E.  T.    ETtensioDs  of  Dirichlet  Multiplication  and  Oedekind  Inver- 
sion, 111. 

A  Revision  of  the  Bemoullian  and  Eulerian  Functions,  443. 

Bebnbtgin,  B.  a.    Reports  of  Meetings  of  the  San  Francisco  Section; 

October  Meeting,  94;  April  Meeting,  281. 
The  Complete  Exisl^ntial  Theory  of  Hurwitz'  Postulates  for  Abelian 

Groups  and  Fields,  397. 
BiRKHOFF,  G.  D.     See  Reviews,  under  Angerbach,  Brouwer,  Carmichael, 

Einstein,  Loreatz,  Weyl,  Whitehead. 
Bliss,  G.  A.    A  Letter  from  the  President,  16. 
BouTON,  C.  L.    See  OsoooD,  W.  F. 
Brown,  £.  W.    See  Reviews,  under  Annuaire. 
Cajori,  F.    See  Reviews,  under  Amp^,  Camot,  Clairaut,  Laplace, 

Lavoisier. 
Caup,  B.  H.    A  NewGeneraliiation  of  Tchebycheff'sStatistioal  Inequality, 

427. 
Carmichael,  R.  D.     Note  on  Euler's  «>-Function,  109. 

Algebraic  Guides  to  Transcendental  Problems,  179. 

See  Reviews,  under  Halphen. 

Chase,  G.  H.    See  Oboood,  W.  F. 

Chittenden,  E.  W.    Note  on  the  Division  of  a  Plane  by  a  Point  Set,  310. 

Coble,  A.  B.    Cremona  Transformations  and  Applications  to  Algebra, 

Geometry,  and  Modular  Functions,  329. 
Cole,  F.  N.    Kirkmann  Parades,  435. 
CoouDOB,  J.  L.    On  the  Existence  of  Curves  with  Assigned  Singularities, 

451. 

See  Osgood,  W.  F. 

CowLET,  E.  B.    See  Reviews,  under  Loria. 

CiiATHORNE,  A.  R.     See  Reviews,  under  lipka,  Loewy. 

Davis,  H.  T.     Relating  to  the  Proof  of  an  Exiatence  Theorem  tor  a  certain 

Type  of  Boundary  Value  Problem,  390. 
Dickson,  L.  E.     Impossibility  of  Restoring  Unique  Factorization  in  a 

Hypercompicx  Arithmetic,  438. 
Dowu.NQ,  L.  W.    See  Reviews,  under  Adams,  Bally,  Deetz. 
Dresden,  A.    A  Report  on  the  Scientific  Work  of  the  Chicago  Section, 
1897-1922,  303. 

Eliakim  Hastings  Moore  Fund,  307. 

See  Reviews,  under  Knopp,  Pascal,  Vivanti. 

KiSENBART,  L.  p.    Condition  that  a  Tensor  be  the  Curl  of  a  Vector,  425, 
Emch,  a.    Kinematics  in  a  Complex  Plane  and  some  Geometric  Applica- 
tions, 251. 
See  Reviews,  under  Emanaud,  HaUted,  Scheffers. 


ovGoogIc 


494  INDEX  OF  VOLUME  XXVIII  [Dec., 

Ettlingeb,  H.  J.    See  Reviews,  under  Bieberbach,  Burkhardt. 

Field,  P.    See  Reviews,  under  Burali-Forti,  Burgatti,  Lov«. 

FoBD,  W.  B.    On  Kakeya'B  Minimum  Area  Problem,  45. 

Franklin,  P.    Two  Theorems  on  Multiple  Integrate,  433. 

Gillespie,  D.  C.    A  Property  of  Continuity,  245. 

GRATiSTEtH,  W.  C.    See  Reviews,  under  Bouligand. 

Hart,  W.  L.    Summable  Infinite  DeterminantB,  171. 

HiLDEBBANDT,  T.  H.    CoDvergenoe  of  Sequences  of  linear  Operations,  53. 

HiLLE,  E.  Convex  Distribution  of  the  Zeros  of  Stium-Liouville  Func- 
tions, 261,  462. 

Hitchcock,  F.  L.    See  Reviews,  under  Naesa. 

HcRWiTZ,  W,  A.    Report  on  Topics  in  the  Theory  of  Divergent  Series,  17. 

Jacxboh,  D.    Note  on  an  Irregular  Expansion  Problem,  37. 

See  Reviewb,  under  Hahn,  Vallfe-Poussin. 

KsLLoaa,  O.  D.  A  I^perty  of  certain  Functions  whose- Sturmian  Devel- 
opments do  not  Terminate,  38S. 

See  Reviews,  under  Rothe. 

Letbcbetz,  S.    See  Reviews,  under  Severi. 

LEmiER,  D.  N.    See  Reviews,  under  Potetti. 

McClenon,  R.  B.    See  Reviews,  under  Heath. 

MacMillan,  W.  D.  The  Moment  of  Inertia  in  the  Problem  of  N  Bodies, 
165. 

Maisewbon,  L.  C.    See  ReviBwa,  under  Baumgartner,  Poirie. 

Miller,  G.  A.    The  Simple  Group  of  Order  2520,  98. 

Substitutions  Commutative  with  eveiy  Substitution  of  an  Intransitive 

Group,  168. 

MiLME,  W.  E.    A  Theorem  of  Oscillation,  102. 

Moore,  C.  L.  £.    See  Rxviewb,  under  Lotze. 

Moore,  C.  N.  See  Reviews,  under  Carslaw,  Hobson,  Pringsheim, 
Wangerin. 

Morgan,  F.  M.    See  Reviews,  under  Hilton. 

Osgood,  W.  F.,  Coolidoe,  J.  L.,  and  Cbabb,  G.  H.  Charies  Leonard 
Bouton,  123. 

Philups,  H.  B.    See  Reviews,  under  Reiche. 

Pitcher,  A.  D.    See  Reviews,  under  Encyklopadie. 

Poster,  M.  B.    A  Two-Way  Infinite  Series  for  Lebesgue  Integrate,  105. 

Retnolds,  C.  N.     See  REnEwa,  under  Fabre,  Eohler. 

Richardson,  R.  G.  D.  Reports  of  Meetinga  of  the  American  Mathemati- 
cal Society:  Twenty-Eighth  Summer  Meeting,  1;  October  Meeting, 
89;  Twenty-Eighth  Annual  Meeting,  148;  February  Meeting,  233; 
April  Meeting,  285;  Twenty-Ninth  Summer  Meeting,  377. 

Shaw,  J.  B.    See  Reviews,  under  Appell,  Bhattacharyya,  Isenkrahe. 

SiSAU,  C,  H.     See  Reviews,  under  Berzolari. 

SuiTB,  D.  E.    See  Reviews,  under  Bibliotheca,  Bryant,  Letebvre, 

Snyder,  V.    See  Reviews,  under  Klein,  Schmid. 

SouTBAix,  J,  P.  C.    See  Reviews,  under  Huygens. 

SrouFPER,  E.  B.  Report  of  the  Fourteenth  R^ular  Meeting  of  the 
Southwestern  Section,  145. 


ovGoogIc 


1922.^  INDEX    OF   VOLUME  XXVIII  495 

See  Reviews,  under  Kommerell. 

Van  dek  Vrtes,  J.  N.    See  Rbmews,  luder  Schuh. 

Vandiver,  H.  S.  NoI«  od  some  Reaulte  concerning  Fermat'a  Last  Theo- 
rem, 25S. 

Oq  Kummer's  Memoir  of  1867  concerning  Fermat'a  Last  Thaorem, 

400. 

Van  Vlsck,  E.  B.    The  Bdcher  Memorial  Prize,  42. 

Wahun,  G.  E.    See  Reviews,  under  Bianchi,  Landau,  Mordell. 

Walsh,  J.  L.    A  Generalization  of  Normal  Congruences  of  Circles,  456. 

Williams,  K.  P.     Nat«  concerning  the  Roota  of  an  Equation,  304. 

WaaoN,  E,  B,    See  RE\nBW8,  iwder  Jeans,  Schaeter. 

Young,  J.  W.    See  Reviews,  under  Benny,  Bisacre,  Bolton,  Heffter. 

Zeldin,  S.  D.     Note  on  Steady  Fluid  Motion,  313. 

Reviews 

Adams,  O.  S.    Latitude  Developments  connected  with  Geode^  and 

Cartography,  L.  W.  Dowlino,  473. 

See  Deetz,  C.  H. 

Amp^,  A.  M.    M^moires  aur  I'EMctromagn^tiBmc  et  rElectrodynamique, 

F.  Cajori,  417. 
Angerbach,  A.    Dos  Relativitatsprinzip,  G.  D.  Birkboff,  215. 
Annuaire  du  Bureau  des  Longitudes  pour  1921,  E.  W.  Brown,  223. 
Appell,  P.    Elements  de  la  Thtorie  dee  Vecteurs  et  de  la  GtomStrie  Ana- 

lytique,  J.  B.  Shaw,  368. 
Bally,  E.    G^m^trie  Synthtitique  des  Unicursales  de  Troisi^me  Classe  eb 

de  Quatri^me  Ordre,  L.  W.  DoWLlwa,  133. 
Baumgartner,  L.    Gruppentheorie,  L.  C.  Matbgwbon,  417. 
Benny,  L.  B.    Plane  Geometry,  J.  W.  Yocng,  469. 
Berzolart,  L.    Geometria  Analytica  (seconda  edizione),  parte  prima,  C. 

H.  SiSAM,  418. 
Bhattacharyya,  D.    Vector  Calculus,  J.  B.  Shaw,  415. 
Bianchi,  L.     Lezioni  sulla  Teoria  dei  Numeri  algebrici  e  Principi  d'Arit- 

metica  ajialitica,  G.  E.  Wahun,  466. 
Bibliotheca  ChemioD-Mathematica,  D.  E.  Smith,  66. 
Bieberbach,    L.    Lehrbuch    der  Funktionentheorie,    I :    Elemente    der 

Funktionentbeorie,  H.  J.  Eitlinoer,  467. 

Funktionentheorie,  H.  J.  Ettunoer,  467. 

Bisacre,  F.  F.  P.    Applied  Calculus,  J.  W.  Young,  471. 

Boggio,  I.    See  Burali-Forti,  C. 

Bolton,  L.    An  Introduction  to  the  Theory  of  Relativity,  J.  W.  Young, 

416. 
Bouhgand,  G.    Cours  de  Giotnitiie  Analytique,  W.  C.  Graustbin,  470. 
Brouwer,  L.  E.  J.    Wiskunde,  Waarheid,  Werkelijkheid,  G.  D.  Birkhoff, 

215. 
Bryant,  W.  W.    Kepler,  D.  E.  Smith,  67. 

BuraU-Forti,  C.,  e  Boggio,  I.    Meccanica  Razionale,  P.  Field,  71. 
Burkhardt,  H.    Funktionentheoretische  Vorlesungen,  erster  Band,  eratea 

und  zweites  Heft,  H.  J.  Ettlinger,  475. 
See  Encykloptdie. 


ovGoogl-c 


496  INDEX  OF  VOLUME  xx^iii  [Dec, 

Burgatti,  P.    Leiioni  di  M^canica  RAiionale  (seconda  ediiione),  P.  Field, 

64. 
Cormichael,  R.  D.    The  Theory  of  Relativity  (second  edition),  G.  D. 

BlBKBOFF,  215, 

Camot,  L.    Reflexions  sur  la  MfUiphysique  du  Calcul  Infinit^siiaal,  I-II, 

F.  Cajori,  273. 
Cardaw,  H.  S.     Introduction  to  the  Theory  of  Fourier's  Series  and  Inte- 
grals (second  edition),  C.  N,  Moore,  266. 
Clairaut,  A.  C.    Elements  de  GSom^trie,  l-II,  F.  Cajori,  133. 
Deetz,  C.  U.,  and  Adams,  0.  S.    ElemeDts  of  Map  Projection,  L.  W. 

DowuNfl,  473. 
Einstein,  A.     Relativity.    The  Special  and  the  General  Theory,  translated 

by  R.  W.  Lawson,  G.  D.  Biskhopf,  215. 

See  Lorenti,  H.  A. 

Emanaud,  M.    G6oin6trie  perspective,  A.  Ehch,  475. 

Encyklopadie  der  Matbematischen  WisHenechaften,  vdume  II,  part  II. 

Edited  by  H.  Burkhardt,  W.  Wirtinger,  R.  Fricke,  and  E.  Hilb,  A. 

D.  Pitcher,  474. 
Fabre,  L.    Les  Theories  d'Einstein,  C.  N.  Retnoldb,  224. 
Fricke,  R.    See  Encyklopadie. 

Hahn,  H.     Theorie  der  Reellen  Funktionen,  erster  Band,  D.  jACKSOtf,  408. 
Halphen,  G.  H.     (Euvras,  volume  III,  R.  D.  Cahmichael,  271. 
Halsted,  G.  B.     Girolamo  Saccheri'a  Euclides  Vindicatus,  A.  Emcb,  131. 
Heath,  T.    The  Copernicus  of  Antiquity  (Aristarchus  of  Sainos),  R.  B. 

McClenon,  368. 
Heffter,  L.    Die  Grundlagen  der  Geometric  als  Unterbau  flir  die  Ana- 

lytische  Geometric,  J.  W.  Young,  224. 
Hilb,  E.    Sec  Encyklopadie. 

Hilton,  H.     Plane  Algebraic  Curves,  F.  M.  Morgan,  415. 
Hobson,  E.  W.    The  Theory  of  Functions  of  a  Real  Variable  and  the 

Theory  of  Fourier's  Series  (second  edition),  volume  1,  C.  N.  Moobe, 

200. 
Huygens,  C.    (Euvres  completes,  tome  13,  J.  P.  0.  Southaix,  211. 
Jaenkrahe,  C.    Unlersuchungen  Qber  das  Endliche  und  das  Uuendlicbe, 

erstes,  iweites  und  drittea  Heft,  J.  B.  Shaw,  367. 
Jeana,  J.  H.    The  Mathematical  Theory  of  Electricity  and  Magnetism 

(fourth  edition),  E.  B.  Wilson,  412. 

Problems  of  Cosmogony  and  Stellar  Dynamics,  E.  B.  Wilson,  413. 

Klein,  F.    Gesammelte  mathematische  Abhandlungen,  Band  1,  V.  Snyder, 

125. 
Knopp,  K.    Funktionen  theorie  (zweite  Auflage),  erster  und  Eweiter  Tell, 

A.  Deesden,  272. 
Kobler,  K.  M.    Das  Exzentrizitatsprinzip  als  Korrelat  zur  Relativit£t»- 

theorie,  C.  N.  Reynolds,  319. 
Kommerell,  K.  See  Kommeiell,  V. 
Kommerell,  V.,  und  Kommerell,  K.     Allgemeine  Theorie  der  Raumkurven 

und  Flacben  (dritte  Auflage),  ersler  und  zweiter  Band,  E.  B.  Stoufpeb, 

317. 


ovGoogIc 


1922.J  INDEX   OF   VOLUME  XXVIII  497 

Landau,  E.  EinfUhrung  in  die  elementare  uod  analytische  Tbeorie  der 
slgebnuBchen  Zahlen  und  der  Ideale,  G.  E.  Wahun,  466. 

Laplace,  P.  S.     Essai  pbilosoptiique  siir  les  ProbabiliWa,  F.  Cajori,  417. 

See  Lavoisier,  A.  L. 

Lavoisier,  A.  L.,  et  Laplace,  P.  S.     M^moire  sur  la  Chaleur,  F.  Cajori,  417. 

LawaoQ,  R.  W.    See  Einstein,  A. 

Lefebvre,  B.    Notes  d'Hiatoire  des  Math^atiques,  D.  E.  Suith,  62. 

Lipka,  J.  Graphical  and  Mechanical  Computation,  A.  R.  Cratborne, 
272. 

hoevry,  A.  Matbematik  des  Geld-  und  Zablungsverkehrs,  A.  R.  Cra- 
tborne, 65. 

Lftffler,  E.    See  Severi,  F. 

Lorentz,  H.  A.,  Einatein,  A.,  und  Minkowski,  H.  Das  Relativit&tspiinzip 
(dritte  Auflage),  G.  D.  Birkhoff,  215. 

Jviria,  G.  Storia  della  Geometria  Descrittiva  dalle  Origini  sino  ai  Giomi 
Nostri,  E.  B.  CowLET,  414. 

Lotze,  A.     Die  Gnindgleichungen  der  Mechanik,  C.  L.  E.  Moore,  472. 

Love,  A.  E.  H.    Theoretical  Mechanics  (third  edition),  P.  Field,  366. 

Masius,  M.    See  Rougier,  L. 

Minkowski,  H.    See  Lorentz,  H.  A. 

Motdell,  L.  J.  Three  Lectures  on  Fermat's  Last  Theorem,  G.  E.  Wahun, 
31S. 

Naesa,  A.     Zur  Tbeorie  der  Triaden,  F.  L.  Hitchcock,  366. 

Pascal,  E.  Leztoni  di  Calcolo  lnftnit«8imale,  I-II  (quarts  edizione).  III 
(seconda  edizlone),  A.  Dresden,  315. 

Poirfe,  J.     Precis  d'Arithmftique,  L.  C.  Mathewbon,  472. 

Poletti,  L.     Tavoie  di  Numeri  Primi  entro  Limiti  Diversi,  e  Tavole  AfRni, 

D.  N.  Lehmer,  70. 

Pringaheim,  A.    Vorlesungen  ilber  Zablen-  und  Funktionenlehre,   ester 

Band,  dritte  Abteilung,  C.  N.  Mooae,  463. 
Reiche,  F.    Die  Quan  ten  tbeorie,  ihr  Ursprung  und  ibre  Entwicklung,  H. 

B.  Pbilups,  69. 
Robb,  A.  A.    The  Absolute  Relations  of  Time  and  Space,  H.  Bateuan, 

318. 
Rothe,  H.     Vorlesungen  ilber  Hobere  Matbematik,  O.  D.  Kellooo,  468. 
Rougier,  L.     Philosophy  and  the  New  Physics,  translated  by  M.  Masius, 

E.  P.  Adams,  319. 
Saccheri,  G.    See  Halsted,  G,  B. 

Schaefer,  C.  Einfilbning  in  die  theoretischc  Physik,  Band  II,  Teil  1, 
E.  B.  Wilson,  222. 

Scbe&ers,  G.  Iiehrbuch  der  Darstellenden  Geometrie,  etster  und  zweiter 
Band,  A.  Emcb,  130. 

Schmid,  T.    Darstellende  Geometrie,  zweiter  Band,  V.  Snider,  68. 

Scbuh,  F.  Lessen  over  de  Hoogere  Algebra,  volume  1,  J.  N.  Van  deb 
Vries,  474. 

Severi,  F.  VorlesuDgeu  Uber  algebraische  Geometrie,  Translated  by  E. 
Loffier,  S.  Lefschete,  365. 

Sommerville,  D.  M.  Y.  The  Elements  of  Non-Euclidean  Geometry  (sec- 
ond edition),  E.  S.  Allen,  223. 


ovGoogIc 


498  INDEX  OF  VOLUME  XXVIII  [Dec., 

VftlUe  Pousain,  C.  de  la.    Lefoos  sur  rAppronmation  dea  Fonctiona 

d'une  Variable  IWelle,  D.  Jackbon,  59. 
Vivanti,  G.   Lezioni  di  Analisi  Infinitesimale  (seoomla  edilione],  A.  Drkb- 

DEN,  315. 
Wangerin,  A.    Theorie  des  Potentials  und  der  EuBelfunktionen,  Eweit^r 

Band,  C.  N.  Moorb,  465. 
Weyl,  H.    Raum,  Zeit,  Materie,  G.'D.  Bibkboff,  215. 
Wirtinger,  W.    See  Encyklop&die. 

Whitehe^,  A.  N.    The  Concept  of  Nature,  G.  D.  Bibkboff,  215. 
Index  of  Volume  XXVIII,  493. 

New  PubUcatioDS,  83,  139,  228,  278,  325.  373.  421,  479. 
Notea,  72, 134,  225.  274,  320,  399,  418,  479. 
Papers  Read  before  the  Society  and  Subsequently  Published,  Thirty-First 

Annual  List  of,  484. 

Notes  and  Other  Items 

Academies,  Associations,  Congresses,  and  Societies: 

American  Mathematical  Society:  Annual  Meeting;  Annual  Meeting 
(1922),  90,  369;  April  Meeting.  72,  152;  BAcher  Memorial  Prize,  42, 
378;  Bulletb,  160,  274;  Chicago  Section,  December  Meeting,  369, 
April  Meeting,  476{  Elections  of  Officers:  of  the  Society,  151;  of  the 
Cni(»go  Section,  151;  of  the  San  Francisco  Section,  94;  of  the  South- 
western Section,  146;  February  Meeting,  72;  Lite  Memberships,  235; 
Moore  Fund,  135,  286,  378;  New  MemberB  Admitted,  2,  89,  149,  233, 
234,  286,  376;  Reciprocity  Agreements,  3,  378;  Representatives:  on 
Council  of  American  Association  for  the  Advancement  of  Science,  150; 
on  National  Research  Council,  75,  235;  Southwestern  Section  Meeting, 
369;  Statistics,  151;  Sunmier  Meeting,  134,  150;  Transactions,  72, 
'  234,  235,  286,  476. 

Association  for  the  Advancement  of  Science:   American,   134,   150. 

Accademia  dei  Lincei,  418;  American  Astronomical  Union,  135; 
Lea  Amis  des  Nombres,  135;  Beldan  Academy,  74,  135,  378;  Belgian 
Mathematical  Society,  135,  378 :  British  Commissioners  of  1851,320: 
Franklin  Institute,  477;  Helmboltz-Gesellschaft,  73;  iDtemational 
Astronomical  Union,  320;  International  Research  Council,  477;  Italian 
Society  of  Sciences,  136;  Jablononski  Society,  320;  Leopoldiniscb- 
Carolinische  Akademie,  418;  London  Mathematical  Society,  135; 
Mathematical  Aasooiatjon  of  America,  74;  National  Academy  of 
Sciences  275,  476;  National  Council  of  Mathematics  Teachers,  225: 
National  Research  Council,  75,  225,  235;  Norweoan  Mathematical 
Society,  73;  Optical  Society  of  America,  135;  Paris  Academy  of 
Sciences,  135,  477:  Petrograd  Physico-Mathematical  Society,  369; 
Royal  Astronomical  Society,  136;  Royal  Society  of  Edinburgh,  320; 
Royal  Society  of  London,  136,  477;  Society  Ligustica  dl  Scienze  e 
Lettere,  369;  Vienna  Academy  of  Sciences,  74. 

Books,  Announcement  of  New,  73,  135,  418. 

Doctorates  in  Mathematics,  American,  275. 

Journals: 

Abhandlungen  bus  dem  Mathematischen  Seminar  der  Hamburg- 
ischen  Universit&t,  134;  American  Journal  of  Mathematics,  72,  274, 
476;  American  Mathematical  Monthly,  134;  AmiaJi  di  Matematica, 


ovGoogIc 


1922.] 


INDEX  OF  VOLUME   XXVIII 


Bullotin  of  the  American  Mathematical  Society,  150,  274;  Chriatiaan 
Huygeas,  134;  Jahrbuch  tlber  die  Fortachritte  dfr  Mathematik^  73; 
Journal  of  Mathematics  and  Physica  of  the  Massachusetts  Institute 
of  Technology,  73;  MasuykUDiverait^  Memoirs,  134;  Mathematiache 
Annaleu,  73;  Matheniati»cheZeit6chnft,  73;  Publications  dei'Inatitut 
Math6matique  de  I'Universiti  de  Strasbourg,  476;  Revista  Mate- 
matica  din  TinuBoara,  134;  Sphinx-^Edipe,  135;  Transactions  of  the 
American  Mathematical  Society  72,  234,235,  286,  476;  Warsaw  Poly 
technic  Society  Memoirs,  134. 


Papers  and  Communi cations  Presented  t« 

Alexander,  J.  W.,  10,  10. 

Beatty,  S.,  161. 

Bell,  E.  T.,  96,  97,  97,  87,  282, 

283,283. 
Bernstein,  B.  A.,  96,  2S2. 
Birkhoff,  G.  D.,  5,  5,  238,  236. 
Blichfeldt,  H.  F.,  284. 
Bliss,  G.  A.,  294. 
Buck,  T.,  95. 
Burgess,  R.  W.,  154. 
Cajori,  F.,  95,  95,  281,  282,  284. 
Camp,  B,  H.,  U. 
Camp,  C.  C,  383. 
Campbell,  G.  A.,  94,  • 
Carlson,  E.,  290,  381. 
Carmichael,  R.  D.,  152,  287. 
Carpenter,  A.  F.,  283. 
Carr,  F.  E.,  294. 
Chittenden,  E.  W.,  147,  297. 
Clarke,  E.  H.,  383. 
Coble,  A.  B.,  286. 
Cole,  F.  N.,  380. 
Coolidge,  J.  L.,  239. 
Copeland,  L.  P.,  291. 
Cowling,  A.  H.,  384. 
Crum,  W.  L.,  13,  14,  156,  292, 


Daus,  P.  Hi,  281. 
Davis,  H.  T.,  298,  299. 
Dickson,  L.  E.,  300,  301. 
Dodd,  E.  L.,  9,  158,  384. 
Douglas,  J.,  238. 
Dresden,  A.,  295. 
Dunkel,  O.,  14fl. 
Du^iman,  S.,  152. 
Eiedand,  J.,  4. 
Eisenhart,  L.  P.,  3,  154, 

379. 
Emch,  A.,  157,241. 
EttUnger,  H.  J.,  384. 
Evans,  G.  C^  382,  382. 
Everett,  H.  S.,  158. 
Eversulf,  B.  M.,  289. 


the  Society,  Authors: 
Fischer,  C.  A^  7,  241, 386. 
Forsyth,  C.  H.,  156. 
Franklin,  P.,  .""■ 
~      T.  C,    " 


Fnr,  T.  C,  5 
Qilman,  R.  1 
Glasban,  J,  S.  C,  160,  160. 
Glenn,  0.  E.,  12, 163,  292. 
Gokhale,  V.  D.,  302. 
Graustein,  W.  C.,  242,  381. 
Gronwall,  T.  H.,  9, 93, 239, 239. 
Gummer,  C.  F.,  12,  180. 
Hart,  W.L.,  301. 
Hausle,  E.  C.,  7.- 
Hazlett,  0.  C,  164. 
Hedrick,  E.  R.,  146. 
Hille,  E.,  159. 
Hoar,  R.  S^  296. 
Hodge,  F.  H.,  297. 
HoUcroft,  T.k,243. 
Huntington,  E.  V,,  5,  155,  239, 

240. 
Hurwiti,  W.  A.,  156. 
Ingold,  L.,  148. 
Ingrabain,  M.  H.,  153. 
Kasner,  £ 
Kellog     ' 
Kend&u,  ■^.,  i 
Kline,  J.  R.,  8 
Lane,  E.  P.,  298, 
Langer,  R.  E.,  236,  237. 
LefschetE,  S.,  146,  147,  379. 
Lennes,  N.  J.,  299,  300,  380. 
Lipka,  J.,  157. 
Lunn,  A.  C,  3. 
McLennan,  J.  C,  152. 
MacNeish,  H.  F.,  158. 
Manneback,  C,  242. 
Miller,  G.  A.,  5,  155,  166,  290, 

Moore,  C.N.,  11,288,380. 
Moore,  E.  H,,  161,  296. 
Moore,  R.  L.,  9,  91,  92,  293, 

293,380. 
Morenus,E,  M.,  242. 
Moriti,  R.  £.,  96. 
Morris,  F.  R.,  284. 


ovGoogIc 


500  INDEX  OF  VOLUME  XXVIII  ^Dec, 

Morse,  R.  C.  M.,  10.  SUu^t,  H.  E.,  152. 

Murray,  F.  H.,  385,  386.  Snyd»,  V,,  379. 

Muaselmaa,  J.  R.,  13.  Speiaet,  A.,  294. 

Myller,  A.,  381.  Stouffer,  E.  B.,  147,  289. 

Noble,  C.  A.,  283.  Synge,  J.  L.,  7. 

Pfeiffer,  G.  A.,  240.  Tolman,  R.  C,  152. 

Phillips,  H.  B.,  152.  Turner,  J,  S,,  297. 

Pierpont,  J.,  3.  Veblen,  O.,  154. 

Porter,  M.  B.,  15.  Walsh,  J.  L.,  12,  93,  164,  241. 

Pounder,  I.  R.,  161.  Webster,  A.  C,  U,  11. 

Press,  A.,  243.  WesttaU,  W.  D.  A.,  14fi. 

Reilly,  J.  P.,  295.  VlTutteinore,  J.  K.,  90, 

Rice,  L.  H.,  93.  Wiener,  N.,  15,  164,  291. 

Rider,  P.  R.,  289.  WUM\-naki,  E.  J..  162. 

Ritt,  J.  F.,  90,  91,  241.  Wilder,  C.  E.,  153,  153. 

Robinson,  L.  6.,  94.  Wilder,  R.  L.,  299. 

Roever,  W,  H.,  147,  302.  Williftms,  A.  R.,  96. 

Rowe,  J.  E.,  13.  Williams,  K.  P.,  298. 

Schnudt,  K.,  381.  Williams,  W.  L.  G.,  385. 

Schwatt,  I.  J.,  6,  6,  6,  163,  163,  Wong,  B.  C,  95. 

244,  244,  386,  387,  387,  Woods,  R.,  294. 

Sharpe,  F.  R.,  379.  Yerkes.  R.  M.,  162. 

Shaw,  J.  B.,  295.  Zeldin,  S.  D.,  15,  155,  291,  381. 

PeiBonal  Notes: 

Abbe,  E.,  275;  Aldcrton,  N.  M.,  80,  275,  372;  Aley,  R.  J.,  79; 
Allen,  E.  S.,  80;  Ahnonsi,  E.,  136;  Ahich.  0.  F.,  138,  371;  Anderson, 
W.  E.,  372;  Andrade,  J.,  136;  Andreoli,  G.,  419;  Appuhn,  W.  E. 
F.,  372;  Aprile,  G.,  419;  Archibald,  R.  C,  370;  Armellini,  136,  418; 
Armstrong,  B.,  80,  275;  Atwater,  F.  A.,  372. 

Backlund,  A.  V.,  478;  Bagnera,  G.,  137;  Bailey,  H.  W.,  420;  Baire, 
R.,  135,  275;  Ball,  W.  W.  R.,  320;  Ballantine,  J.  P.,  138;  Banerji,  S. 
E.,  478;  Barton,  H.,  323;  Bateman,  H.,  323;  Bauer,  £.,  277:  Baule, 
B.,  76;  Beale,  F.  S.,  420;  Beatley,  R.,  138;  Beckwith,  E.  R.,  138; 
Bedard,  A.  J.,  80;  Beetle,  R.  D..371:  Berlin,  H.,  419;  BeU,  E.  T..  324; 
BeU,  H.  A.  D.,  420;  Beman,  W.  W.,  82.  138;  Benedict,  S.  R.,  79; 
Bennett,  R.,  80;  BemavB,  P.,  370;  Bernstein,  F.,  226;  Berry,  E.  M., 
275;  Bertinl,  E,,  323;  Berwick,  W.  E.  H.,  137;  Birkhofl,  G.I).,225, 
225,  226;  Blaachke,  W.,  134;  Blincoe,  J.  W.,  324;  Blias,  G.  A.,  225; 
Blodgett,  R.,  81,  275;  Blumenthal,  O.,  73;  Bflcher,  M.,  74,  225; 
Boerckel,  B.  M.,  324;  Bohr,  N.,  136,  136,  477;  Bond,  J.  D..  79,  324; 
Bouton,  C.  L.,  82,  123;  Boutroux,  P.,  135,  325;  Bowie,  W.,  225; 
Bramble,  C.  C,  371;  Brand,  L^  371 ;  Brandt,  H.,  226;  Branson,  J.  W., 
80;  Breuer,  S.,  77;  Briggs,  G.  B.,420:  Brillouin,  M.,  136;  Brinkmau, 
H.  W.,  80;  Brow,  E.,  420;  Brown,  B.  H.,  324;  Brown,  F.  L.,  419; 
Brown,  T.  A.,  225;  Brown,  T.  H.,  478;  Browne,  E.  T.,  79,  371; 
Bfyan,  N.  R.,  372;  Bunn,  H.  S.,  420:  Burgatti,  P.,  370;  Burkett, 
F.  J.,  371;  Bumam,  J.  E.,  420;  Burwell,  W.  R.,  323. 

Cailler,  C,  138;  Cajori,  F,,  75;  Calkins,  H.,  80;  Camp,  C.  C,  80; 
Campbell,  J.  E.,  135:  Campbell,  J.  W^  77;  CampbeU,  W.  W.,  320; 
Cannon,  A.  J.,  75;  Cardin,  C.  J.,  80;  Carr,  F.  E.,  78;  CarroU,  I.  S., 
138;  Carter,  M.  B,,  81;  Cams,  M.  H.,  74;  Chadbourae,  M.  F.,  420; 
Chamber,  0.  G.,  78;  Chandler,  E.,  78;  Chandler,  H-.  W.,  277; 
Chatelet,  A.,  323;  ChurchiU,  R.  V.,  324;  Cisotti,  U.,  137:  Clark, 
Mrs.  T.,  80;  Coatea,  W.  M.,  138;  Coble,  A.  B.,  72,  286;  Coit,  J.  B., 
277;  Colpitts,  J.  T.,  323;  Conti,  A.,  274;  Conwell,  H.  H.,  419; 
Coolidge,  J.  L.,  72:  CotterUL  H.  J.,  138;  Cotton,  E.,  137,  226; 
Craig,  C.  C,  324;  Cresse,  G.  H.,  79;  Crum,  W.  L.,  227;  Cummings, 
H.  K.,  138,  323. 

DgitzedbvGoOgIC 


19220 


INDEX   OF  VOLUME  XXVIIl 


Dadourian,  H.  M,,  371;  Dalaker,  H.  H.,  79;  von  Dalwigk,  F  477; 
Dantacher  von  KoUesburg,  V..  81;  Dannois,  137;  Darwin,  C.  G.,  78; 
Daus,  P.  H..  80,  275,  324;  Davis,  C.  H.,  420;  Davis,  H.  J;,  77;  Davis, 
J.  E.,  372;  Davis,  N.  F.,  81;  Dehn,  M.,  76;  DeltheU,  137;  De  Lury, 
A.  T.,  371, 478;  Deming,  K.  M.,  478;  Dickson,  L.  E^  75,  235;  Dines, 
L.  L.,  137:  Dixon,  A.  L.,  135,  227;  Doan,  C.  S.,  79;  DobeH,  H.  A.,  80; 
Dodd.E.  L.,  419;  Doetach,  G.,  77;  DoleEal,  E.,  74;  Dol),  T.,  419; 
Donati,  L.,  77;  de  Donder,  T.,  135;  Donohue,  J.  N.,  371;  Dostal,  B. 
F.,  138:  Draoh,  J.,  136,  226;  Dresden,  A.,  80,  286;  Duane,  W.,  225; 
Durfee,  W.  H.,  277. 

Eastcrbrooks,  R.  T.,  80;  Eddington,  A.  S.,  225,  275;  Eddv,  H.  T., 
82;  Edington,  W.  E.,  78,  275,  324;  Einstein,  A.,  75,  136,275,477; 
Eisenhart,  L.  P.,  275;  Eisenmann,  K.,  136;  EUiott,  E,  B.,  227; 
Elliott,  W.  W.,  277;  Enriques,  F.,  137;  EaUeman,  J.  D.,  80. 

Falckenberg,  H.,  371;  Fehr,  H.,  75:  Peyer.  E.,  419;  Fischer,  C.  A., 
478;  Fithian,  J.  H,  324;  Poord-Kelcey,  W.,  138;  Foster.  M.  C,  81, 
275;  Foster,  R.  M.,  80;  Fraenkel,  A.,  418;  Francis,  E.  C,  478; 
Franklin,  P.,  138,  275,  277;  Fredholm,  E.  I.,  225;  Frost,  E.  B.,  225; 
Fuhner,  H.  K.,  324;  Funk,  J.  C.,  138;  Funk,  P.,  76. 

Gaillot,  J.  A.,  81;  Gale,  A.  S.,  227;  Gale,  H.  G.,  225;  Gambier, 
323;  Gant,  A.  E.,  80;  GSrardin,  A.,  135;  Gerrans,  H.  T.,  81;  Giraud, 
G.,  137;  Glazebrook,  R.,  75;  Godeaus,  L.,  135;  Good»-in,  H.  M., 
73;  Gossard,  H.  C.,  323,  419,  478;  Gramme).  R.,  76;  Grassmann,  H., 
76,  325;  GreenhiU,  G.,  370;  Gubler,  E,,  1:J8;  Gummer,  0.  F.,  478; 
GuUmer,  A.,  225;  Gutzn»er.  M.,  418. 

Hagen,  J.  G.  477;  Hahn,  H.,  74,  74,  225;  Habted,  G.  B.,  277;  Ham- 
mond, E.  S.,  79;  Hanna,  U.  S.,  371;  Hardy.  G.  H.,  135,  135,  370,370; 
Hardy,  J.  G.,  419;  Harper,  F.  S.,  324;  Haakina,  C.  N.,  75,  225,  235, 
378;  Haupt.  O.,  77;  Hausdorff,  F.,  77;  Hayden,  C.,  420;  Hecke,  E., 
134;  Hegeler,  E.  C,  74;  H^mholt*,  H.  L.  F.,  73,  135;  Hennel,  C.  B., 
371;  Heun,  K.,  74;  Hiehcs,  D.,  419;  Hicks,  H.  C,  324:  Hickson,  A. 
O.,  324;  Hilbert,  D.,  73,  369;  Hill,  L.  S.,  78.  227;  Hill,  W.  H..  323; 
Hille.  C,  E.,  80,  420;  Hinsch,  V.  B.,  372;  Hodge,  F.  H.,  79;  Hofler,  A., 
420;  Holbert,  K.  W.,  277;  Holgate,  T.  F^  78;  Holler.  Z.  N.,  420;  Hoi- 
man,  W.  F.  79;  Horn,  J.,  74;  Hotopp,  L.,  41»;  Howe,  .\.  M.,  372; 
Humbert,  G.,  77,  135;  Humbert,  P.,  137;  Hyde,  E.,  79. 

Ingalls,  E.,  420;  Ingham,  A.  E.,  320. 

Jackson,  R.  L.,  420;  Jaeger,  C.  G.,  324;  Jahnke,  E.,  227;  James, 
G.,  478;  Janet,  478;  Jeans,  J.  H.,  136, 137,  420, 477;  Jeffery.  G.  B.,  227: 
John,  F.  W.,  324;  Johnson,  M.  M.,  420;  Johnson,  R.  P.,  138,  37l! 
Johnston,  L.  S.,  371;  Jones,  J.  E.,  320;  Jordan,  C,  81,  320;  Joukow- 
ski,  N.,  81. 

Kaliua,  T.,  418;  Kaptej-n,  J.  C.,  32.5;  Kasncr,  E.,  135;  Keller,  E. 
B..  324:  Keller,  E.  G.,  80;  Kellogg,  O.  D.,  75;  Kempe,  A.  B.,  277; 
Kendall,  C,  138,  324;  Kenrellv,  A.  E.,  370;  Kennon,  R.  E.,  324; 
Kenyon,  A.  M.,  82;  Keyes,  F.  G.,  73;  Kiefer,  E.  C,  323;  Kiepert, 
L,,  78;  Killam,  8.  D.,  77;  Kingston,  H.  R.,  78;  Kneaer,  A..  74,  369; 
Knox,  J.,  80;  Kohn,  G.,  227;  Kommerell,  K.,  226;  Konanta,  E.  L., 
137;  Kdnig,  H.,  477;  Konig,  R.,  226,  418;  Konigsberger,  L.,  227; 
Kostka,  C.,  420;  KStter,  E.,  420;  Kruppa.  E.,  76,  477;  Kuschke,  C. 
G.  P.,  78,  227. 

Lamb,  R.  C.,  138;  Lambert.  C.  J.,  138;  Landau.  E.,  74,  370;  T^n- 
dis,  W.  W.,  79;  Lang,  P.  S.,  137,  370;  Langmuir,  I.,  75;  La  Pai,  L., 
80;  larew,  G.  A.,  419;  Lannor.  J..  136;  l.Wey,  J.  W.,  371 ;  von  Laue, 


ovGoogIc 


2  INDEX  OF  VOLUME  xxviii  [Dec, 

M.,  77;  LuiariDO,  O.,  77;  Laahy,  A.  H.,  478;  Lebesgue,  H.,  77,  320; 
Lebon,  E.,  420;  Leoointe,  G.,  477;  Leduc,  226:  Lees,  S.,  323;  L«th, 
J.  D.,  420;  Lemon,  H.  B.,  420;  Leonard,  F.  C.,  420;  Levi  Civita,  T., 
320,  477;  Lewis,  C.  8.,  79;  Lichtonflteia,  L.,  73,  77;  Lie,  8.,  73;  UAt, 
G.  H.,  324;  Lipka,  J.,  370;  Lippniiiim,  G.,  81, 137;  Lipecombe,  W.  EL, 
420;  Lock,  J.  B,,  138;  Lowion,  M.  L,  275,  420;  Lombardi,  L^  370; 
Lorentj,  H.  A.,  72,  78,  275;  Loria,  G.,  274, 369,  370;  Loring,  W.  K, 
420;  Lovitt,  W.  V.,  80;  Lubben,  R.,  420;  Lyman,  T.,  78. 


E.  L.,  78;  MacQueen,  M.  L.,  81;  Maroolongo,  R.,  136;  Markov,  A., 
420;  Marquis,  R.  H.,  324;  MarahaU,  W.,  79,  S23;  Mathews,  G.  B.,  227; 
Mayer,  E,  S.,  138;  Meachani,  E.  D.,  372;  Mehmke,  R.,  477;  Melville, 
C.  "E.,  371;  Mendenhall,  C.  E.,  225,  225;  Merriam,  F.  M.,  324; 
Miohelaon,  A.  A.,  135;  Mignosi,  G,,  416;  MiUer,  E.  B.,  81;  Millet, 
G.  A.,  134,  370;  Millet,  N.,  371;  Miine,  E.  A.,  275,  323;  Mirimanoff, 
D.,  419;  Miaer,  W.  L.,  37'2;  Mitchell,  H.  H.,  78;  Mitchell,  U.  G., 
227;  Montel,  P.,  135,  226;  Moore,  C.  L.  E.,  73;  Moore,  E.  H.,  135, 
135,148,286,287;  Moore,  R.  L.,  369;  Motgan,  F.  M.,  324;  Morris, 

F.  R.,  79;  Morse,  H.  C.  M.,  227;  Morton,  A.  B.,  372;  Moulton,  E. 
J.,  79;  Mviir,  T.,  225;  MOller,  J.  0^  77;  MuDemeister,  H.,  324; 
Mundorft,  R.  M.,  324;  Mumsghan,  P.  D.,  79;  Murray,  F.  H.,  478. 

Nalli,  P.,  77-  Nancy,  A.,  372:  Nassau,  J.  J.,  137;  Nelson,  C.  A., 
—    ./--         V,   ^    ^3^.  Nicholson,  J.  W.,  137;  Niel"  -    '    '"'' 


d'Ooagne,  M.,  136;  Osgood,  W.  F„  225,  227;  Ostrowaki,  A.,  477. 

Packer,  M.  C,  324;  Page,  L.,  227;  Painter,  B.  D.,  372;  Parks,  G., 
324;  Peiroe,  B.,  78;  P6rte,  J.,  137:  Pepper,  E.  D.,  324;  Pfeiffei,  F., 
77, 226;  Phipps,  C.  G.,  80;  Picard,  E.,  477;  Picone,  M.,  77;Pincherle, 
S.,  75;  Planck,  M.,  225;  Plapp,  E.  M.,  137;  Plummer,  H.  C,  77; 
Pohlhausen,  226;  Prango,  G.,  77,  226. 

Rademacher,  H,,  419;  Radon,  J.,  74,  134,  226;  Rankine,  A.  0., 
135;  Reidemeister,  K.,  370;  Reinhardt,  K.,  77;  Reynolds,  C.  N.,  78; 
Reynolds,  J.  B.,  79;  Ricoi,  G.,  136;  Richmond,  H.  W.,  135;  Rider, 
P.  R.,  372;  RiebeeeU,  P.,  77;  Riggenbach-Burkhardt,  A.,  81:  Histey, 
W.  J.,  323:  Robbins,  R.  B.,  324;  Roberts,  M.  M.,  80;  Robinson,  R. 
G.,  324;  Robinson,  R.  M.,  420;  Roman,  I.,  275;  Roaenberger,  N. 
B.,  79;  RusseU,  H.  N.,  477;  Rutherford,  E.,  75. 

Sabine,  W.  C,  78;  Salkowski,  E.,  74;  Sampson,  R.  A.,  320;  von 
8anden,  H^  477;  Saunders,  F.  A.,  225;  Scarborough,  J.  B.,  138;  Schick, 
M.,  372;  Schlink,  W.,  77;  Schmeidler,  W.,  226;  Schoenflies,  A.,  76; 
Schuh,  F.,  134;  Schut,  J.,  369;  Schilssler,  R.,  226;  Schuster,  A.,  477; 
Schwara,  H.  A.,  81,  225;  Scona,  G.,  77;  Scott,  C.  A.,  72,  274,  281; 
Searle,  M.,  420;  Sears,  L.,  420;  Segte,  370;  Serini,  R.,  419;  Seveii, 
F.,  137;  Shaub,  H.  C,  277;  Sheete,  R.  A.,  419;  SUrrmgton,  C.  S., 
135;  Shock,  J.  H.,  80;  Siegel,  C,  477;  Silberst«in,  L.,  135;  Silla, 
L.,  77,  323;  Simpson,  0.  G,,  371;  Sinclair,  371;  Skiles,  W.  V.,  372; 
Slotnick,  M.  M.,  277;  Smail,  L.  L.,  324;  Smith,  D.  E.,  138,  277; 
Smith,  D.  M.,  372;  Smith,  Edwin  R.,  80;  Smith,  G.  W.,  227;  Snyder, 
A.  D.,  80;  Snyder,  V.,  370;  Sommerfeld,  A.,  31^,  478;  Soula,  419; 
Sparrow,  C.  M.,  478;  Sperry,  M.,  324;  Spinglet,  W.  M.,  80;  StSckel, 
P.,  73;  Steed,  D.  V.,  78,  275;  Stetson,  J.  M.,  80;  Stevens,  A.  H., 
420;  Stocker,  J.  E.,  79;  Stone,  R.  B.,  372;  Stormer,  C,  477;  Stouffer, 


ibvCooglc 


1922.]  INDEX  OF   VOLUME  XXVIII 


TappSD,  A.  H.,  80;  Tedone,  O.,  136^25;  Thaer,  A.  W.  A.,  81; 
Thomae,  J.  K.,  81:  Thomas,  J.  M.,  324:  Thonuon,  O.  P.,  478;  Tbom- 
Bon,  J.  J.,  75,  477;  Thue,  A.,  420;  Tisdale,  W.  E.,  225;  Tolman,  R. 
C,  323;  ToneUi,  L.,  323,  370;  Touton,  F.  C,  138,  372;  Trawioh,  G. 
T.,  420;  Tripp,  M.  O.,  78;  Trowbridge,  A.,  225,  225;  TumbuU,  H. 
W.,  137;  Turner,  J.  S.,  80;  Turri6re/E.,  137. 

Uhler,  H.  S.,  372;  UnderhiU,  A.  L.,  277;  Usui,  C,  419. 

»;  Vbk,  J.  D.,  420; 

Wagner,  W.  J.,  324;  Wait,  A.  H.,  324;  Walker,  E.,  41ft;  Walker, 
G.  T.,  370;  Walah,  J.  L.,  80;  Wslton,  T.  O.,  79;  Wftngerin,  A.,  225, 
418;  Wapple,  A.  R.,  81;  Ward,  L.  E^  80;  Wataon,  G.  N.,  135;  Wavre, 
R.,  136,  419;  Webster,  A.  G.,  320;  Wedderbum,  J.  H.  M.,  371;  Wells, 
M.  E.,  372;  Wentworth,  G.,  138;  Weatem,  A.E.,  135;  Whetaell,  H. 
W.,  272;  White,  F.  L.,  420;  Whitehead,  A.  N.,  72,  76,  274,  320,  370; 
Whittord,  D.  E.,  80;  Whittaker,  E.  T.,  370;  Widder,  D.  V.,  277;  Wie- 
ner, C,  324;  WUder,  C.  E.,  371;  Wilder,  R.  L.,  80;  WiUdna,  P.  D., 
420;  Willlama,  W.  L.  G.,  227;  Wiliia,  A.  R.,  420;  Willia,  R.,  81;  Wil- 
son, D.  C,  135;  WilBon,  E.  B.,  227;  Wilson,  W.  A.,  79;  Wilson,  W. 
H.,  419;  Winters,  P.  W.,  137;  Wolfe,  C,  323;  Wood,  F.  E.,  275,  371; 
Woods,  F.  8.,  73;  Wooda,  R.,  419;  Wong,  B.  C,  324;  Wyant,  K.,  80. 

Yefcton,  C.  H.,  78;  Young,  A.  E.,  372:  Young,  A.  L.,  80;  Young, 
W.  H.,  135. 

Ziwet,  A.,  276;  Zondadari,  137. 
Prizes  and  Medals: 

Abbe,  275;  Acoademia  dei  Lincei,  418;  Belgian  Academy,  74,  135; 
BAcher  Memorial,  42,  378;  Cambridge  TJnivermty:  Alan  Bodey,  136: 
Rayleigh,  225;  Smith,  275;  Franklin  Institute,  477;  Italian  Society  Of 
Sciences,  136;  Jablonowaki  Society,  320;  Leopoldinisch-Carolinisohe 
Akademie:  Cotheoius,  Gutxroer,  418;  National  Academy  of  Soienoee, 
476;  Nobel,  477;  Pans  Academy:  Bordin,  Francceur,  Petit  d'Ormoy, 
Saintour,  135:  Janssen,  Lalande,  477;  Royal  Aatronomical  Society, 
136;  Royal  Society  of  Edinbui^:  Keith,  James  Scott,  320;  Royal 
Society  of  London:  Copley,  Ht^es,  136;  Sylvester,  477;  Vienna  Acad- 
emy, 74. 
Universities  and  Technical  Schools: 


uuiu^ua,  225;  IllinoiB,  321; 

Bryn  Mawr,  72,  274;  Johns  Hopkins,  321; 

CeJifomia  Institute,  78;  Massachusetts  Institute,  73, 76,  321; 

Cambridge,  136,  225,  275,  320;     Michigan,  276,  321; 

Chicago,  136,  320;  Pennsylvania,  76,  322; 

Coluinbia,  276;  Rioe  Institute,  76; 

ComeU,  276;  Wisconsin,  72,  322; 

Harvard,  73,  75,  276;  Yale,  322. 


ovGoogIc 


D,Googlc 


D,Googlc 


D,Googlc 


D,Googlc 


D,Googlc 


^UJXETIN 

■   11  V    ' 

OF  THE 

AMERICAN 
MATHEMATICAL  SOCIETY 


A  Historical  and  Critical  Review 
OP  Mathematical  Science 


KAIU.K  KAY.MuNIi  tli:DKI(K 
WAi.l.lK  AliKAHAM  IU'RWITZ         JOtrX  \V1-:SI,KV  YOrNG 

W  1T[I  Tfli-:  ASS1STAN<[:  nr 
[.fMIA-M  JACKSdN  DKKIUC/K  NOKMAN   LKHMia: 

edwaiu)  kasnkr  tl'llio  lk\  i-civita 

henry  lkwipkietz 

Volume  XXVIII,    Nitmiskk  0 

I)i:.-t;Mii|.;i;,  19:^2 

PUBLISHED  BY  THE  SOCIETY 
LANCASTER,  PA.,  AND  NEW  YORK 

1022 


■aMml  Mtbe  Pott  OlflciM  Iadcumt,  P>..u(econil  elan  maUar 

VoauiBto  BloirrmLT.  ixoept  Auacn  ahd  Bimnaai 

wneiB  No.  309.    (See  page  27'1-.1 »7.00  a  Vaai 

ITOXICE  TO  HEUBERS,  UBRARIAHS,  AND  B00KDBALER3  ' 

See  etpUiialtnn  of  the  serial  nunibeii  on  page  274  of  the  June  issue. 


OFFICIAL  NOTICES 


American  Mathematical  Society 

Colloqaium  Lecturesi  Volume  V 


Just  Published 

The  Cambridge  Colloquium,  Part  11 
ANALYSIS  SITUS 

By 
OSWALD  VEBLEN 


Published  by  the  Society,  May,  1922.  8  + 150  pages, 
octavo.  Paper  covers,  Price  $2.00;  to  members  of  the 
Society,  $1.50. 

Part  I  separately  (Functionals  and  their  Appliances,  by 
G.  C.  Evans,  1918,  12  +  136  pages,  paper.)  J2.00;  to  mem- 
bers of  the  Society,  J1.50. 

The  Cambridge  Colloquium,  Parts  I  and  II,  bound  together 
in  cloth.     Price  S3.50;  to  members  of  the  Society,  13.00. 


Address  all  orders  to 

Aiikhii:an  Mathem.^tical  Society, 

501  West  nOth  St.,  New  York  City. 


ovGoogIc 


OFFICIAL  NOTICES  » 

OFFICIAL  COMMUNICATIONS 

Meetings  of  the  Society  have  been  fixed  at  the  following 
times  and  places: 

New  York  City,  February  24,  1923. 


The  San  Francisco  Section,  at  Stanford  Universitv,  April 
7.  1923- 


Chicago,  April  13  and  14,  1923.    See  the  note  on  p.  476. 

Abstracts  must  t>e  in  the  hands  of  th' 
tion,  Arnold  Dresden,  not  later  than  Mai 

New  York  City,  April  28,  I923, 

e  Se< 

R.C 

Secretary  £>f  tke  Society. 


Abstracts  must  be  in  the  hands  of  the  Secretary  ot  the  Society 
later  than  April  14. 

R.  G.  D.  Richardson, 


BOOKS  AND  PAMPHLETS  FOR  OUR  LIBRARY. 

Probably  almost  every  mathematician  has  numerous 
mathematical  books,  pamphlets  (not  reprints),  and  periodicals 
(perhaps  only  single  numbers)-  for  which  he  no  longer  has  use, 
or  at  least  such  as  he  would  gladly  place  where  they  might 
be  of  service.  The  Librarian  of  the  Society  gives  notice  here- 
with that  all  publications  of  this  kind,  in  pure  and  applied 
mathematics,  and  astronomy,  would  be  most  acceptable  in 
assisting  him  to  make  the  Library,  not  only  more  effective 
as  a  stimulus  to  higher  research,  but  also  a  great  historical  col- 
lection which  should,  therefore,  include  even  texts  of  the 
secondary  and  grammar  schools. 

Gifts  should  be  sent  addressed:  Librarian,  American 
Mathematical  Society,  501  West  i  i6th  Street,  New  York, 
N.  Y.  Volumes  sent  in  duplicate  will  be  made  a  real  asset 
to  the  Library  through  their  exchange,  in  different  parts  of 
the  world,  for  other  works. 

R.  C.  Archibald, 
Librarian  of  the  Society. 


Google 


Whole  No.  309 

(See  exptnnalion  of  the  setial  nuoibets  on  pRge  ^74.) 

COSTESTS 

PAGE 
(-oiidition  thai  a  Tensor  Ijl'  (he  (  iirl  of  ;i  Vector,     By  I- 

P.  EisP.N'iiAkT    „ 425 

A   New   (;f[UTali/.aiinn   of  Tchi-bycheflfs  Stiitisiica!  In- 
equality.    By  B.  H.  tamp ^ _„ 4?; 

Two  Tlieiirem^  on  Multiple  Integrals.     By  P.  Fr.\nki,ix  433 

Kirkman  Parades.      By  F.  X.  CoLE _ „ 435 

[n»po^sil1ilityof  Reslorinjj  I'niqiie  Factorization  in  a  Hy- 

pcrcomplex  Arithmetic.     By  L.  E.  Dickson.... 438 

A  Revision  of   (he  BernoiilHan   and    Eulerian    Functions. 

By  K.  T.  Bei.1 _ 443 

(In  the  Existence  <.f   Curves  with  Assigned  Sintiiilarities.  ' 

By  j.  L.  Cuui.iix.i' 451 

AC-enerali/ationof  NonnalConKniemx^offirrles.     By  J. 

L.  \V.\i.sn r  45(1 

A  (orreriion.     By  J-^  Hii.i.r:  462 

Shorter  N'olicef- _ 463 

N"i^s 47f' 

New  Publication. 479 

'I'hirlv-first  Annual  l-ist  ol  Pulilished  l\i[H-rs        ...    .  ^t<.^ 

-Index  of  \'olnnieXNVlII     .  41,3    - 

Any  ommiinii-aiion  iiitenilc<l  for  this  Un.LKTi\  may  be  addrcaaed  to 
tlic  Ainerkiin  Maihi'iiialicil  Sncicly,  Prini-e  and  Lcmori  Streets,-  Lan- 
tasicr,  I'a,,  or  niiiy  be  sent  to  spjiarad'  oliicials  of  the  Society  as  (ollnns: 

Ariicir.s  tor  inwrtion  in  the  Bclletiv  should  be  addressed  to  E,  R. 
Ih.nRiCK,  Ktlitor  of  ilic  lULLrriN,  304  Hicks  Ave.,  Columbia.  Mo.  Re- 
vicire  should  lie  sent  l,>\.  W.  Vovng,  Dartmouth  College,  Hanover,  N.  H. 
Notes  s!ioiil<l  be  si-nt  lo  W.  A.  IIcrwitz,  No.  8  White  Hall,  [thaca.  N.  V. 

Siili«cri[>lionslo  iKe  Bu.LKTIV,  order?  for  back  numbers,  and  Inquiries 
in  regard  lo  non-ilolivrry  of  current  numbers  should  be  addressed  to  The 
Aim-ritan  Malheniatical  Society,  501  West  ll6th  Street,  New  York. 

Advi^rlisini-  spaw  is  available  in  the  Bullehn  at  $16  per  page 
Sg  ]HT  h;df-p,igc,  S5  per  quarter  page,  per  issue.  Address  correspondence 
r<K7<rding  advertising  to  H.  L.  Rn.rii,  University  of  Iowa,  Iowa  City,  Eowa. 

t'linuKes  of  address  of  members,  exchanges,  and  subscribers  should  be 
coniMumicaled  at  once  to  the  Secretary  of  the  Society,  R.  G.  D.  RjCHABD- 
S"N,  301  West  Il6th  Street,  New  York, 

The  i 


;  Ki:w  Er.\  Pri.nt,  Lasx; 


ui.  C^.ODtjIc 


D,Googlc 


D,Googlc 


D,Googlc 


D,Googlc 


